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PEEFACE. 



To THS first edition of this work, published io 1 867, the foUovnog 
was prefixed : — 

' The present work was commenced ia 1 859, while I was a Pro- 
fessor of Mathematics, and &r more ready at Qoatemion analysis 
than I can now pretend to be. Had it been then completed I 
should have bad means of testing; its teaching capabilities, and of 
improving it, before publication, where found deficient in that 
respect. 

'The duties of another Chair, and SirW. Hamilton's wish that 
my volume should not appear till after the publication of bis JEle^ 
mentt, interrupted my already extensive preparations. I had worked 
out nearly all the examples of Analytical Geometry in Todhunter's 
Collection, and I had made various physical applications of the 
Calculus, especially to Crystallography, to Geometrical Optics, and 
to the Induction of Currents, in addition to those op Kiuematics, 
Electrodynamics, Presnel's Wave Surface, &c., which are reprinted 
in the present work from the QuarUrly Mathematical Journal and 
the Proceeding! of ike Bayal Society of Ediidmrgh. 

' Si> W. Hamilton, when I saw him but a few days before his 
death, urged me to prepare my work as soon as poesible, his being 
. almost ready for publication. He then expressed, more strongly 
perhaps than he bad ever done before, bis profound conviction of 
the importance of Quaternions to the progress of physical science ; 
and his desire that a really elementary treatise on the subject should 
soon be published. 
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' I regret that I have so imperfectly fulfilled this last request of 
my revered friend. Wheu it was made I was already engagedj 
along with Sir W. Thomson, in the laborious work of preparing 
a large Treatise on Natural Philosophy. The present volume has 
thus been written under very disadvantageous circnmatancea, espe- 
cially as I have not found time to work up the mass of materials 
which I had originally collected for it, but which I had riot put 
into a fit state for publication. I hope, however, that I have to 
some extent succeeded in producing a thoroughly elementary work, 
intelligible to any ordinary student ; and that the numerous es- 
amples I have given, though not specially chosen so as to display 
the full merits of Quaternions, will yet sufficiently shew their admir- 
able simplicity and naturalness to induce the reader to attack the 
Lectures and the Elemenit ; where he will find, in profusion, stores 
of valuable results, and of elegant yet powerful analytical investiga- 
tions, such as are contained in the writings of hut a very few of the 
greatest mathematicians. For a succinct account of the steps by 
which Hamilton was led to the invention of Quaternions, and for 
other interesting information regarding that remarkable genius, I 
may refer to a slight sketch of hb life and works in the North 
Brituk Revieio for September 1 866. 

' It will be found that I have not servilely followed even so great 
a master, although dealing with a subject which is entirely his 
own. I cannot, of course, tell in every case what I have gathered 
from his pubjisbed papers, or from his voluminous correspondence, 
and what I may have made out for myself. Some theorems and 
processes which I have given, though wboUy my own, in the sense 
of having been made out for myself before the publication of the 
Elements, I have since found there. Others also may be, for I have 
not yet read that tremendous volume completely, since much of it 
bears on developments unconnected with Physics. But I have 
endeavoured throughout to point out to the reader all the more 
important parts of the work which I know to be wholly due to 
Hamilton. A great part, indeed, m»y be said to be obvious to any 
one who hss mastered the preliminaries ; still I think that, in the 
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two last Chapters especially, a good deal oi' original matt«r will be 
found. 

' The volume is essentiallj a working oae, and, particularly in the 
lat«r Chapters, is rather a collection of examples than a detailed 
treatise on a mathematical method. I have constantly aimed at 
avoiding too great extension ; and in pursuance of this object have 
omitted many valuable elementary portions of the subject. One of 
these, the treatment of Quaternion logarithms and exponentials, I 
greatly regret not having given. But if I had printed all that 
seemed to me of use or interest to the student, I might easily have 
rivalled the bulk of one of Hamilton's volumes. The beginner is 
recommended merely to read the first five Chapters, then to work 
at Chapters VI, VII, VIII (to which numerous easy Examples are 
appended). After this he may work at the first five, with their 
(more difficult) Examples ; and the remainder of the book should 
then present no difficulty. 

' Keeping always in view, as the great end of every mathematical 
method, the physical applications, I have endeavoured to treat the 
subject as much as possible from a geometrical instead of an analy- 
tical point of view. Of course, if we premise the properties of i,j, k 
merely, it is possible to construct from them the whole system* ; 
just as we deal with the imaginary of Algebra, or, to take a closer 
analogy, just as Hamilton himself dealt with Couples, Triads, and 
Seta. This may be interesting to the pure analyst, but it is repulsive 
to the physical student, who should be led to look upon i,j, k from 
the very first as geometric realities, not as algebraic imaginaries. 

' The most striking peculiarity of the Calculus is that mulUpU- 
eation it not generally commKfaiive, i.e. that qr is in general different 
from rq, r and q being quaternions. Still it is to be remarked that 
something similar is true, in the ordinary coordinate methods, of 
operators and functions : and therefore the student is not wholly 
DDprepared to meet it. No one is puzzled by the fact that log.cos.^ 

* Ttiia hai b«eD dooa bj HkmiltoD bimself, aa one amoDg many metbodi bs ha* 
emploired ; ftnd it a ako the fbiuKUtion of > nemoir b; M. AXiigret, entitied gnai 
nr U Caleul da Quabniionj (Paria, 1862). 



, C^ioglc 



is DOt equal to cos-log.*, or that \/>- is not equal to -y-\/y- 
Sometimes, iodeed, this rule is most absurdly violated, for it is 
usoal to take cos^a: as equal to (cos x)^, while co&~^a; is not equal to 
(co3^)~'. No euch incongroitieB appear in Quateniions; hut what 
i^ true of operators and fiinctioDB in other methods, that they are 
not generally commutative, is in Quaternions true in the mnltipli- 
catJOQ of (veetor) coordinates. 

' It will be observed by those who are acquainted with the Cal- 
culus that I have, in many cases, not given the shortest or simplest 
proof of an important proposition. This has been done with the 
view of including, in moderate compass, as great a variety of 
methods as possible. With the same object I have endeavoured to 
supply, by means of the Examples appended to each Chapter, hints 
(which will not be lost to the intelligent student) of farther develop- 
ments of the Calculus. Many of these are due to Hamilton, who, 
in spite of his great originality, was one of the most excellent 
examiners any University can boast of. 

' It must always be remembered that CartesiaD methods are mere 
particular cases of Quaternions, where most of the distinctive fea- 
tures have disappeared; and that when, in the treatment of any 
particular question, scalars have to be adopted, the Quaternion 
solution becomes identical with the Cartesian one. Nothing there- 
fore is ever lost, though much is generally gained, by employing 
Quaternions in preference to ordinary methods. In fact, even when 
Quaternions degrade to scalars, they give the solution of the most 
general statement of the problem they are applied to, quite inde- 
pendent of any limitations as to choice of particular coordinate 
axes. 

"There is one veiy desirable object which such a work as this 
may possibly fulfil. The University of Cambridge, while seeking 
to supply a real want (the deficiency of subjects of examination for 
mathematical honours, and the consequent frequent introduction of 
the wildest extravagance in the shape of data for " Froblema"), is 
in danger of making too much of such elegant trifles as Trjlinear 
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Coordinates, while gigantic ej-BtemB like Invariants (which, by the 
way, are as easily introduced into Quaternions as into Cai-tesian 
methodfi) are qnite beyond the amount of mathematics which even 
the best gtadents can master in three years' reading. One grand 
step to the supply of this want is, of course, the introduction into 
the scheme of examination of such branches of mathematical physics 
as the Theories of Heat and Electricity. But it appears to me that 
the study of a raathematical method like Quaternions, which, while 
of inm[iense power and comprehensiveness, is of extraordinary sim- 
plicity, and yet requires constant thought in its applications, would 
also be of great benefit. With it there can be no " shut your eyes, 
and write down your equations," for mere mechanical dexterity of 
analysis is certain to lead at once to error on aoeount of the novelty 
of the processes employed, 

'Tbe Table of Contents has been drawn up bo as to give the 
student a short and simple summary of the chief fundamental for- 
mulae of the Calculus itself, and is therefore confined to an analysis 
of the first five [and the two last] chapters. 

' In conclusion, I have only to say that I shall he much obliged 
to any one, student or teacher, who will point out portions of the 
work where a difficulty has been found ; along with any inaccuracies 
which may be detected. As I have had no assistance in tbe revision 
of the proof-sheets, and have composed the work at irregular in- 
terrals, and while otherwise laboriously occupied, I fear it may 
contain many slips and even errors. Should it reach another edition 
there is no doubt that it will be improved in many important par- 
ticulars.' 

To this I have now to add that I have been equally surprised 
and delighted by so speedy a demand for a second edition — and the 
more especially as I have had many pleasing proofs that the 
work has had considerable circulation in America. There seems 
now at last to be a reasonable hope that Hamilton's grand in- 
vention will soon find its way into the working world of science, 
to which it is certain to render enormous services, and not be hud 
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aside to be unearthed some centuries hence hy some grubbing 
EDtiqnarj. 

It can hardly be expected that one whose time is mainly en- 
groflsed by physical science, should devote mnch attention to the 
purely analytical and geometrical applications ofa subject like this; 
and I am conscious that in many parts of the earlier chapters I 
have not fully exhibited the simplicity of Quatemiong. I hope, 
however, that the corrections and extensions now made, especially 
in the later chapters, will render the work more useM for my chief 
object, the Physical Applications of Quaternions, than it could have 
been in its first crude form. 

I have to thank various correspondents, some anonymous, for 
suggestions as well as for the detection of misprints and slips of 
the pen. The only absolute error which has been pointed out to 
me is a comparatively slight one which had escaped my own notice; 
a very grave blunder, which I have now corrected, seems not to 
have been detected by any of my correspondents, so that I cannot 
be quite confident that others may not exist. 

I regret that I have not been able to spare time enough to re- 
write the work ; and that, in consequence of this, and of the large 
additions which have been made (especially to the later chapters), 
the whole will now present even a more miscellaneously jumbled 
appearance than at first. 

It is well to remember, however, that it is quite possible to 
make a book too easy reading, in the sense that the student may 
read it through several times without feeling those difficulties 
which (except perhaps in the case of some rare genius) must 
attend the acquisition of really useful knowledge. It is better to 
have a rough climb (even cutting one's own steps here and there) 
than to ascend the dreary monotony of a marble staircase or a 
well-made ladder. Royal roads to knowledge reach only the par- 
ticular locahty aimed at — and there are no views by the way. 
It is not on tbem that pioneers are trained for the exploration of 
unknown regions. 

But I am happy to say that the possible repulsiveness of my 



early chapters cannot long be advanced aa a reason for not at. 
tacking' this faecinating gubject. A still more elementary work 
than the present will soon appear, mainly &om tbe pen of my 
colleague Frofeseor Kellahd. In it I give an inveBtigatioD of 
tbe properties of the linear and vector function, based directly 
upon tbe Kinematics of Homogeneous Strain, and therefore so 
different in method &om that employed in this work that it may 
prove of interest to even the advanced student. 

Since tbe appearanoe of tbe firat edition I have managed (at least 
partially) to effect the application of Quaternions to line, surface, 
and volume integrals, saeh as occur in Hydrokinetics, Electricity, 
and Potentials generally, t was first attracted to the stndy of 
Quaternions by their promise of usefulness in such applications, 
and, though I have not yet advanced far in this new track, I have 
got far enough to see that it is certain in time to be of incalculable 
value to physical science. I have given towards the end of the 
work all that is necessary to put the student on this track, which 
will, I hope, soon be followed to some purpose. 

One remark more is necessaiy. I have employed, as the positive 
direction of rotation, that of the earth about ite axis, or about the 
sun, as seen in our northern latitudes, i.e. that ojiposile to the direc- 
tion of motion of the bands of a watch. In Sir W. Hamilton's 
great works the opposite is employed. The student will find no 
difficulty in passing from the one to the other; but, without pre- 
vious warning, he is liable to be much perplexed. 

With regard to notation, t have retained as nearly as possible 
that of Hamilton, and where new notation was necessary I have 
tried to make it as simple and as little incongruous with Hamil- 
ton's as possible. This is a part of the work iii which great care 
is absolutely neoessary; for, as the subject gains development, 
fresh notation is inevitably required ; and our object must be to 
make each step such as to defer as long as possible the revolution 
which moet ultimately come. 

Many abbreviations are possible, and sometimes very useful in 
private work; but, as a rule, they are nnsnited for print. Every 
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analyst, like every short-hand writer, has hia own special con- 
tractions ; but, when he oomes to publish his results, he oug-ht 
invariably to pnt such devices aside. If all did not use a com- 
mon mode of public ezpreseioa, but each were to print as he is 
in the habit of writing for his own use, the confusion would be 
utterly intolerable. 

Finally, I moat express my great obligations to my friend 
M. M. U, Wilkinson of Trinity College, Cambridge, for the care 
with which he has read my proofs, and for maily valuable sug- 
geationa. 



COLLMI, EDCrBDROH, 

OdiAtr 1873. 
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QUATERNIONS. 



CHAPTER I. 

VBCT0B8, AND THBIS COMPOSITION. 

1.3 FoK more than a centmy and a half the geometrica] re- 
presentatio p of the ne^tive and imaginaiy algebraic qoantities, 
— 1 and -/—\, or, as some prefer to write them, — and — ^, has 
been a &Tourite aubject of speculation with mathematiciaDs. The 
essence of almost all of the proposed processes consists in em- 
ploying such expressionB to indicate the direction, not the length, 
of lines. 

2.] Thus it was long ago seen that if positive quantities were 
measured off ia one direction along a fixed line, a useful and lawful 
convention enabled us to express negative quantities of the same 
kind by simply laying them off on the same line in the opposite 
direction. This convention is ap essenUal part of the Cartesian 
method, and is constantly employed in Analytical Gre<mietry and 
Applied Mathematics, 

3.] Wallis, towards the end of the seventeentii century, proposed 
to represent the impossible roots of a quadratic equation by going 
out of the line on which, if real, they would have been laid off. 
His construction is equivalent to the consideration of -J —\ as a 
directed unit-line perpendicular to that on which real quantities 
are measured. 

4.] In the usual notation of Analytical Geometry of two 
dimensions, when rectangular axes are employed, this amounts 
to reckoning each unit of length along Oy as +v' — 1, and on 
O^ as — V — 1 ; while on Qx each unit is + 1, and on (k£ it is 
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2 QTTATEEKIONS. [5. 

— 1 . If we look at these ibur lines in circnlar order, i. e. in the 
Older of positive rotation (opposite (0 that of the hands of a watch), 
tkeygiy. ,^ j^^_ _,^ _ y^, 

In this series each expression is de rived from that which precedes 
it by multiplication by the &ctor -J —\. Hence we may consider 
•/^X as an operator, analogous to a handle perpendicular to the 
pUne of icj', whose effect on any line is to make it rotate (positively) 
about the origin through an ang^le of 90°. 

6.3 In such a system, a po int iq defined by a single imaginary 
expression. Thns a +d v — I may be considered as a single quan- 
tity, denoting the point whose coordinates are a and b. Or, it may 
be used as an expression for the line joining that point with the 
origin. In the latter sense, the expression a + d -J —\ implicitly 
contains the directiony as well as the length, of this line ; since, as 

we see at once, the direction is iaclint 
axis of *, and the length is '/a^+b^. 

6.3 Operating on this symbol by the factor V — l, it becomes 
—d+a^/—l; and now, of course, denotes the point whose x and y 
coordinates are —6 and a ; or the lin e joining this point with the 
origin. The length is stall -/a^+l^, but the angle the line makes 

with the axis of ic is tan'' (— 7} ; which is evidently 90° greater 
than before the operation. 

7.] De Moivre's Theorem tends to lead us still farther in the 
same direction. In tact, it is easy to see t hat if we use, instead 
of */—\, the more general &ctor co8a+ -s/— 1 sino, its effect on 
any line is to turn it through the (positi ve) a ngle a in the plane 
of «, y. [Of couise the former factor, v— 1, is merely the par- 
ticular case of this, when a = - -] 

Thus (cosa+y^sino)(a + «y^) 

= ncosa— istna+ \^— 1 (u! sin a +3 cob a), 
by direct multiplication. The reader will at once see that the new 
form indicates that a rotation through an angle a has taken place, 
if he compares it with the common formulae for turning the cd- 
ordiuate axes through a given angle. Or, in a less simple manner, 
thus — 

Length = V(a cos <x— isin a}^ +(« sin a+£ oosa)* 
= \^a* + 6' as before. 
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12.] YBCT0R8, ASD THEIB COMPOSITION. 8 

TnclJnatioB to axis of ;r g ' 

= tan ' i— : — = tan-' s 

d cos a— Bin a o . 
, 1 tana 

= a + tan"'-- 
a 

8.] We aee now, as it were, toAy it happens that 

(cosa+ ■/—! sino)" = cobmo+V'— I sin mo. 
In &ct, the first operator produces m successive rotations in the 
same direction, each through the angle a; the second, a single 
rotation through the angle ma. 

9.] It may be interesting, at this stage, to anticipate so &r as to 
state that a Quaternion can, in general, be put under the form 

N(coa0+iaanff), 
where JV is a nnmerical quantity, 6 a real augle, and 

w"=-l. 
This ezpreesiou for a quaternion bears a very close analc^ to the 
forms employed in De Moivre's Theorem ; but there is the essential 
difTerence (to which Hamilton's chief invention referred) that m 
is not the algebraic V— 1, but may be a«y directed uxit-lme what- 
ever in apace. 

10.] In the present century Argand, Warren, and others, extended 
the results of Wallis and De Moivre. They attempted to express 
as a line the product of two lines each represented by a symbol 
such as a + i */— 1 . To a certain extent they succeeded, but sim- 
plicily was not gained by their methods, as the terrible array of 
radicals in Warren's Treatise sufficiently proves. 

H.] A very curioos speculation, due to Servois and published 
in 1813 in Q«rgonue's Annate*, is the only one, so far as has 
been discovered, in which the slightest trace of an anticipation of 
Qnatemions is contained. Endeavouring to extend to space the 
form o+Jv'— 1 for the plane, he is guided by analogy to write for 
a directed onit-line in space the form 

J) cos o + J cos ^ + r cos y, 
where a, j3, y are its inclinations to the three axes. He perceives 
easily that p, q, r most be n<M-realt : but, he asks, " sera ient-eUes 
imaginairet r^actibles it la forme g€n€rale A+S*/^?" This 
he could not answer. In feet they are the i,j, k of the Qoatemion 
Calcolns. (See Chap. 11.) 

12.] Beyond this, few attempts were made, or at least recorded, in 
earlier times, to extend the principle to space of three dimennons ; 
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andj though nmnjr such have been made within the last fortj' 
years, Done, with the single exception of Hamilton's, have 
resulted in simple, practical methods ; all, however iDgenious, 
seeming to lead at once to processes and results of fearful com- 
plexity. 

For a lucid, complete, and most impartial statement of the 
claims of his predecessors in this field we refer to the Preface to 
Hamilton's Lecturet on Qualemiom. 

13.] It was reserved for Hamilton to discover the use of V— 1 
as a geoinetrk reality, tied down to no particular direction in space, 
and this nse was the foundation of the singalarly elegant, yet 
enormously powerful. Calculus of Quate mionB . 

While all other schemes for using •>/— 1 to indicate direction 
make one direction in space expressible by real numbers, the re- 
mainder being imagfinaries of some kind, leading in general to 
equations which are heterogeneous ; Hamilton makes all directioDB 
in space equally imaginary, or rather equally real, thereby ensuring 
to his Calculus the power of dealing with space indifferently in 
all directions. 

In fact, as we shall see, the Quaternion method is independent 
of axes or any supposed directions in space, and takes its reference 
lines solely from the problem it is applied to. 

14.J But, for the purpose of elementary exposition, it is best 
to begin by assimilating it as closely as we can to the ordinary 
Cartesian methods of Geometry of Three Dimensions, which are 
in &ct a mere particular case of Quaternions in which moat of 
the distinctive features are lost. We shall find in a little that 
it is capable of soaring above theae entirely, after having employed 
them in its establishment ; and, indeed, as the inventor's works 
amply prove, it can be established, ab initio, in various ways, 
without even an allusion to Cartesian Geometry. As this work 
is written for students acquainted with at least the elements of 
the Cartesian method, we keep to the first-mentioned coarse of 
exposition ; especially as we thereby avoid some reasoning which, 
though rigorous and beautiful, might be apt, from its subtlety, 
to prove repulaive to the beginner. 

We commence, therefore, with some very elementary geometrical 
ideas. 

15.] Suppose we have two points A and B in »pace, and suppose 
A given, on how many numbers does ^s relative position depend ? 

If we refer to Cartesian coordinates (rectangular or not) we find 
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that the data required are the exceeees of £'b three coordinates over 
those of A. Hence tAree numbers are required. 

Or we maj^ take polar coordinates. To define the moon's position 
with respect to the earth we most have its Geocentric Latitude 
and Longitade, or its Bight Ascension and Declination, and, in 
addition, itfi distance or radius-Tector. Tiree again. 

I6.3 Here it is to be carefully noticed that nothing has been 
said of the aettial cdordinates of either ^ or ^, or of the earth 
and moon, in space; it ia only the relative coordinates that are 
contemplated. 

Hence any expression, as AB, denoting a line considered with 
reference t« direction as well as length, contains implicitly tiree 
numbers, and all lines parallel and equal to AB depend in the same 
way Dpon the same three. Hence, ail lines which are equal and 
parallel may he repre»ented by a common symbol, and that symbol 
contains three distinct numbers. In this seuBC a line is called a 
TZCTOB, since by it we pass from the one extremity. A, to the 
other, B ; and it may thos be considered as an instrument which 
carries A to B: bo that a vector may be employed to indicate a 
definite translation in space. 

17.] We may here remark, once for all, that in establishing a 
new Calcnlna, we are at liberty to give any definitions whatever 
of our symbols, provided that no two of these interfere with, or 
contradict, each other, and in doing so in Quaternions simplicity 
and (so io speak) naturalness were the inventor's aim. 

I8.3 Let AB be represented by a, we know that a depends on 
three separate numbers. Now if CD he equal in length to AB 
and if these lines he parallel, we have evidently CD = AB = a, 
where it will he seen that the sign of equality between vectors 
contains implicitly equality in length and parallelism in direction. 
So &r we have extended the meaning of au algebraical symbol. 
And it is to be noticed that an equation between vectors, as 

contains three distinct equations between mere numbers. 

19.] We must now define + (and the meaning of — will follow) 
in the new Calculus. Let A, £, C he any three points, and (with 
the above meaning of = ) let 

AB=a, BC=fi, AC=y. 

If we define + (in accordance witlkthe idea (§ 16) that a vector 
represents a trantlaHon) by the equation 

+ ^=7, 
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or 'IB + BC = AG, 

we contradict notliing that precedes, but we at once introdnoe the 
idea that vectors are to be compounded, in direction and magnitude, 
like nmultaneoua velocities. A reason for this may be seen in 
another way if we remember that by adding the differences of the 
Cartenan coordinates of A and S, to those of the coordinates of 
JB and C, we get those of the ctiordinates of A and C. Hence these 
coordinates ent«r linearly into Uie expression for a vector. 

20.3 But we also see that tf C and A coincide (aud C may be 
angf point) AC = 0, 

for no vector is then required to carry ^ to C Hence the above 
relation may be written, in this case^ 

AB+ BA=0, 
at, introducing, and by the same act defining, the symbol — , 
SA=-IS. 

Hence, iAe symbol — , ajytlied to a vector, simply »hoK» that its 
direction is to be reversed. 

And this is oonsistent with all that precedes ; for iostauce, 
AS+BG = AC, 
and AB = JC-BG, 

or =AC+CS, 

are evidently but different expressions of the same truth. 

21,] In any triangle, ABC, we have, of course, 
AB + BC+^=0; 
and, in any closed polygon, whether plane or gauche, 
AB + BC+ + YZ+ZA = 0. 

In the case of the polygon we have also 

Ib-ySc-^ + 72 = 12. 

These are the well-known propositions regarding composition of 
velocities, which, by the second law of motiouj give us the geo- 
metrical laws of composition of forces. 

22.] If we compound any number 0^ parallel vectors, the result 
is obviously a numerical multiple of any one of them. 

Thus, if A, B,C areln one straight line, 
BC=a!AB; 
where « is a number, positive when B lies between A and C, other- 
wise negative : but such that its unmerioal value, independait 
of sign, is the ratio of the length of BC to that of AB. TioB is 
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At once evident if AB and BC be oommeneorable ; and is easily 
extended to inoommensarables by the osnal reduciio ad aimrilum. 

23.3 An important, bat almost obvious, propoeition ie that any 
vector nay be retalved, and in one way only, into three eomponenia 
parallel retpectively to any three given vectors, no two of which are 
parallel, and which are not parallel to one plane. 

Let OA, OB, OC be the three fixed vectors, c 
OP any other vector. From P draw PQ 
parallel to CO, meeting the plane BOA in Q. 
[There most be a definite point Q, else PQ, 
and therefore CO, wonld be parallel to BOA, 
a case specially excepted.]] From Q draw 
qB parallel to BO, meetjngr 0^ in ^ Then 
we have OP = OB+RQ + QP (§21), 
and these components are respectively parallel to the three given 
vectors. By § 22 we n;ay express OR as a numerical multiple 
of OA, Eq of OB, and Q? of 6c. Hence we have, generally, for 
any vector in terms of three fixed non-coplanar vectors, a, ;3, y, 

OP = p = ma + y^+xy, 
which exhibits, in one form, the three numbers on which a vector 
depends (§ 16). Here x,y, z are perfectly definite, and can have 
but single values. 

24.] Similarly any vector, as OQ, in the same plane with OA 
and OB, can be resolved into components OB, ifQ, parallel re- 
spectively to OA and OB ; eo long, at least, as these two vectors 
are not parallel to each other. 

25.] There is particular advantage, in certain cases, in employ- 
ing a series of three mutually perpendicular unit-vectora as lines of 
reference. This system Hamilton denotes by i, j, k. 

Any other vector is then expressible as 
p = xi + yj+zi. 
Since i,j, k are tmit-vectors, «, y, z are here the lengths of con- 
terminons edges of a rectangular parallelepiped of which p is the 
vector-diagonal ; so that the length of p is, in this case, 

Let «r = f»+ijy+C* 

be any other vector, then (by the proposition of § 23) the vector 
equation p = tr 

obviously involves the following three equations among numbers, 
x = i, y=.% 2 = C- 
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Suppose » to be drawn eastwarde, j northwards, and k upwards, 
this is equivalent merely to Baying that if two points coincide, they 
are equally to the east {or wesf) of any third point, equally to tke 
north (or south) of it, and equally elevated aiove (or depressed below) 
its level. 

26.] It ia to be carefully noticed that it h only when a, ^, y are 
not coplanai that a vector equation such as 

or xa-^y^ + zy = f o + Tj^S + fy, 

necessitates the three numerical equations 

* = f. !f = n, 2 = f- 
For, if o, 0, y be coplanu: (§ 24), a condition of the following form 
must hold y = aa-^b^. 

Hence p = (x-\-za)a-i-(y-\-zb)^, 

and the equation p = w 

now requires only the too numerical conditions 

x+za = f+Ca, y + zb = jj + C*. 

27.] The Commutative and Associative Laws hold in the combination 
of vectors by the signs + and — . It is obvious that, if we prove 
this for the sign +, it will be equally proved for — , because — 
before a vector (^ 20) merely indicates that it is to be reversed 
before being considered positive. 

Let A, B, C, J> be, in order, the comers of a parallelogram ; we 
have, obviously, J^ = jc, A3 = SC. 

And jS+SC=M=ID+5C=BC-\-A£. 

Hence the commutative law is true for the addition of any two 

vectors, and is therefore generally tme. 

Again, whatever four points are represented by A^ B, C, B, vre 
have IB = AB+BJ) = Ic+ OB, 

or substituting their values for AD, BB, AO respectively, in these 
three expressions, 

AB+BC+CB = AB+(BC+GB)=(lB+BC) + CB. 
And thus the truth of the associative law is evident. 

28.] The equation p _ ^^^ 

where p is the vector connecting a variable point with the origin, 
^ a definite vector, and x an indefinite number, represents the 
straight line drawn from the origin parallel to p (^ 22). 
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The etraight line diawn from A, where OA = a, and parallel 
U> fi, bas the eqaation 

P = a+xp .^... (1) 

In words, we may pass directly from to P by the vector OP or p ; 
or we may pass first to A, by means of OA or a, and then to P 
along a vector parallel to /3 (§ 16). 

Equation (1) is one of the many nsefal forms into which Quater- 
nions enable us to throw the general equation of a straight line in 
space. As we have seen (§ 25) it is equivalent to tAree numerical 
equations ; but, as these involve the indefinite quantity m, they are 
virtually equivalent to but /too, as in ordinary Geometry of Three 
Dimensions.' 

29.] A good illustration of tliis remark is iumished by the fact 
that the equation p ~ ya + x^, 

which contains two indefinite quantities, is virtually equivalent to 
only one numerical equation. And it is easy to see that it re- 
presents the plane in which the lines a and ^ lie ; or the surface 
which is formed by drawing, through every point of OA, a line 
parallel to OB. In fact, the equation, as written, is simply § 24 
in symbols. 

And it is evident that the equation 

P = y + ya+asfi 
is the equation of a plane passing through the extremity of y, and 
parallel to a and p. 

It will now be obvious to the reader that the equation 

p -Piai+P2'h+ = Sj)a, 

where o^, a,, &c. are given vectors, and PuP^, &c. numerical quan- 
tities, represenU a ttraight line if ^,,^3, &c. be linear functions of 
one indeterminate number ; and a plane, if they be linear expres- 
sions containing two indeterminate numbers. Later (^31 (I)), this 
theorem will be much extended. 

Again, the equation p — xa + y^+zy 
refers to any point whatever in space, provided a, /3, y are not 
coplanar. {Ante, ^ 23). 

80.] The eqaation of the line joining any two points A and B, 
where 0A= a and OS = /9, is obviously 
p = a+xifi-a), 
or p=(3 + ^{<,-^). 
These equations are of course identical, as may be seen by putting 
I — y for X. 



, Google 



10 QUATBBNIONa [3 r. 

The first may be written 

p + (a!-l)o-«j3 = 0; 
or pp-^qa + r^= 0, 
subject to tbe conditioa p-^q + r s= identically. That is — A 
bomogeDeona linear fanctioo of tbree vectors, equated to sero, 
expreesee that the extremities of these vectors are in one straight 
line, if^ turn of the coe£ieient» he identicalhf zero. 

Similarly, the eqoatioa of the plane containing the eztremitiefl 
A, B, C of the three non-coplanar vectors a, j3, y is 

where « and t/ are each indeterminate. 

This may be written 

pp+yo + f0 + «y = 0, 
with the identical relation 

p + q-\-r+i = 0. 
which is tJie condition that four points may lie in one plane. 

8I.3 We have already the means of proving, in a very simple 
manner, nnmerous classes of propositions in plane and solid geo- 
metry. A very few examples, however, mnst suffice at this aUge j 
since we have hardly, as yet, crossed the threshold of the subject^ 
and are dealing with mere linear equations connecting two or more 
vectors, and even with them we are reitricted a» yet to operations ^ 
mere addition. We will give these esamples with a painful minute- 
ness of detail, which the reader will soon find to be necessary only 
for a short time, if at all. 

(a.) Tie diagonaU of a parallelogram Hiect each other. 
Let ABCD be the parallelogram, the point of intersection of 
its dii^nala. Then * 

AO+OB = ^ =^C = Db+OC, 
which gives AO- OC = BO- OB. 

The two vectors here equated are parallel to the diagonats respect- 
ively. Snch an equation is, of course, absurd unless 

(1) The diagonals are parallel, in which case the figure 

is not a parallelogram ; 

(2) iO = (5c, and J5 = 6B, the proposition. 

(£.) To e&oKi that a triangle can be contlmeied, vhote tide* 
are parallel, and equal, to the bieectors of the tides of 
any triangle. 
Let ABC be any triangle, Aa, Bb, Cc the bisectors of the ndes. 



31.] TBCTOKS, AND THEIR COMPOSITION. 11 

Then " M = AS+Bi = AB-\-\BC, 

M - . . =SC+{CJ, 
ft - - - =Cl+^IS. 
Henoe Ja+'Sii-i-Ce=:^(lB+£C+CA) = 0; 

which (§ 21)proTe8 the propoaitioD. 
Also Ja = AB+\SC 

= k{AB~CA) = \{J£+AC), 
reenlts which are sometimes asefiil. They may be easily verified 
by producing Aa to twice its length and joining the eztremity 
with^. 

{¥.) Tie bUeetort of the tides qfa triangle meet tn a point, which 
tritecta each of them. 
Taking A as origin, and putting a, /3, y for vectors parallel, and 
equal, to the aides taken in order BC, CA, AB \ the equation of 
^ifl(§28(l)) 

That of ^ is, in the same way. 

At the point 0, where Bb and Ce intersect, 

p=(l+«)y+|0=-(l+5,)^-|y. 
Since y and ^ are not pahtllel, this equation gives 
l+iB = -|, and| = -(l + y). 
From tJiese » =: y = — j. 

Henoe M = t(y-3) = iM. (See Er. (b).) 
This equation shows, being a vector one, that Aa passes through 0, 
andthat JO:Oa:: 
(c) If OA=a, 
OB=p, 
OC=aa+bp, 
be three given co-plantar 
vectore, and the linea in- 
dicated M the figwre be draion, the points «i,4„<'i lie in a ttraigii 
line. 
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We Bee at once, by the process indicated in ^ 30, that 

a+6 1—d 1—a 

Hence we easily find 

^ 1— a— 26 ' 1 — 2a— i * d~a 

Utesegive 

-(l-a-2i)0:ii+(l-2a-5)Or,-{i-o)^, = 0. 
But — (1-a— 25) + (l-2a— A)-(i-a) = identically. 

This, by § 30, proves the proposition. 

(d.) Let 03 = a, OB = p, be any two vectors. If MP be 
parallel to OjB ; and OQ, £Q, be drawn jmrallel to AP, 
OP respectively; the locut of Q is a straight line parallel 
to OA. __ 

Let OM=ea. 

Then_ 

AP = e—\a + xp. 
Hence the equation of 
OQis 

and that of ^Q is 
p= p + ziea+xp). 
At Q we have, therefore, 

x^ = l + ae, 1 

These ^ve xy=e, and the equation of the locus of Q is 

i. e. a straig^ht line parallel to OA, drawn through JV in OB pro- 
duced, so that ON: OB:: OM: OA. 

_CoE. If BQ meet Jff in j, Tq=p ; and if .iP meet NQ in p, 
«i'=«. 

Also, for the point B we have pB = AP, QB = B^. 

Hence, if from any tic^ points, A and B, lines be draton intercepting 
a given length Pg on a given line Mq; and if, from B their point of 
intersection, Bp be laid off = PA, and BQ = qB ; Q andp lie on a 
faxd straight line, and the length of Qp is constant. 
(*.) To find the centre of inertia (fany system. 

T£ OA = a, OB = a,, be the vector sides of any triangle, the 
vector from the vertex dividing the base AB in C bo that 




I, Google 



31.] 



TECT0E8, AHD THKIE COMPOSITION. 



SC:CA::m:m, i 
ma + m^a^ 
m-f flt, 
For AB is a,— a, and therefore-^C is 

Henoe 



M + JS] 

6C=0A+AC 



ia,-a) 



fli+fft, 

_ ma + tniOi 

~ m + m, 
This expression shows how to find the centre of inertia of two 
masses; m at the extremitrf of a, m^ at that of a,. Introduce m, 
at the extremity of Oft then the vector of the centre of inertia of the 
three is, by a second application of the formula, 



(»+^( "°+^^°' )+^ 






{m+mi) + m^ 
For any number of masses, expressed ^nerslly by m at tiie extre- 
mity of the rector a, we have the rec^r of the centre of inertia 

This may be written £m (a—fi) = 0. 

Now a^—p is the vector of % with respect to the centre of inertia. 
Hence the theorem, ^ the vector of each element g/" a mast, dravm 
from the centre of inertia, be increated in length in proportion to the 
mats of the element, tie sum of all these vectors it zero. 

(f.) We see at once that 
the equation 

, = -.¥• 

where ^ is an indeterminate 
number, *nd n, fi given veo- 
tors, represents a parabola. 
The origin, 0, is a point on 
the curve, fi is parallel to 
the axis, i. e. is the diameter 
OB drawn from the origin, 
and o is OJ the tangent at the origin. In the figure 

QP = at, 6q = ^- 
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The secant joining the points where t has the values t and ^ ia 
represented by the equation 

, = ., + ^ +.(„<• + ?^-.<-^) (5 30) -■ 

Put ^= t, and write x for x(f—C) [which may have any value] 
and the equation of the tangent at the point (/) ia 

or the intercept of the tangant on the diameter is —the ahacissa of 
the point of contact. 

Otherwise: the tangent ia parallel to the vector a+^t or 

at+pt' or at+B^ + ^ or OQ+OP. But fP'= fO + OP, 
hence 70 = (JQ. 
(^.) Since the equation of any tangent to the parabola is 

let us find the tangents which can be drawn from a given point. 
Let the vector of the point be 

p=pa + qp (§24). 
Since the tangent is to pass through this point, we have, as con- 
ditions to determine t and x, t + x ^ p. 



by equating respectively the coefficients of ,a and p. 

Hence i ~p±'/j>^—2q' 

Thna^ in general, (wo tangents can be drawn from a given point. 
These coincide if p» — 2q; 

that is, if the vector of the point from which they are to be drawn 

p =pa+qp =pa+ ^fi, 
i.e. if the point lies on the parabola. They an imaginaty if 
2 q >l^, i. e. if the point be 

r being potUtve. Such a point is evidently within the curve, as at 
B, where OQ = -^jS, Qf' - pa, /S = r^. 



b, Google 
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(i.) Callmg the values of t for the two tangents found in (y) 
^ and t^ respectively, it is obvious that the vector joiD- 
iDg the points of contact is 

which is paiallel to / j. y 

or, by the valaes of ^ and ^ in (^), 

Its direction, therefore, does not depend on q. In words, If pairs 
of tangentt be dram to a parabola Jrom potnlt of a diameter produced, 
the eiordt of contact are parallel to the tangent at the vertem of the 
diameter. This is also proved by a former result, for we must have 
OT for each tangent equal fco QfJ. 

(>'.) The .equation of the chord of contact, for the point whose 

vector is p= pa-\-q^, 

Bt,' 
is thus p = a^+ ~+y{a+p0). 

Suppose this to pass always throngh the point whose vector is 

p = aa+6fi. 
Then we mast have ' j , 

^+py = i; 



or ^ =P± Vp' — ipa + Zb. 

Comparing this with the expression in (;), we hare 

q=pa—6i 
that is, the point &om which the tangents are drawn has the vector 
p=pa+{pa-l>)p 
= — *j3+jj(a+a^),a8traightline (§28(1)). 
The mere form of this expression contains the proof of the usual 
properties of the pole and poUr in the parabola ; but, for the sake 
of the beginner, we adopt a simpler, though equally general, 
process. 

Suppose = 0. This merely restricts the pole to the particuhir 
diameter to which we have referred the parabola. Then the pole 
is Q, where p _ j^j 

and the polar is the line TU, for which 
p = -bfi+pa. 
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16 Q0ATEKNIOK8. [3 1. 

Hence iKe polar of any point is parallel to the tangent ai the extremity 
of the diameter on tokich the point Itet, and its intersection with that 
diameter it at Jar beyond the vertex as the pole is lottAia, and vice 



(J.) As another example let ub prove the following theorem. 

^ a triangle he inscribed in a parabola, the three points 

in which the sides are met by tangents at the angles lie in 

a straight line. 

Since is any point of the curve, we may take it as one corner 

of the triangle. Let t and ^ determioe the others. Then, if 

tff,, Wg, wg represent the vectors of the points of intersection of the 

tangents with the sides, we easily find 







m. 


'■ (a 


+ i^). 






zr. 


' 2t~t^ V 


^'i^y 


These values give 


^, 


. = ^- 






21,-1 


or,- 


-'^'.- 


-fc^.= o. 


Abo 


21,-, 
L 


'- 


2t-t, V 
i I 


— ^ 

jT— = identically. 



h 

Hence, by § 30, the propoBitioD ia proved. 

(i.) Other interesting examples of this method of treating 
curves will, of course, suggest themselves to Uie 
student. Thus 

p = acos^+dsiD^ 
or P = ax+fi yi-ar* 

represents an ellipse, of which the given vectors a and j3 are semi- 
conjugate diameters. 

Again, p = at + j or p = atanai+jScotiB 

evidently represents a hyperbola referred to its asymptotes. 

But, so far as we have yet gone with the explanation of the 
calcnlns, as we are not prepared to determine the lengths or in- 
clinations of vectors, we can investigate only a very small class of 
the properties of curves, represented by each equations as those 
above written. 
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(/.) We may dow, in extension of the statement in § 29, make 
tte obviooa remark that 
p = 2j3o 
is the equation of a cane in space, if the numbers Pi,Pa, &c. are 
functions of one indeterminate. In such a case the equation is 
sometimes written p = A({). 

Butj if Pi,Pai ^- ^ functions of too iodetermi nates, the locus of 
the extremity of p is a turface ; whose equation is sometimes written 
9 = *{'!.«)■ . 
(m.) Thns the equation 

p = a cos ^4-/9 sin ^+7' 
belongs to a helix. 

Again, p = pa+q^+ry 

with a condition of the form 

(y)" + 4j* + cr* = I 
belongs to a central surface of the second order, of which a,P,y 
are the directions of conjugate diameters. If n, 6, c be all poeitive, 
the surface ia an ellipsoid. 

32.] In Example (y) above we performed an operation equi- 
valent to the difTerentiation of a vector with reference to a single 
numerical variable of which it was given as an explicit function. 
Ae this process is of very great use, especially in quaternion investi- 
gations connected with the motion of a particle or point ; and as it 
will afford us an opportunity of making a preliminary step towards 
overcoming the novel difficulties which arise in quaternion diflferen- 
tiatjonj we will devote a few Bcctioos to a more careful exposition 
of it. 

33.] It is a striking circumstance, when we consider the way 
in which Newton's original methods in the Differential Calculus 
have been decried, to find that Hamilton was (Aliped to employ 
them, and not the more modem forms, in order to overcome the 
characteristic difficulties of quaternion differentiation. Such a thiug 
as a differential coefficient haa absolutely no meaning in guatemiont, 
except in those special cases in which we are dealing with degraded 
qoatemions, such as numbers, Cartesian coordinates, &c. But a 
quaternion expression has always a differential, which is, simply, 
what Newton called a fluxion. 

As with the Laws of Motion, the basis of Dynamics, so with tiie 
foundations of the Differential Calculus ; we are gradually coming 
to the conclusion that Newton's system is the beet after all. 
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34.] Suppose p to be the vector of a curve in space. Then, 
generally, p may be expressed as the sum of a number of terms, 
each of which is a multiple of a given vector by a function of some 
fne indeterminate; or, as in § 31 (Q, if P be a point on the carve, 
6? = p = ^(0. 

And, dmilarly, if Q be any other point on the curve, 

where bi is an^ number whatever. 
The vector-chord PQ is therefore, rigorously, 

8p ^ pj — p ^ ^{t-\-i£) — ^t, 
35.^ It is obvious that, in the present case, becaute the vectors 
involved in ift are contlant, and their numerical mullifliers alone vary, 
the expression (^{t + ht) is, by Taylor's Theorem equivalent to 



dfi 1.2 



And we are thus entitled to write, when It has been made inde- 
finitely small, 

^u\,=f, dt dt ^^' 

Id such a case as this, tlien, we are permitted to differentiate, 
or to form the differential coefficient of, a vector, according to the 
ordiuary rules of the Differential Calculus. But great additional 
insight into the process is gained by applying Newton's method. 
86.] Let OP be • 

„ p = *CO. 

and OQ] 

p = <(.{/+ iff), 
where dt is any number whatever. 

The number t may hero be taken 
as representing time, i. e. we may 
suppose a point to move alon^ the 
curve in such a way that the value 
of t for the vector of point P of the 
curve denotes the interval which has 
elapsed (since a fixed epoch) when the moving point has reached 
the extremity of that vector. If, then, dt represent any interval, 
finite or not, we see that 

will be the vector of the point after the additional interval dt. 
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38.] VECTORS, AND THBIfi COMPOSITION. 19 

But this, ID general, gives us little or no informatioD as to the 
velocity of the point at P. We shall get a better approximation 
hy halving the interval di, and finding Qa> where OQ^ = if>{t+idf), 
as the position of the moving point at that time. Here the vector 
Tirtoall; described m {di ia FQ^. To find, on this supposition, 
the vector described in di, we must doable PQt, and we find, as a 
second approximation to the vector which the moving point would 
haVe described in time di, if it had moved for that period in the 
direction and with the velocity it had at P, 
Tqs=2pQ^ = 2(0Qi~6P) 

= 2{4,(i+\di)-4,[i)}. 
The next approximation gives 

P^^=ZPQ^=3{0Q^-6P) 

= d{4>{i+^df) -,{,{£)]. 

And 80 on, each step evidently leading us nearer the sought truth. 
Heoce, to Gad the vector which would have been described in time 
di had the circnmstances of the motion at P remained undisturbed, 
we must find the value of 

<ip = j^ = {„.»!*(< + i*)-*mj. 

We have seen that in this particular case we may use Taylor's 
Theorem. We have, therefore, 

= 4>' {() dt. 

And, if we choose, we may now write 

S = *'("■ 

87.] But it is to be most particularly remarked that in the 
whole of this investigation no regard whatever has been paid to 
the magnitude of di. TTie question which we have now answered 
may be pat in the form — A jtoini deacriliea a givtn curve in a given 
manner. Ai any point of iis path ii* motion suddenly ceate* to be 
accelerated. What apace will it detcribe in a definite interval ? As 
Hamilton well observes, this is, for a planet or comet, the case 
of a ' celestial Atwood's machine.' 

38.] If we suppose the variable, iu terms of which p is expressed, 
to he the arc, », of the curve measured from some fixed point, we 
find as before , ^ _ .,.,. ,, _ ^'{{)d» 



dp = ^\t) dt = 
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From tlie very nature of the question it is obvious that the length 
of dp must in thia case be ds. This remark ia of importance, as 
we shall see later ; and it may therefore be useful to obtain afresh 
the above lesnlt without any reference to time or velocity. 

89.] Following strictly the process of Newton's Yllth Lemma, 
let' OS describe on i'^g an arc similar to PQ^, and so on. Then 
obvionsly, as the subdivision of f^ is carried &rther, the new arc 
(whose lengtli is always dg) more and more nearly coincides with 
the line which expresses the corresponding approximation to dp- 

40.] As a final example let us take the hyperbola 

/. = «^ + f 
Here dp = (a~^)di. 

This shews that the tangent is parallel to the vector 



In words, if the vector {Jrom the centre) of a point tn a hyperbola 
he one diagonal of a parallelogram, two of lohose Bidet coincide with 
the agymptotea, the other diagonal is parallel to the tangent at the 
point. 

41,] Let lis reverse this qnestion, and teeJt the envelope of a line 
which cult off from two fixed aseea a triangle of constant area. 

If the axes be in the directions of a and /3, the intercepts may 

evidently be written at and -- . Hence the equation of the line is 
(§30J . 

p^at-ia^^—al)- 

The condition of envelopment is, obviously, (see Chap. IX.) 
dp = 0. 

This gives = U-x{f^^ + a)ldt-i. (| ~at)dx*. 

Hence {l—3!)di—tdii!= 0, 

3 "> J,j dX „ 

"»d -^dt+ ^ =0. 



* We are net kert (0 equate to zero Ou eoiifiekittt of dt and dx; for w« mnn 
remember lliat this eqiuttion ii of the form 

— pa + q0, 
where p and q are numbers ; and that, so long aa a and B ar« Mtoal and non-panUlel 
vector*, the eiiiteuoe of such an equatioD ieqnii«a 
p - 0, 9-0. 
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From these, st once, « = }, since dx and dt are indeterminate. 
Thna tlie equation of the envelope is 

the hyperbola as before ; a, fi bein^ portions of ite asymptotes. 

4u£.] It may assist the student to a thorough compTehension 
of the above process, if we put it in a slightly different form. 
Thus the equation of the enveloping line may he written 

which gives dp=0=:ad{t (1 •-«)) -\-^d (?) - 

Hence, as a is not parallel to j3, we must have 

d{t(\-x)) = (i. d(') = 0; 

and these are, wheu expanded, the equations we obtained in the 
preceding section. 

43.^ For &rther illustration we give a solution not directly em- 
ploying the differential calculus. The equations of any two of the 
enveloping lines are 

C=»<i+»i(^-«<i)' 

t and ^ being given, while a and x^ are indeterminate. 
At the point of intersection of these lines we have (§ 26), 

m X, ' 



These give, by eliminating ic,, 

i 

or ir = j — ■ 

ti + t 

Hence the vector of the point of intersection ii 

a£Vt£ 
' ti + t 
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and thus, for the ultimate mterBections, where J^-^ = I, 
p = 4 (ai + — ) as before. 
Cor. (I). If /(i = 1, 

or the intersectioa lies in the diagonal of the parallelogram on a, /3. 
Cofi. (2). If ^ = mt, where m is constant. 



'■ m+1 

But we have also m = * 

m+ I 

Hence tie locus of a point kUcA dtvidet in a given ratio a Une 
cutting off a given area from ttoo fixed axai, is a hyperbola of wAtd 
these axes are the asymptotes. 

Coa. (3). K we take 

ttyit+t:^ = constant 
the locDB is a parabohi ; «dA so on. 

44.] The reader who ia fond of Anharmonic Ratios and Trans- 
versals will find in the early chapters of Hamilton's Elements cf 
Quaternions an admirable application of the compositioQ of rectors 
to these sntgects. The Theory of Geometrical Nets, in a plane, 
and in space, is there very fully developed ; and the method is 
shewn to iuclnde, as particular cases, the processes of Grassmann's 
Attsdeinungslehre and Mohius' Barycenfrische Calcul. Some very 
curiom investigations connected with curves and sur&ces of the 
second and third orders are also there founded upon the composition 
of vectors. 



EXAMPLES TO CHAPTER I. 

1. The lines which join, towards the same parts, the extremities 
of two equal and parallel lines are themselves eqaal and parallel. 
(Euclid, I. zzxiii.) 

2. find the vector of the middle point of the line iriiich joins 
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the middle pointa of the diagonals of anj qaadrilateral, plane or 
gancbe, the rectors of the comers being given ; and so prove that 
thia point is the mean point of the qaadrilateral. 

If two opposite eides be divided proportionally, and two new 
quadrilaterals be formed hy joining the points of division, the mean 
points of the three qaadrilaterals lie in a straight line. 

Shew that the mean point may also be found by bisecting the 
line joining the middle points of a pair of opposite sides. 

3. Verify that the property of the coefficients of three vectors 
whose extremities are in a line (§ 30) is not interfered with by 
altering the origin. 

4. If two triangles ABO, ale, be so sitaated in space that Aa, 
M, Ce meet in a point, the intersections of AS, ah, o{ SC, 6e, and 
of CA, ca, lie in a straight line. 

6. Prove the converse of 4, i. e. if lines be drawn, one in each 
of two planes, from any three points in the straight line in which 
these planes meet, the two triangles thns formed are sections of 
a common pyramid, 

6. K five quadrilaterals be formed by omitting in succession each 
pf the sides of any pentagon, the lines bisecting the diagonals of 
these quadrilaterals meet in a point. (H. Fox Talbot.) 

7. Assuming, as in § 7, that the operator 

cos d + -/—I sin 6 
turns any radins of a given circle through an angle in the 
positive direction of rotation, without altering its length, deduce 
the ordinary formolee for cos {A + B), cos {A^S), sin {A-^F^, and 
sin {A—B), in terms of sines and cosines of A and B. 

8. If two tangents be drawn to a hyperbola, the line joining 
the centre with their point of intersection bisects the lines joining 
the points where the tangents meet the asymptotes : and the 
tangent at the point where it meets the curves bisects the intercepts 
of the asymptotes. 

9. Any two tangents, limited by the asymptotes, divide each 
other proportionally, 

10. If a chord of a hyperbola be one diagonal of a parallelogram 
whose sides are parallel to the asymptotes, the other diagonal passes 
throngh the centre. 

11. Shew that p = iB*a+^*^+(flt+j')*y 

is the eqnation of a cone of the second degree, and that its section 
by the plane _ joa+ j^ + r y 

''- ~p-\-q+r ' 
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is an ellipse which touches, at their middle points, the sides of 
the triangle of whose comers a, ff, y are the vectors. (Hamilton, 
Stemenia, p. 96.) 

12. The lines which divide, proportionally, the pairs of opposite 
sides of a ganche quadrilateral, are the generating lines of a hyper- 
bolic paraboloid. {Rid. p. 97.) 

1 8. Shew that p = ai'n + y'^ + e^y, 

where x-\-y-\-2 = 0, 

represents a cone of the third order, imd that its section by the plane 
_ j)a + gj9 + f y 
'' p+q+r 

is a cubic curve, of which the lines 

p + q 
arc the asymptotes and the tJiree (real) tangents of inflexion. Also 
that the mean point of the triangle formed by these lines is a 
conjugate point of the carve. Hence that the vector a + ^+y is a 
conjugate lay of the cone. (Hid. p. 96.) 
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CHAPTER n. 



PEODtJCTB AND QPOTIBNTS OF TBCT0B8. 



45.^ We now come to the considenitioa of points in wliicli the 
Calcolus of Quaternions differs entirely from any previous mathe- 
matical method ; and here we shall ^t an idea of what a Qua- 
ternion is, and whence it derives its name. These points are 
fnndamentally involved in the novel use of the symbols of mul- 
tiplication and division. And the simplest introdaction to the 
sabjeet seems to be the consideration of the qnotient, or ratio, of 
two vectors. 

46.] If the given vectors be parallel to each other, we have 
already seen (§ 22) that either may be expressed as a numerical 
multiple of the other ; the multiplier being simply the ratio of 
their lengths, taken positively if they are similarly directed, nega- 
tively if they mn opposite ways. 

47.] If they be not parallel, let OA and OB be drawn parallel 
and equal to them from any point ; and the question is reduced 
to finding the value of the ratio of two vectors drawn from the 
same point. Let us try to find upon how many dUiinct numheri thia 
raiio depenJt. 

We may suppose OA to be chauged into 0£ by the following 
processes. 

lat. Increase or diminish the length of OA till it becomes 
equal to that of OB. For this only one number is 
required, viz. the ratio of the lengths of the two 
vectors. As Hamilton remarks, this is a positive, or 
rather a signlet», number. 
2nd. Tnm OA about until its direction coincides with that 
of OB, and (remembering the effect of the first operation) 
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we see thai the two vectors now coincide or bec<nne 
identical. To specify this operation iAree more numbers 
are required, viz. tioo angles (luch as node and inclina- 
tion in the case of a planet's orbit) to fix the plane in 
which the rotation takes place, and one angle for the 
amount of this rotation. * 

Thus it appears that the ratio of two vectors, or the multiplier 
required to chimge one vector into another, in general depends upon 
Jbur distinct numbers, whence the name qpatbenion. 

The particular case of perpendicularity of the two vectors, where 
their quotient is a vector perpendicular to their plane, is fully con- 
sidered below ; §§ 64, 65, 72, &c. 

48-3 It is obvious that the operations just described may be 
performed, with the same result, in the opposite order, being per- 
fectly independent of each other. Thus it appears that a quaternion, 
considered as the factor or agent which changes one definite vector 
into another, may itself be decomposed into two factors of which 
the order b immaterial. 

The ttretching factor, or that which performs the first operation 
in § 47, is called the Tekbor, and is denoted bj prefixing T to the 
quaternion considered. 

The ttiminff factor, or that corresponding to the second operation 
in § 47, is called the Vbbsor, and is denoted by the letter U prefixed 
to the quaternion. 

49.] Thus, if 0^ = a, 0£= 0, and if q be the quaternion which 
changes a to j3, we have 

which we may write in the form 

— = J, or ^a-> = q, 
if we agree to d^ne that 



Here it is to be particniarly noticed that we write q before a to 
signify that a is multiplied by q, not q multiplied by a. 

This remark is of extreme importance in quaternions, for, as we 
shall soon see, the Commntative Law does not generally apply to 
the factors of a product. 

We have also, by §§ 47, 48, 

q=TqUq= Uq Tq, 
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There, as before, Tq dq>ends merely od the relatiTe lengths of 
a and /3, and J7q depends solely on their directions. 
Tkas, if Oj and ^ be vectors of unit length parallel to a and ^ 

As will soon be shewn, when a is perpendicular to ^, the Tcrsor of 
tiie qnotient is qoadrantal, i. e. it is a anit-vector. 

50.] We moat now carefully notice that the qoatemion which 
is the qnotient when ^ is divided by a in no way depends upon 
the abioiute lengths, or directions, of these vectors. Its value 
will remain unchanged if we substitute for them any other pair 
of vectors which 

(1) have their lengths in the same ratio, 

(2) have their common plane the same or parallel, 
and (3) make the same angle with each other. 

Thns in the annexed figure 

0[Jj 02 
if, and only if, 

0,S,_OB 
^^' O^A^- OA' 

(2) phme AOB parallel to plane A^O^B^, 

(3) LAOB = lA^O^B^. 
[EqnaUty of angles is understood to include 

similarity in direction. Thus the rotation about 
an upward axis is n^^ative (or right-handed) 
from OA to OB, and also from Oj Ay to 0, B^ .] 

61.] Ilie Bedproad of a quatemioD q is defined by the equation, 



P=qa, 

we must have - = - = j^'. 

P ? 

For this gives 'k'^~ 5^'' J"" 

and each member of the equation is evidently equal to a. 
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Or, we may reason thus, q changes OA to OB, q-^ mnet therefore 
change OB to OA, and is therefore expressed by ^ (§ 49). 

The tensor of the reciprocal of a quaternion is therefore the 
reciprocal ofthe teosor ; and the TCrsor differs merely by the r^CT-faf 
of its representative angle. The versor, it must be remembered, 
^ves the plane and angle of the turning — it has nothing to do 
with tlie extension. 

B2.3 The ConjugaU of a qnatemion q, written Kq, has the same 
tensor, plane, and angle, only the angle is taken the reverse way. 
Thus, if OA, OB, 0£, lie in one plane, and if 

OA'=OA, and L£OB=lAOB, we have 

= = ?. '"'°^, = conjugate of j = Kq. 
By last section we see that 

Kq = {Tqfq-\ 
Hence qKq = Kq.q = (Tqf. 

This proposition is obvious, tf we recollect that the 

tensors of q and Kq are equal, and that the versors 

are such that either annuls the effect of the other. The joint effect 

of these (actors is therefore merely to maltiply twice over by tfae 

common t«nsor. 

58.] It if) evident ^om the results of § 50 that, if a and j8 be 
of equal length, their quaternion quotient becomes a versor (the 
tensor being unity) and may be represented indifferently by any 
one of an infinite number of arcs of given length lying on the 
circumference of a circle, of which the two vectors are radii. This 
jB of considerable importance in the proofs which follow. 



^ 



in magnitude, plane, and direction (§ 50) 
by the arc AB, which may in this extended 
seose be written AB. 

And, similarly, the versor -=J- is i«pre- 
OA, ^ 

sented by A^B^ which is equal to (and 



measured in the same direction as) AB if 
LA^OB^ = LAOB, 
i.e. if the versors are equal, in the quatemion meaning of the word. 
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54.] By the aid of this process, when a vereor is repreeeated as 
an arc of a great circle on the nnit-sphere, we can easily prove that 
quafeniion multiplication u not generally commutative. 

Thus let a be the vereor A£ or -==■ ■ 

Make SC = AB, (which, it must be 
lemembered, makes the poipt^ A, B, C 
lie in one great circle), then q may also 

be represeDted by t^- ■ 

In the same way any other versor r 

may be represented by JOB or BE and by -^=- 

He line OB in the figoie is definite, and is given by the inter- 
section of the planes of the two versors ; being the centre of the 
onit-spbere. 

Now rOD = OB, and qOB = OC, 

Hence qrO'D = 6C, 

or qr = ■^=- 1 and may therefore be represented by the arc £C of 

a great circle. 

But rq is easily seen to be represented by the arc A£, 
For qOA = OS, and rOB = OE, 

— OE 

whence rqOA = OE, and rq = ^^. 

" ^ OA 

Tbns the veraors rq and qr, though represented by arcs of equal 
length, are not generally in the same plane imd are therefore nn- 
equal : unless the planes of q and r coincide. 

Calling 0^ a, we see that we have assumed, or defined, in the 
above proof, that q.ra = qr.a and r.qa = rq.a when qa, ra, q.ra, and 
r.qa are all veetori. 

55.] ■ Obviously CB is Kq, BB is Kt, and CD is K{qr). But 
CD = BH.CB, which gives us the very important theorem 

K{qT) = Kr.Kq, 
Le. ti* eof^ugate of the product of tteo quaternion* w tie preset of 
tAeir conjugate* in inverted order. 

56.] The propositions just proved are, of course, true of quater- 
luons as well as of versors j for the fonner involve only an additional 
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numerical factor wbich htm reference to the length merely, and not 
the direction, of a Tector {§ 48). 

57,] Seeing thiiB that the commutative law doee not in general 
bold in the multi|dication of quaternions, let oa enquire whether 
tiiB Associative Iaw holds. That is, if ^, ;, r he three qaatemionB, 
taTO we p^qr =pq.r? 

This ia, of course, obviously true if ^, q, r be numerical quantities, 
or even any of the imaginanes of algebra. But it caonot be con- 
sidered SB a truism for symbols which do not in general give 
n = iP- 

58.] In the first place we remark that p, y, and r xa&y be con- 
sidered as versors only, and therefore represented by arcs of great 
circles, for their tensors may obviously (§ 48) be divided out from 
both sides, being commutative with the versors. 

Let iS =p, £i>=6A = q,mdfi=r. 

Join 5(7 and produce the great circle till it meets SFin H, and 
make^=^ = r,and^= CB=JJ? (§64). 

Join QK. Then 

Join FD and produce it to 
meet AB in M. Make 

ni=FD, 

and MN= AB, 
and join NL. Then 
LN=]iN.LM^p.qr. 
Hence to shew that p.qr = pq.r 
all that is requisite is to prove that LJf, and K6, described as 
above, are equal ant of (he tame great circle, sinccj by the figure, 
they are evidently measured in the same direction. This is perhaps 
most easily effected by the help of the fundamental properties of 
the curves known as ^herieal Coniet. As they are not asoally 
&miliar to students, we make a slight digression for the purpose of 
proving tfaeee ftindamental properties ; after Chasles, by whom and 
Magnus they were discovered. An independent proof of the asso- 
ciative principle will presently be indicated, and in Chapter VII 
we shall employ quaternions to give an independent proof of the 
theorems now to be estahliBbed. 

59,*] Def. a gpiericai conic ia tie curve of intertection of a cotu 
■ of the teeoitd degree with a sphere, the vertex of the cone being the 
centre of (he tphere. 
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T.gMif* If a cone have oae sories of circular sectioDB, it has 
another series, aad any two circles belonging to different series lie 
on a sphere. This is easily proved as follows. 

Describe a sphere, A, cutting the cone in on^ cirenlar section, 
C, and in any other point whatever, and let the side OjiP of the 
cone meet A m. p, P; P being a point in C. Then POOp is 
constant, and, therefore, since P lies in a plane, p lies on a sphere, 
a, passing throngh 0. Henoe the locus, c, of ^ is a circle, being 
the intersection of the two spheres A and a. 

Ijet OqQ be any other side of the cone, q and Q being points in 
e, C respectively. Then the quadrilateral qQPpia inBcribed in a 
circle (that in which its plane cuts' the sphere A) and the exterior 
angle At pis equal to the interior angle at Q. If 0£, OM be the 
lines in which the plane POQ cute the cyclic p^nea (planes throngh 
parallel to the two series of circular sections) they are obviously 
parallel tapq, QP, respectively ; and therefore 

. ^LOp = lOpq=lOQP= jLMOQ. 

Let any third side, 
OrB, of the coiie be 
drawn, and let the 
plane OPR cut the 
cyclic planes in 01, Om 
respectively. Then, 
evidently, 

LlOL= I qpT, 

L MOm = L QPB, 
and these angles are independent of the position of the points p and 
■P,i£Q and B be fixed points. 

In a section of the above 
diagram by a sphere whose 
centre is 0, IL, Mm are the 
great circles which repre- 
sent the cyclic planes, P^R 
is the spherical conic which 
represents the cone. The 
point P represents the line OpP, and so with the others. The 
propositions above may now be stated thus 
Are PL = arc MQ ; 
and, if Q and B be fixed, Mm and IL are constant arcs whatever be 
the position of P. 
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60,] The application to § 58 ia now obvious. In the fignre of 
that article we have 

Hence L, C, G, D are points of a spherical conic whose cyclic 
planes are those of A3y FE. Hence also KG passes through L, 
and witli LM intercepta on AB an arc equal to AB. That is, it 
passes through N, or £^6' and LN axe arcs of the same great circle : 
and they are equal, for O and L are points in the spherical conic- 

Also, the associative principle holds for any number of quaternion 
factors. For, obviously, 

qrM = qri.t = &c., &c., 
since we may consider qr as a single quaternion, and the above 
proof applies directly. 

61.] That quaternion addition, and therefore also subtraction, 
is commutative, it is easy to shew. 

For if the planes of two quaternions, 
q and r, intersect in the line OA, we 
may take any vector OA m that line, 
and at once find two others, OB and 
OC, such that 

OB =. qOA, 
" and OC=T OA. 

And (j + r)GS= OB+OC =OC+OB = {r+q)6A, 
since vector addition is commutative (§ 27). 

Hete it is obvious that {q-^T)OA, being the diagonal of the 
parallelogram on OB, OC, diviflea the angle between OB and OC 
in a ratio depending solely on the ratio of the lengths of these 
lines, i. e. on the ratio of the tensors of q and r. This will be useful 
to us in the proof of the distributive law, to which we proceed. 

62.] Quaternion multi- 
plication, and therefore di- 
vision, is distributive. One 
simple proof of this depends 
on the possibility, shortly to 
be proved, of representing 
any quaternion as a linear 
function of three given rect- 
angular anit-vectbrs. And 
when the proposition is thus 
eatablidied, the associative principle may readily be deduced irom it. 
But we may employ for its proof the properties of Spherical 
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Cvnics already employed in demoDstrating the truth of the aaso- 
ciative principle. For continxiity we give an oatline of thu proof 
by thia process. 

Let SA, CA represent the versora of { and t, and be the great 
circle whose plane is that of j>. 

Then, if we take as operand the vector OA, it is obvious that 
^(9 + **) ^^ ^ r^resented by some such arc as DA where B, D, C 
are in one great circle ; for (^ + t) OA ia in the same plane as q OA 
and rOA, and ihs relative magnitudes of the arcs BD and DC 
depend solely on the tensors of q and r. Produce BA, DA, CA to 
meet be in b, d, c respectively, and make 

M=BA, M=DA, Ge=CA. 
Also make 6fi = db = CY=p. Then B, F, 6, A lie on a spherical 
conic of which BC and be are the cyclic arcs. And, because 
h^ = dh = ey, ^, bF, y 0, when produced, meet in a point ff 
which ia also on the spherical conio (§ £9*). Let these arcs meet 
BC m.J,L,K respectively. Then we have 
JH = E^ = pUq, 
Lk= Fb =pUiq + r), 
KH=Gy =pUr. 
Also D ^ DB, 

and KL=^ CD. 

And, on comparing the portions of the figure bounded respectively 
by HKJ311A by ACB we see that (when considered with reference 
to their effects as factors multiplying OH and OA respectively) 

p U{q 4- r) bears the same relation iopUq and p Ur 
that U{q + r) bears to U^ and Ur. 
But T{3+r)U{q+r) = q + r = TqUq+TrUr. 

Hence T(3+r).pUl3 + r) = Tq.pUq + Tr.pUr; 

or, since the tensors are mere numbers and commutative with all 
other factors, i'(?+'") =pq+pr. 

In a nmilar manner it may be proved that 
{q+r)p = qp+T]^ 
And then it follows at once that 

iP + S) {''+') =pr+p» + qr-i-qt. 
63.] Ey similar processes to those of § S3 we see that versors, 
and therefore also quaternions, are subject to the index-taw 

?"■?"= ?"^". 
at least so long as m and n are positive integers. 
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The extension of this property to negative and tractional ex- 
ponents must be deferred until we have defined a negative or 
fractional power of a quaternion. 

64,] We now proceed to the special case of quadrantal versors, 
from ^hoEe properties it is easy to deduce all the foregoing results 
of this chapter. These properties were indeed those whose in- 
vention by Hapiilton in 1843 led almost intuitively to the esta- 
blishment of the Quaternion Calculus. We shall content onrselves 
at present with an assumption^ which will be shewn to lead to 
consistent results; but at the end of the chapter we shall shew 
that no other assumption is possible, following for this purpose a 
very curious quasi- metaphysical speculation of Hamilton. 

65.] Suppose we have a system of three mutually perpendicular 
unit-veqtors, drawn from one point, which we may call for abort- 
ncGB /, /, K, Suppose also that the^ are so situated thut a positive 
(i. e. l^-handed) rotation through a right angle about / as an axis 
brings / to coincide with E. Then it is obvious that positive 
quadrantal rotation about / will make K coincide with /; and^ 
about K, will make / coincide with /, 

For definiteness we may suppose 7to be drawn eastwards^ Jnorth- 
wardi, and S upwards. Then it is obvious that a positive (left- 
handed) rotation about the eastward line (/) brings the northward 
line {J) into a vertically upward position (K) ; and so of the others. 

66.] Now the operator which turns J into K is a quadrantal 
versor (§ 53) ; and, as its axis is the vector /, we may call it >. 

Thus T~'' °^ K=iJ- (1) 

Similarly we may put -t^ =_;', or / =JK, (2) 

and y=*, or J = il. (3) 

[It may here be noticed, merely to shew the symmetry of the 
system we are explaining, that if the three mutually perpendicular 
vectors I, /, K be made to revolve about a line equally inclined to 
all, so that / is brought4to coincide with /, / will then coincide 
with K, and £'with 7: and the above equations will still hold good, 
only (1) will become (2), (2) will become (3), and (3) will become 

(I).] 

67.J By the results of ^ 50 we see that 
-/_ K 
K ~ J ' 
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i. e. a soQthward nnit-Tector bean tbe same ratio to an upward 
imit-Tector that the latter does to a northward one ; and therefore 
we have _ , 

~ = i, or -J=iK. (4) 



Similarly 



and 



-K = jl; 



-K _ 

I ~' 

^ =i, or -I=iJ. 

68.] By (4) and (1) we have 

Hence t'= — 1 

And, in the same way, (s) and (2) give 



.(5) 



..(6) 



.{8) 
.(9) 



and (6) and (3) ** = -! 

Thns, as the directiotifl of 7, J, Kate perfectly arbitrary, we see 
that the iguare of every quadrantal vertor u negative unity. 

Thongh tbe following proof is in principle exactly tbe same as 
the foregoing, it may perhaps be of use to the student, in shewing 
him precisely tbe nature as well as the simplidty of the step we 
have taken. 

Let ABjt be a semicircle, whose centre j, 

is 0, and let OS be perpendicular to AOJ'. 

Then ^=r > = q suppose^ is a qnadrantal 

versor, and is evidently equal to -=^} n -^ \j a. n 
% 50, 53. _ _ _ 

, 0^ OB OA' 
Hence q' = ^=t- - ^^ = -== = — i . 

* OB OA OA 

69.] Having thos found that the squares of i, j, k are each eqnal 
to negative unity; it only remains that we find the values of tbeir 
products two and two. For, as we shall see, the result is auch as 
to shew that the value of any other combination whatever of i,j, k 
(as factors of a product) may be deduced from the values of these 
squares and products. 

Now it is obvious that 

K I 
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(i. e. the versor wliich turns a westward anit-vector into an apward 
one will torn the upward into an eastward unit) ; 

or K = j{~I) = -jI* ...(10) 

Now let US operate on the two equal vectors in (10) by the same 
versot, i, and we hare 

iE=i(-jI)=-ijl. 
But by (4) and (3) 

iK = -J =-tI. 

Comparing these equations, we have 

-ijl = -kl; 

or, by § 54 (end), ij = k,-\ 

and symmetry g:ives jk = i, \ (11) 



V = «. 1 




The meaning of these importaut equations is very simple ; and is, 
in fact, obvious from our construction in § 54 for the multiplication 
of versors; as we see by the annexed figure, where we must re- 
member that iy J, i are quadrantal versors whose planes are at right 
angles, so that the figure represents a 
hemisphere divided into quadrantal tri- 
angles. 

Thus, to shew that iJ = i, we have, 
being the centre of the sphere, N, B, 
S, W the north, east, south, and west, 
and ,?the zenith (as in \ 65) ; 

36w= 6z, 
whence ijOW^iOZ =08= kOW. 
70.3 But, by the same figure, 

iON=02, _ _ _ 

whence jiON=jOZ= OE = -OW=-kON. 

7L] From this it appears that 

and similarly kj =~i, ^ 

ik = —J, 
and thus, by comparing (ll)j 

ij = -J 



* The psgative Bign, being a mere numerical &ctor, ia evidenUj connnatative with 
j ; Indeed we may, if nscesmrf , easily asaure oanelvw of the fact that to tara Uia 
Di^atiTe (or reverae) of a vector throagb a right (or indeed any) aogle, i> the same 
tbbig aa to turn the vector through that angle aad then reverse it. 



.(12) 



;i = i, ) 
it = / ) 



((11). (12))- 



li 
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Theee equations, along wifli 

i^=/ = ^ = »l ((7), (8), (9)), 
contain esseotiallf the whole of Qoatermons. But it is eaey to see 
that, for the first group, we may Bnbstitiite the single equation 

y* = -1, (13) 

since from it, by the help of the values of the squares ofi,J, k, all 
the other expressions may be deduced. We may consider it proved 
in this way, or deduce it afresh from the figure above, thus 
i6N= OW, 
JkON= j6W= OE, 

72.3 One most important step remains to be made, to wit the 
assumption referred to in § 64. We have treated \,j, k simply as 
qnadrantal versors ; and I, J, K as unit-vectors at right angles to 
each other, and coinciding with the axes of rotation of these versors. 
But if we collate and compare the equations just proved we have 

iv = *. (11) 

\iJ= K, (1) 

(>»■=-*> (12) 

UI==-K, (10) 

with the otiier similar groups symmetrically derived from them. 
Now the meanings we have assigned to i,J, i are quite inde- 
pendent of, and not inconsietetit with, those assigned to /, /, K. 
And it is superfluous to use two sets of characters when one will 
suffice. Hence it appears that t, J, k may be substituted for /, /, K; 
in other words, a unit~vector when employed at a factor may he con- 
tidered at a quadrantal vereor whote platu it perpendicular to the 
vector. This is one of the main elements of the singuUr simplicity 
of the quaternion calculus. 

78.] Thus the prodvci, and there/ore the quotient, of tteo perpen- 
dicKlar veetort ii a third vector perpendicular to both. 

Hence the reciprocal (§ 51) of a vector is a vector which has the 
opposite direction to that of the vectoFj and its length is the re- 
dprocal of the length of the vector. 

The conjugate (§ 52) of a vector is simply the vector reversed. 

Hencej by § 62, if a be a vector 

(!".)• = .ira=o (-«) = -.'. 

74.] We may now see that every versor may be repreaealed by 
a power of a uniUvector. 
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For, if a be any vector perpendicular to i (which is any definite 
unit-vector)j 

ia, = p, is a vector equal in length to a, bat perpendicular 
to both i and a ; 



Thus, by succeesive applications of i, a is turned round i as an axis 
through successive right angles. Hence it is natural to define i" a» 
a versor which tumi any vector perpendicular to i through m right 
angles in the positive direction of rotation, ahout i aa an axis. Here w 
may have any real value whatever, whole or fractional, for it is 
easily seen that analogy leads us to interpret a negative value of m 
as corresponding to rotation in the negative direction. 

75.] Flrom this again it follows that any quaternion may he 
expreited at a power of a vector. For the tensor and versor elements 
of the vector may be so chosen that, when raised to the same power, 
the one may be the tensor and the other the versor of the given 
quaternion. The vector must be, of course, perpendicular to the 
plane of the quaternion. 

76.] And we now see, as an immediate result of the last two 
sections, that the indei-law holds with r^iard to powers of a 
quaternion (^ 63). 

77.] So far as we have yet considered it, a quaternion has been 
regarded as the product of a tensor and a versor : we are now to 
consider it as a mm. The easiest method of so analysing it seems 
to be the following. 

Let represent any quaternion. Draw 

BC perpendicular to OA, produced if neces- 
sary. 

Then, § 1 9, ^ = 0C+ CB. 
But, § 22, OC = xOA, 

where at is a number, whose sign is the same 
as that of the cosine of Z AOB. 
Also, § 73, since CB is perpendicular to OA, 
CB = y02, 
where y is a vector perpendicular to OA and CB, i.e. to the plane 
of the quaternion. 

He-ce 2 = ?^i»® = ,+,. 

OA OA 
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Thus a quaternion, in geaeral, may be decompoBed into tlie snta of 
two part^ one numerical, the other a vector. Hamilton calls them 
the SCALAR, and the yecttor, and denotes tbem respectively by the 
letters 5 and r* prefixed to the expression for the quaternion. 
78.] Hence g = Sg+ Tq, and if in the above example 
OB 

^ = ^ 

then - OB=OC-\-CS = Sq.OA+ Vq.OA*. 

The equation above gives 

0C=Sq.02, 
CB = rq.OA. 
79.] If, in the figure of last section, we produce BC to i>, bo as 
to double its length, and join OD, we have, by § 52, 

^ = Kq^SKq+FKq; 

.-. OB = OC+CJ)=8gq.02+rKq.0A. 
Hence . 0C=SKq.6A, 

and CD = rKq.OA. 

Comparing this value of OC with that in last section, we find 

SKq=Sq, (1) 

or the scalar i^tke conjugate of a quaternion it equal to ike scalar of 
the quaternion. 

Again, CB=—CB by the figure, and the substitution of their 

valuesgives rKq=~rq, (2) 

or tie vector of tie conjugate of a quaternion is the vector of tie 
quaternion reversed. 

We may remark that the results of this section are simple con- 
BCquences of the feet that the symbols S,r,K toe commutative t- 
Thus SKq = KSq -= Sq, 

since the conjugate of a number is the number itself; and 
rKq=:Krq^-rq (§73): 

• The pointa are iMertod to shew thit 8 am! V apply ooljr to q, and not to qOA . 

+ It IB cnrioHB to compare the propertiea of these qnatemion symbols with those of 
the ElectiTe Symbols of Logio, na given in BoOLE'9 woBdorful treatise on the Zow» of 
Thoughl; and to think that the »arae grand science of malhematioal andlyaia, by 
prni-nrrm remarliablj almihu- to each other, reveals to us truths in the Haence of 
poeilion hi b^otid the powers of the geometer, Knd truths of deduotive n 
which anaided thoDght coold nerer bav« led the logidao. 
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. Again, it is obvioas that 

26^ = SSf,. 2,rq = V2q, 
and thence ^Kq = i2j. 

80.] Since any vector whatever may be represented by 

where x,y,zKK numbers (or Scalars), and », /, k may be any three 
noQ-coplaoar vectors, §§ 23, 26 — though they are usually under- 
stood as representing a rectangular system of unit-vectors — and 
eince any scalar may be denoted hy » ; we may write, for any 
quaternion q, the expression 

q = w-\-xi+yj+zk (§ 78). 

Here we have the easential dependence on four distinct nnmbers, 
from which the quaternion derives its name, exhibited in the most 
simple form. 

And now we see at once that an equation snch as 
q'= q, 
where y'= vf+afi+^j-k-^h, 

involves, of course, the,/(Wf equations 

«'= », m'= X, ^^=y, /=«. 

81.] We proceed to indicate another mode of proof of the dis- 
tributive law of multiplication. 

We have already de6ned, or assumed (§61), Uiat 



or ^a-^+yar'^ = (^ + y)a-', 
and have thus been able to understand what is meant by adding 
two quaternions. 

But, writing a for o~^, we see that this involves the equality 
(|8 + y)a = |8o+ya; 
from whichj by taking the conjugates of both sides, we derive 

a'03'+/) = a'^'+aV (§56). 
And a combination of these results (putting j3 + y for a' in the 
latter, for instance) givea 

+ 7)0'+yO = (i3+y)3'+0 + y)y' 

= 0(8'+ y/3'+ 0y'+ yy' hy the former. 
Hence the duiributive principle ts true in tAemuUiplicatio* ofved^yn. 
It only remains to shew that it is true as to the scalar and 
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vector parts of a qtiaternioD, and then we ahall easily attain the 
general proof. 

Now, if a be any scalar, a aoy vector, and q any qnatemion, 
{a + a)q=aq + ag. 
For, if ^ he the vector in which the plane of q is intersected by 
a plane perpendicular to a, we can find other two vectors, y aod 2, 
in these planes such that 

And, of conrae, a may be written -^; 80 that 

» ^ b 8^3 6 

= aq+a^. 
Aod the conjugate may be written 

^{af + a.') = q'a' + q'^' (§55). 
Hence, generally, 

(<i + o)(i + |S) = ab+a$ + l>a-i-afi; 
or, breaking op a and b each into the enm of two scalars, and a, j3 
each into the sum of two vectors, 
(a, + flj + o, + oj) (fii + Jj + j3, + jS^) 

(by what precedes, aU the factors on the right arc distributive, bo 
that we may easily pnt it in the form) 

= C«l + »l)(*l + ft) + (''l + «l)f*2 + ^t) + («i + '^)(*l + A) 
+ («2 + «0(*2 + ft)- 

Putting "i + oj =p, Og + O] = q, 6i+;3, = t, J, + /3, = i, 
we have (i' + })(»' + ») = jw+J»«+ST + ya. 

82.3 For variety, we shall now for a time forsake the geometrical 
mode of proof we have hitherto adopted, and deduce some of our 
next steps irom the analytical ezpression for a qnatemion given 
in § 80, and the properties of a rectangular system of nnit-vectors 
as in $71. 

We will commence by proving the result of ^ 77 anew. 

83.] Let a = sBi-i-yj + xi, 
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Then, because by § 71 every product or quotient of », /, k is reducible 
to one of tbem or to a aaniber, we are entitled to assume 

j = £ = a + fj + )j_; + Ci, 

where u, ^, ij, Q are Dumbere. This ib the proposition of ^ 80. 
84.} But it may be interesting to find m, f, i], ^intennsof ^,y, z, 

We have ^ = qa, 

or a:'» + y'j + /i = {w + f t + v'+ C*) (*i + SJ + ^*) 

as we easily see by the expressions for the powers and products of 
i,J,k, given in § 71. But the student must pay particular attention 
to the order of the factors, else he is certain to make mistakes. 
This (§ 80) resolves itself into the foor equations 
0= lar+^y+Cz, 

/= toy— fa +faf, 

The three last equations give 

X3^ + y/ +2!^ — mif' + 3/' + z^), 
which determines to. 

Also we have, from the same three, by the help of the first, 

which, combined with the first, gives 

f ^ 1 ^ c . 

yZ—z/ zs'—xz x/~yx" 
aud the common value of these three fractions is then easily seen 
to be 1 

It is easy enough to interpret these espreasions by means of 
ordinary coordinate geometry : but a much simpler process will 
be furnished by quaternions themselves in the next chapter, and, in 
giving it, we shall refer back to this section. 

85.} The associative law of multiplicatioa ia now to he proved 
by means of the distributive (§ 81). We leave the proof to the 
studeut. He has merely to multiply together the factors 

w + iri + yy + 2i, vf +i^i-^i/'j + /*, and w" + if'i + y"j + /'i, 
as follows : — 

First, multiply the third factor by the second, and then multiply 
the product by tho first ; next, multiply the second factor by the 
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first and emplojr the product to multiply the third : always re- 
membermg that the multiplier in any product is placed before the 
maltiplicaQd. He will find the scalar parts and the coefficients of 
i,y, k, in these products, respectively equal, each to each. 

86.] With the same expressions for a, ^, as in section 83, we have 

o^ = (a:* + ifj + zk) {x'i + g'j + z'k) 

But we have also 

The only difference is in the siffii of the vector parts. 

Henoo Safi=:S0a, .., (1) 

rap=~r^a, (2) 

also a$+(ia = 2Safi, (3) 

a^~fia = 2Fafi, (4) 

and, finally, by §79, afi:=Kfia (5) 

87.] If o = y3 we have of course (§ 25) 

31 = 111', y=y, z — ^, 
and the formulae of last section become 

afi=0a = a* =-{x' +y' + z') ; 
which was anticipated in § 73, where we proved the formula 

(T«)'=-a', 
and also, to a certain extent, in § 25. 

88.] Now let q and r be any quaternions, then 
S.qr = S.{Sq+Fq){Sr+ Vr), 

= S.{SqSr+Sr.rq + Sq.Fr+ FqVr), 
= SqSr + SrqFr, 
since the two middle terms are vectors. 
Similarly, S.rq = SrSq + SFrFq. 

Hence, since by (1) of §86 we have 

SFqFr = SFrFq, 

we see that S.qr = S.rq, (I) 

a formula of considerable importance. 

It may easily be extended to any number of quateraions, because, 
r being arbitrary, we may put for it r«. Thus we have 
S.qri = S.rtq, 
= S.sqr 
by a second application of the process. In words, we have the 
theorem — ike Kalar of the product of any number of given quaternioHs 
dependi only upon lie cyclical order in which they are arranged. 
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89.] An important case ie that of throe factors, eacli a vector. 
The foroiala then becomes 

S.apy = S.^ya = S.ya^. 
But S.afiy = 8a{8ffy+ Vfiy) 

= 8aF^, since aSj9y is a vector, 
= -SaFy^, by (2) of § 86, 
=:-Sa{Syp+Fyp) 
= -S.ay0. 
Hence (ie scalar of the product of three vectors changes sign when the 
eyclieal order is altered. 

Other curious propositionB connected with this xnll be given 
later, as we wish to devote this chapter to the production of the 
fundamental formulae in as compact a form as possible. 
90.] By (4) of §86, 

2Ffiy = fiy~y$. 
Hence 2FaF0y = Fa(py~y^) 

(by multiplying both by a, and taking the vector parts of each side) 

= F{afiy+pay-fiay-ayfi) 
(by introducing the null term fiay^^ay). 
That is 

2FaF^=F.{a^+^a)y-F(^Sayy^Fay-vSay.^ + Fay.^) 
= F(28a?)y-2Ffi8ay 
(if we notice that F. Fay.p = — FpFay, by (2) of § 86). 

Hence FaFfiy = ySa^-ff8ya, (1) 

a formula of constant occurrence. 

Adding aS^y to both sides we get another most valuable formula 

F.apy=oS^-fiSya+ySafi; (2) 

and the form of this shews that we may interchange y and a 
without altering the right-hand member. This gives 

F.a^y = F.y^ 
a formula which may be greatly extended. ■'" 'Y-^: 

91.] We have also 
FFapFyi = -FFyiFa^ by (2) of §86: 

= bSyFap-ySbFa^ = h8.afiy-yS.a0i, 
= -pSaFyb + a8fiFyb = -fiS.ayt+aS.^yb, 
all of these being arrived at by the help of § 90 (1) and of § 89 j 
and by treating alternately Fafi and Fyi as simple vectors. 
Equating two of these values, we have 

ZS.aliy = a8.^yi + 0S.yai + y8.a^S, (3) 
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a veiy useful formula, expressing any vector whatever in terms 
of three given vectors. 

92.] That such an expression is possible we koew already by 
§23. For variety we may seek another expression of a similar 
character, by a process whiot differs entirely from that employed 
in last section. 

a,p,y being any three vectors, we may derive from them three 
others Va^, Fj3y, Vya ; and, as these will not generally be coplanarj 
any other vector S may be expressed as the sum of the three, each 
multiplied by some scalar (§ 23). It is required to 6nd this ex- 
pression for 2. 

Let t=iBra^+s^^y-\-zrya. 

Then Syh = xS.ya^ = xS.a^y, 

the terms in y and 2 going out, because 

SyF^y = S.yPy = Spy' = y'5/3 = 0, 
for y^ is ({ 73) a number. 

Similarly 5j3S = sS.^ya = zS.a^y, 
and 8ah =yS.a^y. 
Thus hS.aPy = rapSyl+r^y8a6+ryaSph (4) 

93.] We conclude the chapter by shewing (as promised in § 64) 
tiat the assumption tbst the product of two parallel vectors is 
a number, and the product of two perpendicular vectors a third 
vector perpendicular to both, is not only useful and convenient, 
but absolutely inevitable, if our system is to deal indifferently witli 
all directions in space. We abridge Hamilton's reasoning. 

Suppose that there is no direction in space pre-eminent, and 
that the product of two vectors is something whicA has qoautity, 
BO as to vary in amount if the factors are changed, and to have 
its sign changed if that of one of them is reversed ; if the vectors 
be parallel, their product cannot be, in whole or in part, a vector 
inelined to them, for there ia nothing to determine the direction 
in which it must lie. It cannot be a vector parallel to them ; for 
by changing the sign of both factors the product is unchanged, 
whereas, as the whole system has been reversed, the product vector 
ought to have been reversed. Hence it must be a number. Again, 
the product of two perpendicular vectors cannot be wholly or partly 
a number, because on inverting one of them the sign of that 
nomber oug'ht to change ; hut inverting one of them is simply 
equivalent to a rotation through two right angles about the other, 
and (from the symmetry of space) ought to leave the number 
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unchanged. Heaee the product of two perpendicular vectors must 
be a vector, and a Bimple extension of the same reasoning shewg 
that it must be perpendicular to each of the iactora. It is easy 
to carry this farther, but enough has beetk said to shew the character 
of the reasoning. 



. EXAMPLES TO CHAPTER II. 

1. It is obvious from the properties of polar triangles that any 
mode of representing versors by the tides oi a triangle must have 
an equivalent etatemeut in which they are represented by angle* in 
the polar triangle. 

Shew directly that the product of two versors represented by 
tno angles of a spherical triangle is a third versor represented 
by the supplement of the remaining angle of the triangle; and 
det«rmine the rule which connects the directions in which these 
angles are to be measured, 

2. Hence derive another proof that we have not generally 

pq =qp. 

3. Honce shew that the proof of the associative principle, § 57, 
may be made to depend upon the fact that if from any point of 
the sphere tangent arcs be drawn to a spherical conic, and also arcs 
to the foci, the inclination of either tangent arc to one of the focal 
arcs is equal to, that of the other tangent arc to the other focal arc. 

4. Prove the formulae 

5. Shew that, whatever odd number of vectors he repre8ent«d by 
a, ^, y, &c., we have always 

r.afiy^t = r.tbyfia, 
r.c^ybtO} = r.T^rfyiSa, &C. 

6. Shew that 

S.Fa^F^yFya = -{S.afiy)^, 

r.Fa^rfiyFyas: ra^(y^Safi-S^ySya} + , 

and F.{FafiF. FfiyFya) = (fiSay-aSfiy)8.a0y. 

7. If a, j3, y be any vectors at right angles to each other, shew that 

(a' + fi^+y^)8.afiY = <i*^Py+^*Fya + y*Fafi. 

ogle 



KXAMPLEa TO CHAPTEB 11. 47 

8. If a, /3, y be non-coplanar vectors, find the relatione among 
the eiz scalnrs, x,y,z and f, ij, f. which are implied in the equation 

xa-k-s^\zy = ^rpy + riFya+Cra^. 

9. If a, ^, y be any three non-coplanar vectors, express any 
fourth vector, 8, as a lineai function of each of the following sets of 
three derived vectors, 

r.yafi. r.a^Y. V.^ya, 
and r. Fa^r^yFya, V. V^yVyaVa?, V. FyaFa^F^y. 

10. Eliminate p from the equations 

■Sop = a, S^p = 6, Syp = e, Sip = d, 
where a, j3, y, b are vectors, and a, b, c, d acalara. 

11. In any quadrilateral, plane or ganche, the sum of the squares 
of the diagt>na1s is double the sum of the sqnarcB of the lines joining 
the middle points of opposite sides. 
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CHAPTER in. 



INTERPRETATIONS AND TRANSFORMATIONS OP 
QUATERNION EXPRESSIONS. 

94.] Ahonq the most useful characteristics of the Calculus of 
Quaternions, the ease of interpreting its formulae geometrically, 
and the extraordinary variety of transforouitionB of which the 
simplest expressions are susceptible, deserve a prominent place. 
We devote this Chapter to some of the more simple of these, to- 
gether with a few of somewhat more complex character but of 
congtaut occurrence in geometrical and physical investigations. 
Others will appear in every succeeding Chapter. It is here, 
perhaps, that the student is likely to feel most strongly the peculiar 
difficulties of the new Calculus. But on that very account he 
should endeavour to master them, for the variety of forms which 
any one formula may assume, though puzzliag to the banner, is 
of the most extraordinary advantage to the advanced student, not 
alone as aiding him in the solution of complex questions, but as 
affording an invaluable mental discipline. 

96.] If we refer again to the figure of § 77 we see that 
0G= OB<mbAOB, 
CB= OBeinAOB. 

Hence, \{OA = a, 05 = j3, and Z AOB = 6, we have 

OB = T0, OA = Ta, 

OC = 7*18 cos 0, CB = T^ sin '$. 

„ „|8 OC Tfi 

Hence S- = jrj = -^coB$. 



Similarly 
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H^ice, if c be a anit-vector perpendicular to a and j9, or 







'■ 


VOA 


ihave 






'l-Ta^'- 


96.] 


In the same way we may shew that 






Sufi 


= -TaTfieciS, 






TV.fi 


= TaTfiime, 




and 


Fafi 


= TaTfiBme.i, 




where 


1 


= VFafi = Ur^ 



Thus He tccUar of the product of two vectors it tie continued product 
of their teuton and of the cotine of the tupplement of lie contained 
anffle. 

Tie tensor of tie vector of tie product of two vectors is tie con- 
tinued product of tieir tensors and the tine of tie contained anffle ; 
and tie versor of tie same is a unit-vector perpendicular to boti, and 
end tiat the rotation about it from the first vector (i, e. tie multiplier) 
to tie second is lefi-ianded or positive. 

Hence TFafi is douile the area of tie triangle tieo of uiiote sides 
are a, fi. 
970 

(a.) In any triangle ABC we have 
IC = IS+BO. 
Hence ■ AC* = SlClC = S.AC{JB + BC). 

With the ofloal notation for a plane triangle the interpretation 
of this formtda is 

—b* =—bccoaA—abcoB C, 
or 6= aeosC+ccoBA. 

(i.) Again we have, obviously, 

rABAC= rAB{AS + BC} 
= rlBBC, 
or eb aa A ^ ca em B, 

', sin ^ sin ^ sin C 

whence — ~ = — ,— = • 

a c 

Tbeee are tmths, bat not troisms, as we might have be»i led 

to Gmcy from the exceaeive simplicity of the process empl<^ed. 
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98.] From § 96 it follows that, if a and j3 be both acttul (Le. 
real and non-evaneeceDt) vectors, the equation 

5a/3 ='0 
Bhews that cos ^ = 0, or that a is perpendicular to p. And, in foct, 
we know siready that the product of two perpendicular vectors is a 
vector. 

A«"'°. if Vafi = 0, 

we must have sind = 0, or a m parallel to p. We know already 
that the product of two parallel vectors is a scalar. 

Heoce we see that 

5ij8 = 
is equivalent to a = Vyfi, 

where y is an undetermined vector; and that 

is equivalent to a = tep, 

where « is an undetermined scalar. 

99.] If we writej as in ^ 83, 

a = ix -^jy + hz, 

we have, at once, hy § 86, 

where f = -./x* +^' + z*, /= v'*'' +/*+«'•. ' 

These express in Cartesian cfiordinates the propositions we have 
jnst proved. In commencing the subject it may perhaps araist 
the student to see these more familiar forms for the qnateruion 
expressions ; and he will doubtless be induced by their appearance 
to prosecute the subject, since he cannot fail even at this stage to 
see how much more Edmple the quatemiou expressions are than 
those to which he has been accustomed. 

100.] The expression S.a3y 

may be written S{Fa^)y, 

because the quaternion afiy may be1>roken up into 

(5a/3)y + (ra^)y 
of which the first term is a vector. 
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Bat, by § 96, 

S{rafi)y = TaT^maeSir/. 
Here 7*1)= 1, let be the angle between rj and y, then finally 

^.ojSy = - fa 7}3 TV BIB tf COB 0. 
Bat aBtjis perpeodicnlar to a and fi, 7'y cos ^ is the length of the 
perpeDdicolar &om tiie extremity of y upon the plane of a, j3. And 
as the product of the other three factors is (^96) the area of the 
psrallelognun two of whose sides are a, fi, we see that the mag- 
nitude of^-o^y, independent of its sign, is tie vohnu of ti^ parallel- 
ep^ed of lehieh three coordinate edgei are a, p, y; or ox times the 
volume of the pyramid which has a, ^, y for edges. 
101.] Henoe the equation 

8.a^y = 0, 
ijf we suppose a, fS, y to be actual veotors, shews either that 
sin = 0, 
or . cos^ = 0, 
i. e. tvo of the three vectors are parallel, or all three are parallel to 
one plane. '/■' - ''t- 

This is cooeistent with previous resnltsj for if y = ^j3 we have 
8.a^y = pB.afi^ ss ; 
and, if y be coplanar with a, /3, we have y = i'a+ Ji9, and 
5^^y = 5^^(j3a + j;3) = 0. 
102.] This property of the expression S.a^y prepares us to find 
that it is a determinant. And, in fact, if we take a, ^ as in § 83, 
snd in addition „ _ ^'' ^ .y ^ ^/'^ 

we have at once 

= — [flj y z \. 

k / / 

U' f /'\ 
T^e determinant changes sign if we make any two rows change 
places. This is the proposition we met with before (§ 89) in the 
fo™ S.afiy=-S.?ay = S.^ya, &C. 

If we take three new vectors 

Oj = ise-^jaf + iaf', 

ft = ^+^>' + v> 

y, = K+y/+A«", 

we thus see that they are coplanar if a, ^, y are so. That is, if 

8.a&Y = 0, 

then Smi ft y^ = 0, 
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103.] We have, by § 52, 

(Tq)' = ,K, = {Sq+ Vq) (Sq- V,) (5 79). 

= {Sqf-{Vq-f byalgebm, 

= C%)' + Crr5)'(§73). 
\{q = afi, we hare Kq = fia, and the formola becomes 

Id Cartesian coordinates this is 

More generally we hare 

(r(jr))« = qrK{qr) 
\ = qrKrKq (§ 66) = (Tqf{Trf (§ 52). 

If we wnte q = K +a = ip +it +Jy+i£, 

r = vZ+pai. io'+iaf+J/ + i/; 
this becomes 
(»a +aJ +y« + «») («r« +«"+/« +/>) 

= (aw'— aat'—^— ««')' + {wa!'+»'(r+y/— ,^)* 

a formula of algebra due to Euler. 
^ 104.] We hare, of course, by mnltiplication, 

(a+;9)« = a« + a3 + j8a+;3* = a' + 2Sap+p' (§86 (3». 
Translating into the usual notation of plane trigonometry, this 
becomes c' = a*-2aicoaC+l>^, 

the common formula. 

Again, F(a+fi) (o-^) = - Fafi+ rpa = -2Vap (§ 86 (2)). 
Taking tensors of both sides we have the theorem, the panUlehgrafu 
wiote tides are parallel and equal to the diagonaU of a given paral- 
lelogram, hat double ite area (§ 96). 

Also 5(a+^)Ca-j8) = <i'-i3S 

and vanishes only when a^ = ^*, or Ta = Tp; that is, the diagoualt 
of a parallelogram are at right angles to one another, vhen, and onfy 
when, it is a rhombus. 

Later it will be shewn that this contains a proof that the angle ia 
a semicircle is a right angle. 

105.] The expression p = o^~' 

obviously denotes a vector whose tensor is equal to that of /9. 

But we have S.ffap = 0, 

so that p is in the plane of a, S- 

Also we have Sap = Sa^ 
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BO tiiat ^ and p make eqnal angles with a, evidently on opposite 
sides of it. Thus if a be the perpendicnlar to a reflecting anrface 
■uid jd the path of an incident ray, p will be the path of the re- 
flected ray. 

Another mode of obtaining these results is to expand the above 
expression, thus, ^ 90 (2), 

p = 2a-^8a0~p 
= 2a-i&^-o-'(Sa/3+ro^) 

80 that in the figure of § 77 we see that if 0^ = a, and OS = /9, we 
have 6D = p = afia-^. 

Or, again, we may get tlie result at once by transforming the 

equation to U^ = U%- 
a 

106-3 ^*"' "^y three coplanar vectors the expression 

p = apy 

is (§ 101} a vector. It is interesting to determine what this vector 

is. l^e reader will easily see that if a circle be described about 

the triangle, two of whose sides are (in order) a and 0, and if from 

the extremity of ^ a line parallel to y be drawn again catting the 

circle, the vector joining the point of intersection with the origin 

of a is the direction of the vector a^y. For we may write it in the 

£>rm a 

p = o^^r 'y = -(Wo^-v = -im'^7, 

which shews that the vertor (-) which turns ^ into a direction 
\^/ 

paralld to a, turns y into a direction parallel to p. And this ex- 
presses the long-known property of opposite angles of a quadri- 
lateral inscribed in a circle. 

Hence if a, j3, y be the sides of a triangle taken in order, the 
tangents to the circumscribing circle at the angles of the triangle 
are parallel respectively to 

a^y, fiya, and ya^. 
Suppose two of these to be parallel, i. e. let 
afiy = xfiya = wayfi (§ 90), 
since the egression is a vector. Hence 

3y = ffyft 
which requires either 

«=!, Fy^ = or yllA 
a case not contemplated in the problem ; 

or » = — 1, 8^y=0, 
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i. e. the triangle is right«ogled. And geometiy shews qb at once 
that thia is correct. 

Again, if the triangle be isosoeles, the tangent at the vertex is 
parallel to the base. Here we have 

or x(a+y) = a{a + y)Y; 
whence x = y* = a', or Ty = Ta, as required. 

As an elegant extension of this proposition the reader may prove 
that the vector of the continned product o/Syd of the vector-sides of 
a quadrilateral inscribed in a sphere is parallel to the radius drawn 
to the comer {a, 6). 

107.] To exemplify the variety of possible trausformationa even 
of simple expressions, we will take two cases which are of freqaent 
occurrence in applications to geometry. 

Thus y(p+«) = T{fi-a), 

[which expresses that if 

ft2 = o, 0]r=-«, and OP = p, 
we have JP = ^P. 

and thus that P u any point equidistant from two fixed points,] 
may be written (p+a)^ = (p— a}', 

or p* + 3%> + n" = p»— 25ap + o' ($104), 
whence Sap = 0. 

This may be changed to ^ 



or 


(V + Aop = U, 


. S 






a 


4 


^' 


or finally, 


TFV^= 1, 


■«H^ 


|. 




<• 


-> 




all of which exprAs properties of a plane. 


<s 


<^4 


Again, 


Tp = Ta 


5 


may be written 


7-^=1, 


5^4 


-■$ 




i^O'-(^B''='' 








cCS-( 


-L -' 




{p + a)»-2S«(p + a) = 


0, tf) 


^?H 



p = {p+«)-ioO) + a), 

S(p + aXp-a) = 0, or finally, 

T.{p + a)(p-a) = 2TFap. 
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All of theee express propertiea of a sphere. They will be in- 
terpreted when we come to geometrical applications. 

108.] We have seen in ^ 95 that a quaternion may be divided 
into its scalar and vector parte as follows : — 

where & is the angle between the directions of a and ft, and e= UF^ 

is the nnit-vector perpendicular to the plane of a and j3 so situated 
that positive (i. e. left-banded) rotation about it turns a towards 0. 
Similarly we have (§ 96) 

= TaT0l—(!oe6 + <aa$), 
$ and e having the same signification as before. 

109.] Hence, considering the veraor parte aloae, we have 

£/■- = coBfl + eBinfl. 
Similarly ^«= ooai^+esin^; 

^ being the positive angle between the directions of y and j3, and c 
the same vector as before, if a, /9, y be coplanar. 
Also we have 

I^ ^ = COB (d 4- *) + < sin (fl + ^). 
Bat we have always 

3 • - = - , and therefore 

pa. a 

or co8{it> + ff)+(Bin{ift + $) = {cos^+<8in<(>)(coBfl + «sintf) 

= C(»^cos0— Bin^sind + < (am ^ cos + eos sin ^, 
from which we have at once the tundamental formulae for the 
cosine and sine of the sum of two arcs, by equating separately the 
scalar and vector parts of these quaternions. 

And we see, as an immediate consequence - of the ezpreBsions 
above, that 

cosfft9+f sinmd = (cosfl + *Hini?)* 

if « be a positive whole number. For the left-hand side is a versor 
which turns through the angle md at once, while the right-hand 
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pide ia a Tereor which effects tlie same ohject by tn enccessive tum- 
LDgs each through an angle &. See § 6. 

110.] To extend this propoeitioa to fractional indicee we have 

only to write - for 0, when we obtain the results as in ordinary 
trigonometiy. 

From De Moivre's Theorem, thuB proved, we may of oourae 
deduce the rest of Analytical Trigonometry, And as we have 
already deduced, as interpretations of self-evident quaternion t^^na- 
formations (§§ 97, 104), the fundamental formulae for the solutioa 
of plane triangles, we will now pass to the consideration of spherical 
trigonometry, a subject specially adapted for treatment by qua- 
ternions ; but to which we cannot afford more than a very few 
sections. (More on this subject will be found in Chap. X, in con- 
nexion with the Kinematics of rotation.) The reader is referred to 
Hamilton's works for the treatment of this subject by quaternion 
exponentials. 

111.] lict o, ^, y be unit-vectors drawn trom the centre to the 
comers A, B,C of & triangle on the unit-sphere- Then it is evident 
that, with the usual notation, we have ($ 96), 

Sa/3 =— cose, Sfiy = — eoea, Sya = —eoah, 

TVap= sine, Tr^Y= eino, TFya= sin 6. 
Also UVa^i UVfiy, UVya are evidently the vectors of the comers 
of the polar triangle. 

Hence S.VFafiUFfiy = coeB, &c., 

TF.UFa^Ur^y = sin5, &C. 
Now {§ 90 (I)) we have o( = j-i fv/*-t>t 

8FapF0y= S.aF.pF^y i'*'Ufjii''^ 

' = -8a^S^y¥$^8ay. T- ^r^'jy*-^''^ 
Bemembering that we have 

SFapFfiy = TFafiTFpyS.UFa^UFfiy, 
we see that the formula just written is equivalent to 
sin a sine COB ^ =— cosaoosc + cosi, 
or cosd = cos a COB e+ sin fl sine COB J. 
112.] Again, F. Fc^Fffy ^ ~ fiSafiy, 
which ^ves 

TF. Fa^FfiY = S.affy = S.aF^ = S.^Fya = S.yFa^, 
or sin a sin c sin ^ = sin a sin^. = sin 6 sin ^^ =: sin c muj}^ ; 
where;/, is the arc drawn trom A perpendicular to SO, Sec. 
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Hence ^Pa = nn c sin 3, 

aaaeiae . „ 
BmjDt = — ■ - , — em if, 

nap, = sin a sis 5. 
118.] Combining the reanlta of the last two eeotions, we have 
Fafi-Fpy = Bin(iBiii(?C08 5— ^einnBinceinf 
= etna8inc(ooB^— /3sinil). 
Henoe U. ra^V^y = (cos £—p sin S), ) 

and U.ryprpa = (<mB+fitmB). S 

These are therefore versors which tarn tlie eystem n^atively o 
poeitiTely abont OB tiirongh the angle B. 
As another instance, we have 

t«,5 = ?^ 

~ S.Faprpy 



= &c. 



S.a^y 



8ay + Sap8(iy ' 

The interpretation of each of these forms gives a different theorem 
in spherical trigonometry. 

Again, let no square the eqnal quantities 

F.afiy and aS^y—^ay + ySafi, 
■apposing a, ^, y to be any anit-Tectors wliatever. We hare 

~(V.a^)' = 8'^+8^ya+S'a^+2S^SyaSafi. 
But the left-hand member may be written as ' 

T'.afiy-S'.afiy, 
whence 

l-S'.a^ = S*^ + S'ya+S'afi+28^ySyaSafi, 

or I — cos*a— cos'S— co8*c+2cofl«coeScoBc 

= sin% sin'jD, = &c, 

= sin'asin'isin*f7= &c., 
all of which are well-known formulae. 

Snch resnlts may be multiplied indefinitely hy any one who has 
mastered the elements of quaternions. 
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114.] A curions proposition, dne to Hamilton, gives qa a qua- 
ternion expression for the tpAericai exeeat in any triangle. The 
following proof, which is very nearly th^ same as one of his, thong^h 
by DO means the simplest that can be giveii, is chosen here becaose 
it incidentally g^ves a good deal of other information. We leave 
the qnatemion proof as an exercise. 

Let the unit-vectors drawn from the centre of the sphere to 
A, B, (7, "respectively, be a, $, y. It is required to express, as an 
arc and as an angle on the sphere, the quaternion 




The figure represents an orthographic projection made on a plane 
perpendicular to y. Hence C is the centre of Uie circle BEe. Let 
the great circle through A, S meet DEe in E, «, and let DE be a 
quadrant. Thus ^represents ^(^ 72). Also make £^=^=/3a~^. 
Then, evidently, J)F= Sa~^y 

which gives the arcual representation required. 

Let DF cut Ee in 0. Make Ca = EG, and join J), a, and a, F. 
Obviously, as i? is the pole of Ee, Da is a quadrant ; and since 
EG — Ca,Ga = EC, a quadrant also. Hence a is the pole oS J)G, 
and therefore the qoaternion may be represented by the angle IMF, 

Make Cb = Ca, and draw the arcs Pa^, Pba from P, the pole of 
AB, Comparing the triangles Eba and eafi, we see that So. = e^. 
But, since P iatiie pole of AB, F^ ia a right angle : and therefore 
taFa \b & quadrant, eo is F^. Thus AB is the complement of Ea 
or fie, and therefore j,o _ 2AB, 
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Join bA and prodnoe it to c bo that Ac^bA; join e, P, catting 
AB in 0. Also join e, B, and B, a. 

Since P ie the pole of AB, the angles at o^re ri^ht angles ; and 
therefore, by the equal triangles baA, coA, we have 

aA = Ao. 
But <>J3 = tAB, 

wlience oB = B^, 

and therefore the trianglee coB and Bafi are equal, and c, B, a He 
on the same great circle. 

Produce cA and cB to meet in ZT (on the opposite aide of the 
sphere). H and c are diametrically opposite, and therefore cP, 
produced, passes through H. 

Now Pa = Pi = PS, for they differ from quadrants by the equal 
arcs (1/3, ba, oc. Hence these arcs divide the triangle Sab into three 
isosceles triangles. 

But IPHb + IPSa = LaSb = Ibea. 

Also LPah^ic—lcab—LPaS, 

LPha = IPab = -n- L<Aa-LPhS. 
Adding, 2£Pab= ^-n— Icah— Lcha— Lbea 

= ff— (spherical excess of abc). 
Bat, as Z Fap aad Z Dae are right angles, we have 

angle of ^<|-V= lFa]}= l^ae = IPab 

= - — i (spherical excess of aJc). 

I^omerous singular geometrical theorems, easily proved <id initio 
\fj qoatemioDS, follow from this : e. g. Hie arc AB, which bisects 
two sides of a spherical triangle abc, intersects the base at the 
distance of a quadrant from its middle point. All spherical tri- 
angles, with a common side, and having their other sides bisected 
by the same great circle (i. e. having their vertices in a small circle 
parallel to this great circle) have equal areas, &c., &c.] 

116.] Let Oa-=iii, Ob = ^, Oc = ■/, and we have 

Bat FO is the complement of DP. Hence the tingle of the 

<.^) (7J W> 
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w half the spherical excest of tie tnangle whose angular points are at 
the extremities of the unit-vectors a', ^, /, 

[Id seeking a panjf qnatemion proof of the preceding propod- 
tionsj the student may commence by shewing that for any three 



nnit-vectors we have 



f|==-w.-w. 



The angle of the first of these quaternions can be easily assigned j 
and the. equation shews how to find that of ^a~'y. But a still 
simpler method of proof is easily derived from the composition of 
rotations.] 

116.] A scalar equation in />, tlie vector of an ondetermined 
point, is generally the equation of a surfaces since we may sub- , 

stitute for p the expression p = xa ' 

where ;r is an unknown scalar, and a any assumed imit-vector. i 

The result ie an equation to determine x. Thus one or more points 
are found on the vector xa whose coordinates satisiy the equation ; 
(nd the locus is a sur&ce whose degree is determined by that of the 
equation which gives the values of x. 

But a vector equation in p, as we have seen, generally leads to 
three scalar equations, from which the three rectangular or other 
components of the sought vector are to be derived. Such a vector 
equation, then, usually belongs to a definite number oi points in 
space. But in certain oases these may form a line, and even a 
surface, the vector equation losing as it were one or two of the 
three scalar equations to which it is usually equivalent. 

Ttius while tiie equation ap= B 
gives at once - _ ^-lo 

which is the vector of a definite point (since we have evidently 

the closely allied equation rap = ^ <?~S^P^ ,'.<V<X-p=J 

is easily seen to involve j„^ _ ©^ .' ■ i'j.** - J^Jaj*; J"^ =^ 

and to be satisfied by . _ a-'a + «o 

whatever be x. Hence the vector of any point whatever in the line 
drawn parallel to a from the extremity of a~*j3 satisfies the given 
equation. 

Ur.] Again. Fap.rpfi = {ra0)' 

- is equivalent to but two scalar equations. For it shewa that Fap 

^»{-tMiQ* tt^Q ) •l-*s^ Google 



119-] INTEBPBETATIONS AND TBANSFOBMATIONB. 61 

and Ffip are parallel, i. e. p lies in tlie same plane as a and p, and 
can therefore be written (§ 24) 

p = ma+j/fi, 
vbere le and y are scalars as yet ondetermined. 
We have now Vap = yVa^, 

Fp^=xFap, 
which, bj the given equation, lead to 

gy = 1, or y = ~t « finally 

p=xa+l^i 

which (§ 40) is tte equation of a hyperbola whose asymptotes ate 
in the directioOB of a and p. 

118.] Again, the equation 

r.rafiFap = 0, 
though apparently equivalent to three scalar equations, is really 
equivalent to one only. In fact we see by § 91 that it may he 
*"■'"«» -aS.<ifip=0, 

whence, if a be not zero, we have 

S.afip = 0, 
and thus (§ 101) the only condition is that p is coplanur with a, /3. 
Heuce the equation represents the plane in which a and ^ lie. 

119.] Some very curious results are obtained when we extend 
these processes of interpretation to functions of a quaternion 

q = V> + p 
instead of functions of a mere vector p. 

A scalar equation containing such a qnatemion, along with 
quaternion constants, gives, as in last section, the equation of a 
surface, if we assign a definite value to k. Hence for successive 
values of k, we have saccessive surfaces belonging to a ^stem ; 
and thus when w is indeterminate the equation represents not a 
♦wr^tf, as before, but a volume, in the sense that the vector of any 
point within that volume satisfies the equation. 

Thus the equation (Tq)* = a^, 

or K'—p* = a^, 

or {2'p)» = a« — w^ 

represents, for any assigned value of k, not greater than a, a sphere 
whose radius is •/a^-~io'. Hence the equation is satisfied by the 
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rector of any point whatever in tlie volume of a sphere of radiug a, 
whose centre is origin. 

Again, by the same kind of inTcstigation, 

where q = w+p,ia easily seen to represent the volome of a sphere 
of radius a described aboat the extremity of ;3 as centre. 

Also S{^)= —a^ is the equation of infinite qucc less the space 
contained in a sphere of radius a about the origin. 

SimiUr consequences as to the interpretation of vector equations 
in quaternions may be readily deduced by the reader. 

120.] The following traosfonuation is enuntiat«d without proof 
by Hamilton {Leciures, p. 667, and ElemenU, p. 299). 

To prove it, let r-i(r'^2)*j-'= t, then 

Tt=\, and therefore 

Bnt (>■»?')* = rtq, 

oc r'j* = rtqrtq, 

ot rq = tqrt. 

Hence KqEr = f^KrKqt'^ 

or KrKq = tKqKrt. 

thns we have U{rq±KrKq) = tU{qr±KqSr)i, 
or, if we put j = U(gr± KqEr), 

Ea= ±tat. 
Hence sEv = {Tif = \ = ± lUt, 

, which, if we take the positive sign, requires , 

si= ±1, 
or t= ±1-^= ±UK», 

which is the required transformation. 

[It is to be noticed that there are other results which might 
have been arrived at by using the negative sign above; some in- 
volving an arbitrary unit-vector, others involving the imaginary of 
ordinary algebra.] 

121.] As a final example, we take a transformation of Hamil- 
ton's, of great importance in the theory of surfaces of the second 
order. 
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Transform the expreesion 

in which a, j3, 7 are aaj three matnally rectangular vectors, into 
thefonn .W.n4.«A» 



which inToIves only two vectOT-conatants, 1, k. 

{T{ip+pK)}»={v+pK)(pt + Kp) (§§52,55) 
= {»' + "'y + (VP + P^pi) 
= ((» + »c>' + 25.v«P 
= (i-«)V + 45v5</.. 

Hence (5ap}U(5^p)»+C5yp)' = (^^. P* + ^ (j^^, " 
Bat a-»{&v)< + /3-»(5,8p)» + y-*(%)» = p' (§§ 25, 73). 

Multiply by /3' and enbtract, we get 

(.-J)W_(^.'-l)(W={^-4. + 4^.. 

The left Bide breaks ap into two real factors if p' be intermediate 
in valne to a* and y' : and that the right side may do so the term 
in p* mast vanish. This condition gives 



"<"'—■)' 



; and the identity becomes 



Hence we most have 

where /i is an nndetermined scalar. 
To determine J), sabstitute in the expression for p', and we find 

<*■ = pi^."^. = (" -^)V -«+(/> + i)V ->•) 
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TboB the transformation succeeds if 



which gives 




T&Ty 

Thus we have proved the possibility of the tnuuformation, and 
determined the tnmsforming vectors i, k. 
122.] B7 differentiating the equation 

(&,)•+(«'+(%)' =(^f^)" 

we obtain, as wiU be seen is Chapter IV, the following, 

where p also may be any vector whatever. 

This is another very important formula of transformation ; and 
it will be a good exercise for the student to prove its truth by 
processes analogous to those in last section. We may merely 
observe, what indeed is obvious, that by putting p'= p it becomes 
the formula of last section. And we see that we may write, with 
the recent values of t and k in terms of a, p, y, the identity 



123.] lo various quaternion investigations, especially in such 
as involve imaginary intersectionB of curves and sorfaces, the old 
imaginuy of algebra of course appears. But it is to be particularly 
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noticed that this expreseion is aDslogoua to a scalar and not to a 
vector, and that like real scalars it is commutative in moltiplica- 
tion with all other &ctors. Thus it appears, bj the same proof as 
in algebra, that any qnatemion expression which contains this 
unagioary can always be broken up into the sum o f two parts, one 
real, the other multiplied by the first power of -J —\. Such an 
expression, viz. ? = /+ -/^f, 

wbero / and /' are real quaternions, is called a BiQUATSiiinoN. 
Some little care is requisite in the management of these expressions, 
but there is no new difficulty. The points to be observed are : first, 
that any biquatemion can be divided into a real and so. imaginary 
part, the latter bei ng t he product of -s/— I by a real quaternion ; 
second, that this V — 1 is commutative with all other qoautitiea in 
mnltiplication ; third, that if two biquatemions be equal, as 

q'A- '/^/'= /+ "/^/', 
we have, as in algebra, /= /, j"= ^'; 

so that au equation between biquatemiooa involves in general eight 
equations between scalars. Compare § 60. 

124.] We have, obviously, since -/ — \ ie a scalar, 
8{q'-\- ^^/O = ^+ -/^S^', 

Hence (§ 103) 

= {T^f-{Tff-k'2./^3.</Kf. 
The only remark which need be made on such formulee is this, that 
the tensor of a biquatemion may vanisA wkUe both of the comfonent 
qaatemiona are finite. 

Thus, if Tq'=: Tf, 

and S.c^Kf= 0, 

the above formula gives 

Tiq'^-/^f) = 0. 
He condition S.^Kq"= 

mav be written 

_ aa' 

Kf=q'-^a, or f=-aKq i=-^^» 

where a is any vector whatever. 

; I,. Google 



08 QUATEENIONS. [125. 



Hence r/= Tf=. TKf= ^ > 



and therefore 

Ti'{Vq'~ J^^Uci.U^) = (1 - y^C^a)/ 
is the general form of a biqaaternion whose tensor is zero. 

126.] More generally we have, q, r, ^, / being any foor real and 
non-evaneaoent qaatertiione, 

That this product may vanish we muat have 

r = '('', 

and q/=—^T. 

Eliminating / we have q^'^qr = —^ft 
which givee (y'~ ' j)* = — 1 > 

L e. ? = /a 

where a is some nnit-vector. 

And the two eqoations now agree in giving 
-r = o/, 
BO that we have the biqnatemion factors in the form 
J'(a+^/3T) and -{a- V^)/ ; 
and their product is 

-,'(„+ v'3i)(a-y3Ty, 

which, of course, vanishes. 

[A somewhat simpler inTestigatioa of the same proposition may 
be obtained by writing the biquatemioos as 

j^{/-»2+y^) and (r/->+N/^y, 
or j'(j"+^/3T) and {^^'+^r^y, 
and shewing that 

}"= -f"= a, where Ta = 1.] 
From this it appears that if the product of two bivector» 
P + ff^/ — 1 and p' -i- 1/ 1/ —\ 
is zero, we must have 

.-, = -pV-'=Cfa, 
where a may be any vector whatever. But this result is still more 
easily obtained by means of a direct process. 

126.] It may be well to observe here (as we int«nd to avail ont> 
selves of them in the succeeding Chapters) that certain abbreviated 
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forms of expression may be used wh^i they are not liable to confose, 
or lead to error. Thus we may write 

T^q for (Tq)', 
ju8t as we write coa'fl for (cosfl)", 

although the tnie meaDings of these expreeeions are 

T{Ta) and co8(cob^. 
The former is justifiable, as T{Ta) = To, and therefore T'a is not 
required to signify the second tensor (or t«nsor of the tensor) of a. 
But the trigonometrical usage is quite indefensible. 
Similarly we may writ« 

S'q for {Sqf, See., 
bat it may be advisable not to use 

as the equivalent of either of those just written ; inasmuch as it 
might be confounded livith the (generally) different quantity 

8.q' or S{q*), 
although this is rarely written without the point or the brackets. 

127 .J The beginner may expect to be a little puzzled with the 
aspect of this notation at first ; but, as he learns more of the sub- 
ject, he will soon see clearly the distinction between such an ex- 
pression as S.Fa^r^y, 

where we may omit at pleasure either the point or the first F with- 
out altering the value, and the vety different one 

Sa0,r^y, 
which admits of no such changes, without altering its value. 

All these simplifications of notation are, in fact, merely examples 
of the transformations of quaternion expresrions to which part of 
this Chapter has been devoted. Thus, to take a very simple ex- 
ample, we easily see that 

S.Fd^r?y = SVa^r^y = S.a^V^y = SaV-^Vfiy = -8ar.{V^y)p 
= Sar.tjy^)^ = 8.ar{y^)fi ^ 8.r{yp)fia = SFyfiVpa 
= S.y0r^a = &c., &c. 
The above group does not nearly exhaust the list of even the simpler 
ways of expressing the given quantity. Vfe reconmiend it to the 
careful study of the reader. He will find it advisable, at first, to 
use stops and brackets pretty freely ; but will gradually learn to 
dispense with those which are not absolute^ necessary to prevent 
ambiguity. 
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EXAMPLES TO CHAPTER III. 

1 . Iaveet3ga.te, by quaternions, the requisite formulte for changing 
£ram any one eet of coordinate axes to another; and derive from 
your general reenlt, and also from special inveBtigations, the nsoal 
expressions for the following cases : — 

(a.) Rectangular axes turned about z through any angle. 

(p, ) Beetangular axes turned into any new position hy rota- 
tion about a line equally inclined to the three. 

(c. ) Rectangular turned to oblique, one of the new axes lying 
in each of the former coordinate planes. 

2. If Tp=Ta = Tp = 1, and S.afip = 0, shew by direct transfor- 
mations that 8.U(p-a)U{p-0} = + ^/4(l-Sa,3}. 

Interpret this theorem geometrically. 

3. If5o^ = 0, Ta=Tfi= 1, shew that 

(1 +a-)^ = 2 eoB^a"^ = 2Sa^J^. 

4. Put in its simplest form the equation 
p8.Va.^r^yVya = aV.ryaVa^ + bV.ra^r^yirer.r^yVya; 

and shew that a = S.^yp, &x. 

6. Prove the following theorems, and exhibit them as properties 
of determinants : — 
. (a.) 5.(a+3)04 T)Cy f a) = ^S.afiy, 
(p.) S-Va^r^yVya = -{S.ofiyf, 

{c.) &r(a + ^)0+y)rG3 + y)(y+a)r{y+o)(a-l-^) = -4(5.a^y)»; 
(d.) 8.rira^r^y)F{rfiyrya)riFyaFa^)=-{S.apy)\ 
(e.) 5.8<f = — l6(S.aj3y)*, where 

i = V(na + fi)<^ + Y)m+y){y + a)), 
« = r(r(^ + y)(y + a}r(y+a)(a+/3)), 
f=r(r(y + a}{a+^)r(a+^)(S + >)). 

6. Prove the common formula for the product of two determi- 
nante of the third order in the form 

8.afiyS.ai$jyj= -\Saai 5^0, fi'yo, I . 
\Safi^ 5/3^1 5/(3, 
1 8ayi 5/3/1 ^>^i I 

7. If, in § 102, a, j3, y be three mutually perpendicular vectors, 
can anything be predicted as to a,, ^j, /, ? If a, ^, y be rectangular 
unii vectors, what of o, , ^, , y, ? 
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8. If a, j8, y, o', fi", y' be two Bete of rectangular unit-vectoTB, 
Aew that Saa'= Sy^S^y'-S^^Syy', Sec, &c. 

9. The lines bisecting pain of opposite sides of a quadrilateral 
are perpendicular to each other when the diagonals of the quadri- 
lateral are equal. 

!0. Shew that 
. (a.) 8.q*=28'g-T*q, 
(6.) 8.q^=S^q~3Sq-Prq, 

id.) 8{V.<j^yV.pyaV.ya^) = iSafi80ySyaS.afiy, 

(*.) r.q^={Z8^q-T^Vq)rq, 

(/.) qUFq'^ = -8q.Vrq + TVq; 
and interpret each as a formula in plane or spherical trigononietry. 
It. If ; be an tmdetermined quaternion, what loci are repre- 
sented by 

W (}.-■)■ — <.', 

(«.)«■{}-«)' =«■, 

where a is any given scalar and a any given vector ? 

12. If } he any quaternion, shew that the equation 

is satisfied, not alone by Q= + q but also, hy 

q=± '/^{Sq. UFq - TFq). 

(Hamilton, Lectwet, p. 673.) 

13. Wherein consists the difference between the two eqaations 

T^~=l, and ©'=-'' 
What is the full interpretation of each, a being a given, and p an 
nndetennined, vector ? 

1 4. Find the fiill consequences of each of the following groups of 
equations, both as r^ards the onknown vector p and tJie given 
vectors a, ^, y : — 

«fl_ft Sap =0, Sap =0, 

. (a.) 'f^ ~ ' ■ (*■) S.a^p = 0, (c.) S.affp = 0, 

15. From ^ 74, 109, shew that, if < be any unit-vector, and m 
any scalar, <"= cos— + <sm— -• 
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Henoe shew tiiat it a, fi,yhe radii drawn to the comerg of a tri- 
angle on the nnit-ephere, whose spherical excess is m right an^es, 

^ + y'a+p'y + a 
Also that, if ^, ^, £7 be the angles of the trian^e, we have 

IC IB iA 

16, Shew that for any three vectors a, ^, y we have 
{fii^)» + {JJ^yf + ( Uoyf + {V.a&yY + 4 Uay.SU<i^SU^ = - 2. 

(Hamilton, EUmentt, p. 388.) 

17. If a,, a^, 0,, X he any fonr sealsrs, and />,, p^, p, any three 
vectors, shew that 

+ 2n(3!» + 5pift, + a,«J = 2n(«' + p*) 4 2na« 

where no" = Oi^Hj'flj'. 
Verify this fonnula hy a simple process in the particular case 
0^^= a^ = a^ = X = 0. 

{Ibid.) 
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CHAPTER IV. 



DIFFEBEHTUTION OF QUATBBKI0H8. 

128.} Ik Chapter I we have already considered as a special case 
the differentiation of a vector ftmction of a scalar- independeat 
variable: and it is easy to see at once that a similar process is 
applicable to a qKaUmion fnnction of a scalar independent -rariable. 
The differential, or differential coefficient, thus found, is in general 
another function of the same scalar Tsriable ; and can therefore be 
differentiated anew by a second, third, &c. application of the same 
process. And precisely similar remarks apply to partial differentia- 
tion of a qnatemion fonction of any number of ladar independent 
variables. In fact, this process is identical with ordinary differ- 
entiation. 

129.] But wben we come to differentiate a function of a vector, 
or of a quaternion, some caution is requisite ; there is, in general, 
nothing which can be called a differential coefficient ; and in &ct 
we require (as already hinted in { 33) to employ a definition of a 
differential, somewhat difilbrent from the ordinary one but, coinciding 
with it when applied to functions of mere scalar variables. 

130.J If r=F{q) be a function of a quaternion q, 

where « is a scalar which is ultimately to be made infinito, is defined 
to be the differential of r or Fq. 

Here dq may be any quaternion whatever, and the right-hand 
member may be written ,, , ■. 

where /" is a new fnnction, depending on the form of F; homo- 
geneoos and of the firtt degree in dq ; but not, in general, capable 
of being put in the form i{q)dq. 
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131.] To make more clear theee lost remarks, we may observe 
that tke function ^t„ ^\ 

thne derived as the differential of fig), ifi dittriiuiive with respect 
toij. That is /(5, , + ,)=/(,, ,) + /(,,.), 
r and » being any quaternions. 

For /(}, r4.) = ^.»(^({+ '^) -Hi)) 

= /(?.')+/(?..)■ 
And, as a particular case, it is obvious that if x be auy scalar 
Aq, xr) = xf{([, r). - 
132.] And if we define in the same way 

dF{q,r,» ) 

as being the value of 

■c.«{?(«+|^. -■+*-'+-* )-ni,r.: )}. 

where q, r, s,...dq, dr,ds, are any quaternions whatever ; we 

shall obviously arrive at a result which may be written 

X(_q, r, t, ...dq. dr, ds, ), 

where / is homogeneous and linear in the system of quaternions 

dq,dr,ds, and distributive with respect to each of them. Thus, 

in differentiatiog any power, product, &c. of one or more qnater- 
uions, each factor is to be differentiated as if it alone were variable ; 
and the terms corresponding to these are to be added for the com- 
plete differential. This differs from the ordinary process of scalar 
differentiation solely in the feet that, on account of the nonHwm- 
mutative property of quaternion multiplication, each fecter must in 
general be differentiate! in tilu. Thus 

d(qr) = dq.r+qdr, bat noi generally = rdq + qdr. 
133,] As Examples we take chiefly those which lead to resulte 
which will be of constant use to us in succeeding Chapters. Some 
of the work will be given at full length as an exercise in qnatemion 
transformations. 

(1) m'=-p'. 

The differential of the left-hand side is simply, since Tp is a scidar, 
2TpdTp. 
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Tlutofp'i, ^.,((p + ^)'_,.) 

= 2Sptip. 
Hence Tp dTf = - Spdp, 

or dTp=-S.Vpdp = S^, 

Up 

Tp p 

(2) Again, p = TpUp 

dp = dTp.Up + TpdUpt 

Hence d(^ _ tt'^p 

fp ~ 7' 

This may be tmnrformed into T^f or ^,&e. 
p Tp 

(3) m' = ,Z, 

2T,dT, = i(,jr,) = ^..[(,+J)jr(5 + ^-) -,K,], 

= yJT/i^ + dqSg, 
-qKdq-^Kl^jKdq) (§55), 
= 2S.}«{ = 2S.Kqdi. 
Hence iT} = S.UKqdq - S.l/q-'dq 

since fj = TKq, and t^Jj = Uq-K 

If ? = P) a vector, Kq = Kp = —p, and the formula becomes 
iiI)> = -S.Bi)iip, aein(l). 

^in, a=a. 

Bnt (% = V^!+i'}'*2V, 

which giTC. *=S + ^; 

whence, as 5^ = ^ , 



we have 
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= 2S.qdq + 2Sq.Fdq + 2Sdq . Ff. 
If ji be a vector, aa p, Sq and Sdq Tanish, and we have 
d(p*) = 28pdp, as in (1). 

(5) Let J- = r*. 
Tliia i^ves rfr* = dq. But 

dr = d{q^) = qdq + dq.q. 
This, multiplied by q and into Kq, gives 
qdr = q'dq+qdq.q, 
and drXq = dq.Tq* +qdq.Kq. 

Adding, we have 

qdr + dr.Kq = ( j* + Tq* + 2Sq.q) dq ; 
whence dq, i. e. dr^, is at once fbond in tenna of dr. This process 
is given by Hamilton, Lectures, p. 628. 

(6) «?-'=>. 

qdq~^ + iJ^J-J"' = i 
,-. dqr^ = -q-^dq.q-^. 
If ; is a Tectot, = p suppose, 

dq-^ =—p-^dp.p-^ 













= -jr(*)i. 
\f>p 






(7) 








But 


dj^Sdq+rd,. 






Comparing, we have 








dSl = Sdq, drq^rdq. 






Since Kq = Sq- 


■ Vq, we find by a Bimiliir prooees 
dKq = Kdq. 






184.] Successive differentiation of course presents no 


> new 


dif- 


ficulty. 








Thus, we have seen Uist 








d^q^) = dq.q + qdq. 
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Diffetenttatmg again, we have 

and so on for higher orders. 

If ; be a vector, as />, we have, § 133 (1), 

Hence ^(p^) = 2((//))' + 2£|0<2'p, and §o on. 

Similarly (PUp= ~d(^ Vpdp) • 

1 2dTp 2Spdp 

and d.Fpdp = V.p^p. 

135.] If the first differential of q be oonsidered as a comiani 
quaternion, we have, of course, 

d'q =: 0, d^g = 0, Sus., 
and the preceding formuln become considerably simplified. 

Hamilton baa shewn that in this case Tt^lor't Theorem admits of 
an easy extension to quaternions. That is, we may write 

/(? + »i?) =/(}) + »</(}) + ^ i'Aq) + 

if d*q = ; subject, of oourse, to particular exceptions and limita- 
tions aq in the ordinary applications to functions of scalar variables. 
Thos, let /(j) - j8^ and we have 

^fiq) = q'dq + qdq.q+dq.q\ 
d'/iq) = 2dq.^ + 2q(dq)> + 2(dq)% 
d^f{q) = %{dq)\ 
and it is easy to verify by multiplication that we have rigorously. 
(q-[-xdq)^=^-^x{^dq+qdq.q-\-dq.f)+a?{dq.qdq^-q(dqf-\-idq)*q)+ai^{dqf; 
which is the value given by the application of the above form of 
l^ylor's Theorem. 

As we shall not have occasion to employ this theorem, and as the 
demonstrations which have been found are all too laborious for an 
elementary treatise, we refer the reader to Hamilton's works, where 
be will find several of them. 

o candon the atadent that 
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1 86.] To differentiatfi a function of a function of a quaternion 
we proceed ae with scalar variables, attending to the peculiarities 
already pointed out. 

187.] A case of considerable imporiiuice in geometrical appli- 
cations of quaternions is the differentiation of a scalar function of p, 
the vector of any point in space. 

Let F(p) = C, 

where ^ is a scalar function and C an arbitrary constant, be the 
equation of a series of surfaces. Its differential, 

/ip,dp) = 0, 
IB, of course, a scalar function : and, being homogeneous and linear 
in dp, § 130, may be thus written, 

Svdp = 0, 
where if is a vector, in general a function of p. 

This vector, v, is easily seen to have the direction of the norvtal 
to the given surface at the extremity of p ; being, in fact, per- 
pendicular to every tangent line dp, ^§ 36, 98. Its length, wben F is 
a surface of the second degree, is as the reciprocal of the distance of 
the tangent^plane from the origin. And we will shew, later, that if 

then ,= (i^+^| + i|)^(rt. 



EXAMPLES TO CHATTER :V. 



1. Shew that 

(J.) d.TVq=r.Vq-'r{iq.f-\ 

(e.) iP,2'j = {«".%-'-«.(%-')'}r{ = -3tr>&. 

2. If Fp^i.S<vS^p+igp' 



give dFji = Svdp, 
ahewthat vs sr.ap/3 + (;-t £5a^)p. 
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CHAPTER V. 

THB SOLUTION OF EQUATIONS OP THE PIBST DBQBBB. 

188.^ Wb have seen that the diSerentiation of any function 
whAt«Ter of a qnaternioo, q, leads to an equation of the form 

dr =/(q, dq), 
where/ is linear and homogeneooa in dq. To complete the process 
of differentiation, we must have the means of solving this equation 
so as to be able to exhibit directly the value o^ dq. 

This general equation is not of so much practical importance as 
the particular case in which dq is k vector; and, besides, as we 
proceed to shew, the solution of the general question may easily be 
made to depend upon that of the particular case ; so that we shall 
commence with the latter. 

The most general expression for the funption/ is easily seen to be 
dr ~/(q, dq) = %V.ad^-\-S.cdq, 
where a, b, and c may be any quaternion fuuctions of q whatever. 
Every possible t«rm of a linear and homogeneous function is re- 
ducible to this form, as the reader may easily see by writing down 
all the forms he can devise. 

Taking the scalars of both sides, we have 

Sdr = Scdq = SdqSc + 8. Vdq Vc. 
But we have ako, by taking the vector parts, 

Vdr = ^V.adqb = Sdq.2rali+SF.a{rdq)l,. 

Eliminating Sdq between the equations for Sdr and Fdr it is 
obvious that a linear and vector expression in Fdq will remain- 
Such an expression, so &r as it contains Fdq, may always be reduced 
to the form of a sum of terms of the type aS.0Fdq, by the help of 
fbrmube like those in ^^90,91. Solving this, we have Fdq, and 
8dq is then found from the preceding equation. 
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189.] The problem may dow be stated thus. 

Find the value of p from tbe equation 

aSfip+ai8fiip+... = 2.aS^ = y, 
where a, ^, Oi, ft, ... y are giTen vediors. [It will be shewn later 
that the most general form requires but three terms, i. e. <ud vector 
constants a, p, Oi, ft, oj, P^ in all.] 

If we writ«j with Hamilton, 

<tip = 2.aSpp, 
the given equation may be written 
# = y. 
or p = (p-^Y, 

and the object of our investigation is to find the v^ue of the in- 
verse function ^-^. 

140.] We have seen that any vector whatever may be expressed 
in terms of any three non-coplanar vectors. Hence, we should ex- 
pect h priori that a vector such as ttujxpp, or 0V> f*)' iDstance, should 
be capable of expression in terms of p, tf>p, and (p'p. [This is, of 
course, on the supposition tiiat p, ifip, and <^p are not generally co- 
planar. But it may easily be seen to extend to this case also. For 
if these vectors be generally coplanar, so are <^, 4>^p, and ^V, Binee 
they may be written <r, tfur, and <f.*cr. And thus, of course, ij>*p can 
be expressed as above. If in a particular case, we should have, for 
some definite vector p,<ftp=ffp where ^ is a scalar, we shall obviously 
have ip^p = ff*p and ip^ps=g'p, so that the equation will still subHiat. 
And a similar explanation holds for tiie particular case when, for 
some definite value of p, the three vectors p, ^p, <ffp are coplanar. 
For then we have an equation of the form 

0"p = Jp 4 Bil>p, 
which gives ip'p = A^p-\-B^'^p 

= ABp^{A + B^)4,p. 
So that ^^p is in the same plane.] 

If, then, we write 

— 0V = «P+3'*P+2*'P. (I) 

it is evident that x, g, z are quantities independent of the vector p, 
and we can determine them at once by processes such as those in 
§§91,92. 

If any three vectors, as *, j, i, be substituted for p, they will in 
general enable as to assign the values of the three coefficiente on 
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the ngbt side of the equation, and the solution is eomplete. For 
by pnttdng it>~^p for p and transposing, the equation becomes 

— a(^-> sj-p + a^p+^V; 
that is, the unknown inverse (tmotioa is expressed in terms of direct 
operations. If ^ Tuush, while^ remains finite, we sabstitate <t>~*p 
for p, and have —y<t>~^p = xp+<f>P, 

and if n and y both vanish 

-z4>-^p = p. . 

141-3 ^"^ iUnstrate this process by a simple example we shidi 

take Uie very important case in which tp belongs to a central surface 

of the second order ; snppose an ellipsoid ; in which case it will be 

shewn (in Chap. VIII.) that we may write 

<Pp = ~a*i^p-i^J%'p—cH8kp. 
Here we have 

4>t = a'i, <f>H = aH, 0'i = a*i, 

^■=«v. «V=*V. *V=*V. 

4Je = c=i, ,t>»i = c*i, *'A = c'i. 
Hence, putting separately >', j, i for p in the equation ( 1 ) of last 
section, we have _a« _ x-\-ya'+za*, 

— j< =x+yi^+zi*. 

Hence a', 6^, c* are the roots of the cubic 

which involves the conditions 

i = -ia'+b^ + c*). 

Tbus, with the above value of 0, we have 

4>'p = a'i>*c^p-{a'lfl + S^e' + e^d»)4,p + {a'+li*+<^<l,'p. 
143.3 Fatting 0~'(r in place of p (which is any vector whatever) 
and changing the order of the terms, we have the desired inversion 
of the function ^ in the form 

o»S*(r'0-'<r = (a'J«+aV + c»a»)<7-(a» + 5'' + c')*'^ + «'ff, 
where the inverse function is expressed in terms of the direct func- 
tion. For this particular case the solution we have given is com- 
plete, and satisfactory ; and it has l^e advantage of preparing the 
reader to expect a similar form of solution in more complex cases. 
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143.] It may also be useful ae a preparatioo for what followa, if 
we put the equatioD of § 1 4 1 in the form 
= *{p) = 0V-(«* + ^ + c*)*V + ('''^' +iV + c*a*)(^-a*A«c«p 

= {(*-«')(*-^)(*-^)}P (2) 

This last trauBformatioa is permitted because 4> is commutative with 
scalars like a', i. e. tf>{a^p) = a'^fip. 

Here we remark that (by § 140) the equation 
F.p^p = 0, or ifp = gp, 
where g is some undetermined scalar, is eatisfied, not merely by 
every vector of null-length, but by the definit« system of three rect- 
angular vectors Ai, Bj, Ch whatever be their tensore, the corre- 
sponding particular values of g being a*, 5*, c*. 

144.] We' now give Hamilton's admirable investigation. 

The most general form of a linear and vector fiinction of a vector 
may of course be written as 

where q and r are any constant quaternions, either or both of which 
may degrade to a scalar or a vector. 

Hence, operating by S-a where a is any vector whatever, 

SfKhp =:= ^Strf.qpr = -S,8pr.rffq = 8p(t>'a. (3) 

if we agree to write ^V = ^V.mq, 

and remember the proposition of ^ 88. The functions ^ and <^ are 
thus conjugate to one another, and on this property the whole in- 
veetigation depends. 

145.] Ijet X, fi be any two vectors, such that 
^p = Vkfi. 
Operating by 8.k and &pi we have 

Sa^P = 0, Sii^p = 0. 
But, introducing the conjugate function 0', these become 

Sp<l,'K = 0, iSp^V = 0- 
aud give p in the form mp = Vt^'ktp'y., 

where m is a scalar which, as we shall presently see, is independent 
of X, ft, and p. 

But our original assumption gives 

p = ^-W\ti.; 

hence we have »i^"*rAfi= Ttf/Ktft'n (4) 

and the problem of inverting tp is solved. 
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146.] It reDoaine to find the valae of the constant m, and to 
express the vector " T^'a^V 

as a function of VXft. 

Operate on (4) l^ jS.^'v, where p is any vector not coplanar with 
A and fi, and we gfA 

mS.<fr'w^->rv = «&in^-'Am (hy (3) of § 144) 
= mS.\itv = S,^'X<p'fiit>'v, or 

"= 5.A,«. <^' 

[That this quantity is independent of the particular vectors A, ft, v 
is evident &om Qie &ct that if 
\^=pk + qn+ri>, /=:^iA+}in + f,ii, and »''=A^+ftM+'"j'' 
be any other three vectors (which b possible since A, ^ v are not 
coplanar), we have 

if>'\'= j>^'\+qtt)'ix+r<j>'p, &C., &c.; 
from which we deduce 



8.XfM>^ 



so that the numerator and denominator of the fraction which ex- 
presses m are altered in the same ratio. Each of these qnuitities 
is in &ct an Invariant, and the numerical multiplier is the same for 
botli wben we pass from any one set of three vectors to another. 
A' still simpler proof is obtmned at once by writing A +j>ii for A 
in (5), and noticing that neither numerator nor denominator is 
altered.] 

147.] Let ns now change <p to 0+y, where y is any scalar. It 
is evident that ^' becomes <t>'+ff, and our equation (4) beoomes 
«,C*+y)-'^= r(*'+^)A(.^'+^),£; 

= F.^'Af^+^r(^V+A*»+y»rA,., 
= («n^-'+^x+y)'^V BUppose. 
In ihe above equation 

„ _ ^.(^^+g)A(0'+y)M(»'+g)'' 
"'- SJ^p 



s+'i'*v*v= 


p g r 




P, it n 




Pi ii U 


id «AVV= 


P 1 ' 




Pi ?i n 




p, ?. ', 
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is what m becomes when ^ is changed into tp+gi W] and nt, beings 
two new scalar constants whose valaes are 

_ S.{X<f>'fiift'v+tf)'\fi)p'i'+ift'\ift'iw) 

"*■ - ~~^ sj^ ' 

■ "*»= SJ^ 

If, in these expressions, we put \ +Pii fot X, we find that the terms 
in p vanish identically ; so that they also are inTanoDts. Substi- 
tuting for mg, and equating the coefiScients of the various powers 
of; after operating on both sides by <p+ff, we have two identities 
and the following two equations, 

«t = </' + X. 
TOl = .^X + "»*"'■ 
[The first determines x, and shews that we were justi6ed in treat- 
ing F(ip')tii + \<t>'ix) as a linear and vector function of F.Ktt. The 
result might have been also obtained thus, 

5AxrXtt = S.\<p'Kt* = —S.Kiutt'K = — ^.A^FAj*, 
S-nx^kfi = ApiX^V = -S-iuprXfi, 
S.vxVXii = S.{vct>'kn + v\^y) 
^ m^SAiw—S.Xiiip'i' 
= S.v {m^FKix—<pF\ii,) ; 
and all three (the utmost generality) are satisfied by 

X = ««- 00 

14S.] Eliminating x ^^^^ these equations we find 
»i = *('»B— *) + »»*"', 
or Mtp ^ fl?j — -M^^-^-<p f 
which contains the complete solution of linear and vector equations. 

149.] More to satisfy the student of the validity of the above 
investigation, about whose logic he may at first feel some diffi- 
culties, than to obtain easy solutions, we take a few very simple 
examples to b^n with : we treat them with all desirable prolixity, 
and we append for comparison easy solutions obtained by methods 
specially adapted to each case. 

150.] Example I. 

Let (ftp ■= F.apff = y. 

Then ^'p = F.0pa = <}>p. 

Hence tn = ■j^S{y.a\^F.aixpF.avfi). 
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Now A, ft, V are any three non-coplanar vectors ; and we may 
therefore put for them a,fi,yifthe latter be non-coplanar. 
With this proviso 



I _ _ _ 

Hence 

a»^«&^.*-'y = a'p'Sa^.p = -a^^^y + Sa^Kayp^ F.a{r.ayfi)fi, 
which is one form of solution. 

By expanding the vectors of products we may easily reduce it to 
the form a'^*Safi.p=-a'fi''y+afi'Say + 8a^SpY, 
a-^8ay+B-^SBy-y 

„ P= — "^ £i, "^ ' ■ 

IBI.3 To verify this solution, we have 

which is the given equation. 

152.] An eaaier mode of arriving at the same solution, in this 
simple case, is as follows : — 

Operating by S.a and S.fi on the ^ven equation 
r.opjS = y, 
we obtain a*8dp = Say, 

^'Sap = Spy i 
and therefore aSffp = a~^Say, 

fiSap = ^^5j3y. 
But the given equation may be written 

aS^p — pSaP + fiSap = y. 
Sabstitnting and transposing we get 

pSap = a-^Say+0-^Sfiy—y, 
which agrees with the result of § 160. 

168.] If a, fi, y be coplauar, the above mode of solntioD is appli- 
cable, but the result may be deduced much more simply. 

For (§ 101) 8.apy = 0, and the equation then gives 8,affp = 0, ao 
that p is also coplanar with a, j3, y. 
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Hence the eqiuitioii may be written 

and at once . _ a'^yfl"* ■ 

and tfaJB, being a vector, may be written 

This formala is equivalent to that just ^ven, but not equal to it 
tenn by t«Tm. [The student will find it a good exercise to prova 
direeily that, if o, ^, y are copUnar, we have 

The conclusion that c a _ n 

in this case, is not .necessarily true if 

Sa^ = 0. 
But then the original equation becomes 
aS$p + fiSap = y, 
which is consisteDt with 

8.afiy = 0. 
This equation gives 

by comparison of which with the given equation we find 

Sap and S^p. 
The value of p remains therefore with one indeterminate scalar. 

154.] Easamplell. 

Let 0p = V.a^p = y. 

Suppose a, /9, r not to be coplanar, and employ them as X, ft, p to 
calculate the coefficients in the equation for ^'^ We have 

8.it4>p = S.aapp = S.pV.aap = S.p^'v. 
Hence ^'p = Kpa^ = V.pap. 

We have now 

" = a^ «W.'./3.^./'.^a,) = 1^^ «..^r,^a. 
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Hence 

= (2 (Sap)' + a'p') y- SSa^Ka^y + F.a^ F.afiy, 
which, by expandiag the rectors of products, takes easily the simpler 
form a^'^'Sa^.p = o*^* y- a^'-Say + 2(3 5a^ Say-fia'Sfiy. 

155.] To verify this, operate by F.afi on both sides, and we have 
a'^^Safi V. a^p = a^^" V. afiy - F.a^^&ry + 2a^^Sap8ay - oa'fi'S^y 
= a'fi*(aSpy^ffSay + y8ap)-{2aSa^-Pa*)^'Say 
+ 2a^'S<x^Say-aa^fi'Spy 

or F.a^p = y. 

156.] To solve the same equation without employing the general 
method, we may proceed as follows : — 

y = F.a^p = pSafi+r.r{ap)p. 
Operating by S. Fa^ we have 

&aj3y = S.afipSafi. 
Divide this by 8a0, and add it to the given equation. We thus 
obtain 



= app. 

a form of solution somewhat simpler than that before obtained. 

To shew that they agree, however, let us multiply by a'^*5oj8, 
Uid we get a*p>Sa^.p = paySafi + fiaS.afiy. 

In this form we see at once that the right-hand side is a vector, 
ednce its scalar is evidently zero (§ 89). Hence we may write 

a'^^'Sap.p = F.^aySafi- Fa^8.a^y. 
Bnt hy (3)of§91, 

— y8.a^Fafi + aS.fi {ra^)y + ^S.F{a^) ay + FafiS.afiy = 0. 
Add this to the right-hand side, and we bave 
a*fi^Safi.p = y((,8afi)''-S.a0ra0)-<i (Sa0Sfiy~S.fi [r<ifi)y) 

+ fi [SafiSay + S.F (afi) ay) . 
But {Safi)'-S.afiFafi = {8afif-{Fa^Y = a^fi^, 

SafiSfiy—S.fiiFafi) y = SafiSfiy—SfiaSfiy + fi^Say = fi'Say 
SafiSay + S.F{afi) ay = SafiSay + SafiSay— a" Sfiy 
= 2SixfiSay-a''Sfiyi 
and the substitution of these values renders our equation identical 
with that of ^154. 
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[If a,ff,yhe coplanar, the simplified forms of the expressioD for p 
lead to the equation 

which, as before, we leave as an exercise to the student.J 
157 .J Example TIL The solution of the equation 

r,p = y 

leads to the vanishing' of some of the quantities m. Before, how- 
ever, treating it by the general method, we shall deduce its solution 
from that of F.a^p = y 

already given. Our reaeoD for so doing is that we thus have an 
opportunity of shewing the nature of some of the cases in which one 
or more of m, m^, m^ vanish; and also of introducing an example 
of the use of vanishing fractious in quaternions. Par simpler solu- 
tions will be given in the following sections. 

The solution of the last-written equation is, § 154, 

a^^'Saff-p = a'^'y~afi^Say-fia^S^y+2fiSa^ay. 
If we now put a^ = e+e 

where e is a scalar, the solution of the first-written equation will 
evidently be derived from that of the second by making e gradu^y 
tend to zero. 

We have, for this purpose, the followin|> necessary transforma- 
tions :- a"0^ = a^K.oS = (e + 0(«-<) = «*—<*. 
a^^Say+^^S^y = a^.^8ay+^.a8fiy, 

= (e + f)^Say + {e-€)aSfiy, 
= e [fiSay + aS^) + e V.y Va^, 
= e(fiSay + aS^y) + tryt. 
Hence the solution becomes 

ie'~t')ep=^{e'-t^)y~e{fiSay+aSfiy)-tryt + 2e^y, 
= (ei-(i)y + eV.yFafi-tFyt, 
= {e'—('')y + eFyt + yt'—tSY€, 
= e^y + ery(—fSyt. 
Dividing by e, and then putting « = 0, we have 

-.V = r,.-.<.(4i). 

Now, by the form of the given equation, we see that 

Syt = 0. 
Hence the limit is indeterminate, and we noay put for it m, where x 
is anjf scalar. Our solution is, therefore, 
p=~Vl+xt-^: 
or, as it may be written, since Syt = 0, 
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The verification is obvioiis — for we have 

158.] This BOggests a very simple mode of solution. For we 
see that the given equation leaves Stp indetemiinate. Assume, 
therefore, Sep = m 

utd add to the given eqaatioa. We obtain 
tp = *+y, 
or p-= <-^(y + a), 
if, and only if, p satisfies the equation 
r,f = y. 
159.} To apply the general method, we may take f, y and ty 
(which is a vector) for X, ^ v. 
We find *'p = '>- 
HeDoe flt = 0, 

"h = - ,T3 ^■(^■'r-* V) = - <". 



That is, p = -y^fy +»*, 

= t~'^y + x(, as before, 

Onr warrant for patting aw, as the equivalent of 0~* is this : — 

The equation j,i^ _ g 

may be written V.tVt<T = = at^-tSta. 
Hence, unless <r = 0, we have <r || < = «<■ 

160.] Example IF. As a final example let us take the most 
general form of if, which, as will be soon proved, may be expressed 
as follows : — 

^p = a-S^p + Q,5ftp + ai5^jP = y. 
Here ^'p = ^Sap+^Sayp + ^Sa^p, 

and, consequently, taking a,a^,a^, which are in this case non- 
coplanar vectors, for A, ft, v, we have 

S,tia^ct^ \Saa^ Sa^Oy 8a^\ 
[Sooj &x,o, -SojOsI 

= ?fhh{A8aa+A^Sa^a + A,8a^), 



lyCOOglC 



88 QUATEESIOSB. [ 1 60. 

where A = &^a]fa,ag— ^a,Sa,a2 

A^ ss SaaiSajOf—SaiaiSaa^ 

Hence the value of the determiDant is 

- (SooS. Va^a^ rojO, + Sa^aS. Va^ Fa^a^ + Sa^aS. VcM, Vafy) 

= -&a(ra,a,S.*u>iO^ {by §92 (3)} = -(5.oaiaJ". 

The interpretation of this resolt in spherical tri^DOmetiy is veiy 
interesting, (See Es. (6) p. 68.) 

By it we see that 

Similarlyj 
= g;^ «.[« (i3^ + J3,5a,a, + ^,&V^) 035«ij + ftSa,«, + ^0,0.) + 4c] 

= 5i.t^-'^^'*-''''-'^'^'^+ ^ 

- ;5-^ — [S.a{r0ftS.raa,ro,aj+ r;3,/35.r<.aara,aa+ r^,^5.ro,ojrBiaJ 

'^■'^'h +S.a^(mi8.Faa^ra,a + ) 

+ S.a3{r0^S.r<u^Faa^+ )] ; 

or, taking the terms by colnmns instead of by rows, 

. ■ [S.F0^,{a3.Faa,Fa,<u + a,8.raa.Fata+a^8.Faa,Faa{\ 
■""»"' + + 1 

[&r0ft(roo,J.oo,aJ + ], 



tf.aa,a, 

= -S{raa,r00,+ ro,a,rfto,+ To^r^.^). 

Again, 
»h= ^-^^^-5[ao,03&ia3+ft5aiaj+...} + ttiaO5oa,+ ...) + Oiaa(j8&io+...)l 
or, grouping as before, 

= ~ S[0(rao,Stta,+ ra,aSoo,+ ra,a,5oa) + ...], 

= 5:^^'^^'^-*"'>'^'+ ^ ($92(4)), 

And the solntion is, therefore, 

= y2S.Faa^Fpfii+fySSafi-^*y. . 
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[It will be excellent practice for tlie student to work out in detail 
tbe blank portions of the above investigation, and also to prove 
directly that the value of p we have just found satisfies tbe given 
eqnation.3 

161.] Bat it is not necessary to go through such a long process 
to get the solution — though it will be advantageous to tbe student 
to read it carefnUy — for if we operate on tbe equation by S.a^<x^ 
S.a^ and iS.aaj we get 

S-OfO^aS^p = S.afyy, 
S.a^aoiSfijt ^ S.a^ay, 

From these, by ^ 92 (4), we have at once 

pS.aafy8.fi^ff, = rfifi,S.aa^y+ V^^.a^o^y + V^^.a^y. 
The student will find it a useful exerciee to prove that this is equi- 
valent to tbe solution in § 160. 

To verify tbe present solution we have 
(aS0p + 0|5ftp + OtS^ p) S.aaja^.0^ fi^ 

= S.fi^,^,{YS.aaia,), by § 91 (3). 

162.] It is evident, from these examples, that for special cases 
we can ngnally find modes of solution of the linear and vector equa- 
tion which are simpler in application than the general process of 
§ 148. Tbe real value of that process however consists partly in 
its enabling us to express inverse functions of ^, such as (0-f ^)~' 
for instance, in terms of direct operations, a property which will be 
of great use to us later ; partly in its leading us to tbe fundamental 
cubic tt,'—m,<p''+mj(f>—m = 0, ' 

which is an immediate deduction from the equation of $ 146, and 
whose interpretation is of tbe utmost importance witb reference to 
' the axes of surfaces of tbe second order, principal axes of inertia, 
tbe analysis of strains in a distorted solid, and various similar 
enquiries. 

163.} When the function 4> it it-t ovm conjttgate, that is, when 
Sp^a ^ Sai^p 
for all values of p and a, tbe vectors for which 

fomt in general a real and definite rectangular system. This, of 
course, may in particular cases degrade into one definite vector, and 
any pair of others perpendicular to it ; and cases may occur in 
which the equation is satisfied for every vector. 
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Sappoee tbe roots of »^ = (§ 147) to be real and different, then 
Wi — yiPi 1 ^iigfg p^^ p^^ ^ ajg three definite vectors determined 
VPt — ffiPt > jj jjjg constants involved in d. 

t>Ps=fftPt> 
Hence S\9^hpt = ^-^ft^Ps 

= *Pi*%- or =5.fg^,*p,, 

becBuee ^ is its own conjugate. 

But ^*ft = ylft, 

*Vi =yipi. 

and therefore 9i9^hPt = yS-Wa = yf^ri^a ; 
whicb, as ^j and ^, are by hypothesia different, requires 

Sp^ = 0. 
Similarly Sp^^ = 0, Spjpi = 0. 

If two root* be equal, as ^j , ^, , we still have, by the above proof, 
SpiPt = ^ ^t^d Spjp^ = 0. But there is nothing &rther to determine 
/), and p,, which are therefore any vectors perpendicular to p]. 

If all three roots be equal, every real vector satisfies the equation 
(f-ff)p = 0. 

164.] Next, as to the reality of the three directions in this case. . 

Suppose yj + ig-/— 1 to be a root, and let pj + o-,-/— l be the 
corresponding' valu e of p , where y^ and i^ ^'^ ""^ numbers, p^ and ir, 
real vectors, and V — 1 theold imaginary of algebra. 

Then ^(pj + ff^y^) = (?j + ^y3T)(pj + ffjV':rT). 
and this divides itself, as in algebra, into the two equations 
<pP2 = ifiP2~-^i^a' 

Operating on these by S.a^, S.p^ respectively, and subtracting the 
results, remembering our condition as to the nature of <p 

we have V'^i + Pi) = "■ 

But, as IT, and p^ are both real vectors, tbe sum of their aqnares 
cannot vanish. Hence A^ vanishes, and with it the impossible part 
of the root. 

165.] When ^ is self-conjugate, we have shewn that the equa- 
tion ff^—m^' + mj^—m = 
has three real roots, in general different &om one another. 

Hence the cubic in <p may be written 
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and in this form we can eaaily see the meaning of the cubic. For, 
let pj, p^, pj be three vectors snch that 

Then any vector p may be expreBsed by the equation 

P*-PiP»Ps = (>i*-PrfV + Pa^-p3PiP+Ps^-PiP»P (§91). 
and we eee that when the complex operation, denoted by the left- 
hand member of the above symbolic equation, is performed od p, the 
first of the three &ctors mokes the term in p, vanish, the second 
■ and third those in />, and p, respectively. In other words, by the 
successive performance upon a vector of the operations ^ — y„ ^—g^> 
^—g^, it is deprived Bucoessively of its resolved parts in the direc- 
tions of pi, pj, Pi respectively; and is thus necessarily reduced to 
zero, since p^, pj, pg are (because we have supposed gi, g^, ^g to be 
distinct) distinct and non>coplatiar vectors. 

166.] If we take p^, p^, p^ as rectangular uni'^vectors, we have 
— p = PjSp^p + p^p^+p^Sp^, 
whence ^ = — ^iPi^P— jjft^PsP— ^sPa^pjp ; 

or, stil! more simply, patting i, J, i for ft, j^, p,, we find that any 
self-conjugate function may be thus expressed 

<t>p = —giiSip—gJSjp—gJcSkp, 
provided, ofcDurse, i, J, k be taken as roots of the equation 
Fp^p = 0. 
167.] A very important transformation of the self-conjugate 
linear and vector function is easily derived from this form. 

We have seen that it involves three scalar constants only, viz. y,, 
^„ y,. Let OB enquire, then, whether it can be reduced to the fol- 
lovring form ^^ =fp+hr.{i + eh)p{i—ek), 

which also involves but three scalar constants y, h, e. Here, again, 
i,j, k are the roots of Yp^p — 0. 

Substituting for p the equivalent 

p = —iSip—JSjp—iSip, 
expanding, and equating coefficients of i, J, k in the two expressions 
for ^p, we find —g^ = _/+ A (2 — 1 + e^), 

-9i=-/~k{\~e% 



These give at once 
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Hence, as we euppoee the transformatioii to be real, and therefore e* 
to be positive, it is evident that yj— y^ and g%—g% have the same 
sign ; so that we must choose ae aoxiliaiy vectors in the List term 
of ^p those two of the rectangular directions i, /, h for which the 
coefficients g have the greatest and least values. 
We have then ^ _ 9^—9% 

~ 9x—H 
*=-i(5i-yJ, 
and /=i(ji+ya). 
168.] We may, therefore, ^ways determine definitely the vec- 
tors X, fi, uid the scalar/, in the equation 

when ^ is sdf-conjugate, and the corresponding cubic has not equal 
roots, subject to the single restriction that 

is known, but not the separate tensors of A and ^. lliis result is 
important in the theory of surfaces of the second order, and will be 
considered in Chapter VII. 

169.] Another important transformation of ^ when self-conju- 
gate is the following, ^p = aa7a?\h^8^p, 

where a and h are ecalars, and a and unit-vectors. This, of 
course, involves so. scalar constants, and belongs to the most gen- 
eral form <^p = —giPiSp^—g^Sp^—gyfi^Sp^, 
where /)„ p^, p^ are the rectangular unit-vectors for which p and <f>p 
are paralleL We merely mention this form in passing, as it be- 
longs to the /ocal transformation of the equation of surfaces of the 
second order, which will not be farther alluded to in this work. It 
will be a good exercise for the student to determine a, fi, a and i, 
in terms of ^,, ^j, y,, and ft, p^, ft. 

170.] We cannot afford space for a detwled account of the sin- 
gular properties of these vector functions, and will therefore content 
ourselves with the enuntiation and proof of one or two of the most 
important. 

In the equation nu^'^VKp, = Vtf>'\<p'fi (§ 145), 
substitute A for ^'A and p. for ^V, and we have 

mFij>'-'k<t>'-^IJ. = ^rAAi. 
Change ^ to *j>+g, and therefore tp' to <t>'+g, and m to fli,,, we have 

«.'^(*'+y)-^M*'+^)-V = {4>+9)Vk^: 

a formula which will be found to be of considerable use. 
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171.] Again, by $ 147, 

■— SA<t> + tf )' V = — *p*" V + %p + yp*- 



'nut ifl, the ftmctionB 

are identical, i. e. when equated to conitaiUt repreamt the tame teriet 
of twfiKet, not merely when 

bnt also, whatever be g aod h, if they be acahtr functiooB of p which 
satisfy the eqnation mS-pifr^p = gAf^. 

This is a generalization, due to Hamiltooj of a singular result ob- 
tained by the author*. 
172.] The equations 

5.p(* + -irV = 0,J ^ ' 

are equivalent to tnSp^-'^p+gSfrxp+g^p^ = 0, 

Hence m[\-x)8(,^-^p + {g-hx)Sp-)ip + {g*-h*x)p^ = 0, 
whatever scalar be represented by jr. 

Hiat is, the two equations (1) represent the tame surface if this 
identity be satisfied. As particular cases let 
(t) 0=1, in which case 

(2) g'-hx =0, in which case 

m(l - |)«p-0-p + (j'-i'f) = 0, 
or m8p~^ip~^p~gh = 0. 

(3) '=5. «:■"»« 

or M(A+^)firp^-V+^^^XP = *>- 
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173.] In various iDTestigatiooB we meet with the qnatemion 

where a, j3, y are three unit-vectors at right angles to each other. 
It admits of being pat in a veiy simple form, which is occasionally 
of considerable importance. 

We have, obviously, by the properties of a ■ rectangular nnit- 
eysteno ^ = ^y^ + y^p + a^fy. 

Aewehavealeo 8.afiy = -l (§71(13)), 
a glance at the formulfe of ( 147 shews that 

at least if i^ be self-coojugate. Even if it be not, still (as will be 
shewn in § 1 74) ^p = ^'^ + jr,p^ 

and the new term disappears in Sq. 
We have also, by § 90 (2), 

= aS^{.^-<p')y + ^Syi.p-4,'}a + y&x{<l>-4r)fi 
= aS.^ey + pS.yta + yS.at^ 
. - _ (aSat + fiS^f + ySyt) = (. 
[We may note in passing that this qoatemion admits of beiug 
expressed in the remarkable form 

wh^ V=a^+0;^+y^, 

and p = a^+^y+ ye. 

We will recur to this towards the end of the work.] 

Many similar singular properties of ^ in connection with a rect- 
angular system might easily be given ; for instance, 

= m r(a*'->a + ;3^'->j3 + y*'" V) = mV.V^'~^p = ^ ; 
which the reader may easily verify by a process simiUr to that just 
given, or (more directly) by the help of § 145 (4). A few others 
will be found among the Examples appended to this Chapter. 

174.] To conclude, we may remark that as in many of the 
immediately preceding investigations we have snpposed ^ to be 
self-conjugat«, a very simple step enables us to pass &om thb to 
the noD-co^jngate form. 

For, if ^' be conjugate to 0, we have 

Sp^'v ^ Smpp, 

and also Spifxr = Sv^'p. 
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Adding, we have 

SO Uiat tlie function {tp + 0') is Belf-oonjogate. 

Again, Sp<l>p = Sptf/p, 

which gires Sp{^— ^')p = 0. 

Hence (tf>—<p')p = Ktp, 

where, if be not self-conjugate, c is some real vector, and therefore 

Thus everf non-conjugate linear and vector Junction differi from 
a eonjugaU function tolely bg a term of the form 

r,p. 

The geometric signification of this will be found in the Chapter on 
Kinematics. 

175.] We have shewn, at some length, how a linear and vector 
equation containing an unknown vector is to be solved in the moat 
general case; and this, by ^ 138, shews how to find an unknown 
quaternion from any sufficiently general linear equation containing 
it. That such an eqtiation may be sufficiently general it must have 
both scalar and vector parts : the first gives one, and the second 
three, scalar equations ; and these are required to determine com- 
pletely the four scalar elements of the unknown qnatemion. 

176.] Thus Tq = a 

being but one scalar equation, gives 

g = aUr, 
where r is any quaternion whatever. 

Similarly 8q=: a 

gives q =.a-\-6, 

where is any vector whatever. In each of these cases, only one 
scalar condition being given, the solution contains three scalar in- 
detcrminates. A similar remark applies to the following : 

Trq = a 
gives q = x-^a6, 

and SUq = cos a, 

t* 
gives q = x$' , 

in each of which x is any scalar, and sai.y unit vector. 

177.] Again, the reader may easily prove that 

r.aVq = a, 
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where a is a given vector, gives, by putting 8q =x. 

Hence, assuming Saq =y, 

we have ag =y + xa + fi, 

or q = af+^a-' + a-'j3. 

Here, th« given equation being equivalent to two scalar cc«- 
ditions, the solution contains two scalar indetemiinates. 

178.] Next take the equation 
Vcq = fi. 
OperatiDg hj 3.a~\ we get 

Sq = Sa-% 
so that the given equation becomes ■ 

or FaFq = j3-a&-»0 = aFa-^fi. 

From this, by ^ 1 58, we see that 

Fq = a-\x + aFa-^0!), 
whence y = Sa-^p + a-' {se+a Fa-^ff) 

and, the given equation bmg equivalent to three scalar conditions, 
but one undetermined scalar remains in the value of q. 

This soluUoD might have been obtained at once, since our equation 
^ves merely the vector of the quaternion aq, and leaves its scalar 
nndetermined. 

Hence, taking x for the scalar, we have 
aq = Saq + Faq 

179.] Finally, of course, from 

aq = p, 
which is equivalent to four scalar equations, we obtain a definite 
value of tiie unknown quaternion in the form 
q = o->^. 

180.] Before taking leave of linear equations, we may mention 
that Hamilton has shewn how to solve any linear equation con- 
taining an unknown qttatemion, by a process analogous to that 
which he employed to determine an unknown vector from a linear 
and vector equation ; and to which a large part of this Chapter hlu 
been devoted. Besides the increased complexity, the peculiar fea- 
ture disclosed by this beautiful discovery is that the symbolic 
equation for a linear quaternion function, corresponding to the cubic 
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in of ^ 1 62, IB a biquadratle, bo tliat tlie iDverse functioa is given 
in terms oF the first, second, and third powers of the direct function. 
In 'an elementary work like the present the discussion of such a 
qnestion wonld be out of place : although it is not very difGcult to 
derive the more general result by an application of processes already 
explained. But it forms a curious example of the well-known fact 
that a biquadratic equation depends for its solution upon a cubic. 
The reader is therefore referred to the Blementa of i^uatemiom, 
p. 491. 

181.] The solution of the following frequently-occurring par- 
ticular form of linear quaternion equation 

a^ -I- ^ = c, 
where a, 6, and c are any given quaternions, has been effected by 
Hamilton by an ingenious process, which was applied in § 133 (5) 
above to a simple case. 

Multiply the whole 6y Ka, and into b, and we have 
T^a.g + Ka.qb=Ka.c, 
and aqb+qb' = cb. 

Adding, we have 

q {T^a + i» + 28a.b) = Ka.c + ci, 
from which ; is at once found. 

To this form any equation such as 

can of coarse be reduced, by multiplication by c'~' and into h''^, 
182.] As another example, let us find the differential of the cube 

root of a quaternion. If ^s — r 

we have q^dq-\-qdq^-\-dq.q* = dr. 

Multiply by q, and into q~^, simultaneously, and we obtain 
q^dq.q-^+q^dq + qdq.q = qdr.q^^. 

Subtracting this from the preceding equation we have 
dq.q^ —q^dq.q~^ = dr—qdr.q~^, 

or dq.q^ — q^dq = dr.q~qdr, 

from which dq, or d{i^), can be found by the process of last section. 
The method here employed can be easily applied to find the 

differential of any root of a quaternion. 

183.] To shew some of the characteristic peculiarities in the 

solution even of quaternion equations of the first degree when they 

are not sufficiently general, let us take the very simple one 
aq = qb, 

and give every step of the solution, w practice in transformations. 
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Apply Hamilton 'e ptocese (§ 181), and we get 
T^a.g = Ka.ql>, 

These give q{T^a+b^-2hSa) = 0, 

80 that the equation gives no real finite value for q unless 

or h = Sa + ^TFa, 
where ^ is some unit-vector. 

By a similar process we may evidently shew that 
a = Sb + aTrb, 
a being another unit-vector. 
But, by the given equation, 

Ta = Tb, 
or S*a + T^Va = S^b^T^yb; 
from which, and the above values of a and b, we see that we may 
write Sa 56 

If, then, we separate q into its scalar and vector parts, thus 
q — r + p, 
the given equation becomes 

(« + .)(r + ,) = (^+rt(a + « (1) 

Multiplying out we have 

which gives S{a—0)p = 0, 

and therefore p = Vy{a~^), 

where y is an undetermined vector. 
We have now 

T{a-^) = p^~ap 

= y{Sa^+l)-{a-^)S^y + y{l+Sa^)-{a-p)SaY 

ring thus determined r, we have 

q = -3{a + fi)y+ry{a-li) 
2q = -{a + p)y-y{a + p) + y(a-fi)-(a-p)y 
= — 207—27/3. 
e, of course, we may change the sign of y, and write the solution 

aq = qb 
he form q = ay + yfi, 

xe y is any vector, and 

o = UFa, Si = UFb. 
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To verify this solution, we see by (!) that we require only to 
shew thst oq = fl^. 

Bat their common value is evidently 
-y + oy^. 

It witt ^ e:(cellent practice for the student to represent the terms 
of this eqnataoa by versor-arcs, as in § 54, and to deduce the above 
Bolotion &om th« diagram directly. He will £ad that the solution 
may thus be obtained almost intuitively. 

184.] No general method of solving quaternion equations of the 
second or higher degrees has yet been found ; in fact, as will be 
shewn immediately, even those of the second degree involve (in 
their most general form) algebraic equations of the aixtecnth degree. 
Hence, in the few remaining sections of thb Chapter we shall con- 
fine ourselves to one or two of the simple forms for tbe treatment 
of which a definite process has been devised. But first, let us 
consider how many roots an equation of the second degree in an 
unknown quaternion must generally have. 

If we substitute for the quaternion the expression 
w-\-ix+jy-^kz (§80), 
and treat the quaternion constants in the «ame way, we shall have 
(§ 80) four equations, generally of the second degree, to determine 
w, 31, y, z. The number of roots will therefore be 2* or 16. And 
similar reasoning shews us that a quaternion equation of the mth 
degree has m* roots. It is easy to see, however, from some of the 
simple examples given above (§§ 175-178, &c.) that, unless the 
given equation is equivalent to four scalar equations, the roots will 
contain one or more indeterminate quantities. 

185.] Hamilton has effected in a simple way the solution of the 
quadratic a* = aa + b, 

or the following, which is virtually the same {as we see by taking 
the conjugate of each side), 

j* = a J + b. 

He puts j=l(a + K' + p), 

where w is a scalar, and p a vector. 

Substituting this value in the first equation, we get 

o^ + (jc + pf + 2 W(7 + ap +-prt = 2 (a* + wa + po) + 4 5, 
or (w + p)'+ap— pa = a^ + 4i. 

If we put Va = a, S{a^ + 4*) = c, ¥{0^ + 4S) = 2y, this becomes 
(w + p)* + 2rap = c + 2y; 
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which, by equating' eeparately the scalar and Tector parts, may be 
broken up into the two equations 

w* + (>' = c, 
r(w + a)p = y. 
The latter of these can be solved for p by the process of § 156, or 
more simply by operating at once by S.a which giyes the value of 
S{ii}+a)p. If we gnbetitnte the resulting value of p in the former 
we obtain, as the reader may easily prove, the equation 

The solution of this scalar cubic gives six values of w, for each of 
which we find a value of p, and thence a value of q, 

Hamtltoa shews {Lectures, p. 633) that only two of these values 
are real quaternione, the remaining four being hi quaternions, aud 
the other ten roots of the given equation heing infinite. 

Hamilton farther remarks that the above process leads, as the 
reader may easily eee, to the solution of the two simultaneous 
equations q+r= a, 

qr = —b; 
and he connects it also with the evaluatioD of certain continued 
fractions with quaternion constituents. (See the Misoellaneoua £x- 
Amples at the end of the volume.) 

186.] The equation q' = aq+q6, 

though apparently of the second degree, is easily reduced to the 
first degree by multiplying iy, and into, y~', when it becomes 

1 = j-'d + ij-*, 
and may be treated by the process of § 181. 

187.] The equation j" = aqb, 

where a and b are given quaternions, gives 

q{aqb) = {aqb)q; 
and, by § 54, it is evident that the planes of q and aqb must coincide. 
A little consideration will shew that the solution depends upon 
drawing two arcs which shall intercept given arcs upon each of two 
great circles ; while one of them bisects the other, and is divided by 
it in the proportion of m : 1 . 
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EXAMPLES TO CHAPTER V. 

1. Solve the followiiig equations : — 

(a.) F.ap^^r.ayfi. 

{6.) apfip = pop/3, 

(c.) ap + p^ = y. 

{d.) 8.afip + ^ap-ar0p = y. 

(c.) p + ap0 = a^. 

(/.) npjSp = p^pa. 
Do any of these impose any restriction on the generality of a and ^ ? 

2. Snppoee p = ix+j'y+iz, 

and (f>p = aiSip + fy'S;p + ckSkp ; 
put into Cartesian coordinates the following eqaations : — 
(a.) %. = 1. 

(c.) S.p{^^-p^)-^p = -l. 
id.) Tp = T.<t,Up. 

3. If A, ^, V be any three non-coplanar vectorSj and 

q = Ffw.<t>K+ Vii\.<t>n-i- Vkn-^v, 
shenr that q is necessarily divisible by S-Xfiv. 
Also shew that the quotient is 

IHj — 2<, 
where ?«p is the non-commutative part of 0p. 

Hamilton, Elementa, p. 442. 
4- Solve the simultaneous equations : — 



{a.) 



Sap =0,) 
S.ap^p = 0. J 



^ ' S.aipitp = 0. J 
5. If ^p = 2^5ap+ Frp, 

where r is a given quaternion, shew that 
»= 2(5.010,0,5.33^^1) + S%ro,Oj . rj9, A) + 8rSS.a0r -X{SarS0r) + SrTr'^, 
and ««4>- V = S ( Fai<Lfi.^aja) + 2 F.aF{Ffi<T.r) + FarSr - FrSfff-. 

Zec^tfre*, p. 661. 
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6. If C/"?] denote $i~9Py 

{pqr) „ S.yl^r'], 

IPif'] „ iPqr) + lrq-]Sf) + lpr-]8g + [^p']Sr, 

and (p^/) IT '^■p{3''*]> 

shew that the following relations exist among any fire qaatenuons 

=p (yra^ + q{rs/p) + r{»ipq) + s{tpqr) + ({pqrg), 
and g{pr3i)=[rt(]Spq—\jip']Srq + [^tpr]Ssg—[pri]S/^. 

EkMeutt, p. 492. 

7. Shew that if ^, ^ be any linear and vector functions, and 
a, 0, y rectangular anit-veetors, the vector 

is an invariant. [This will be immediately seen if we write it in 
the form fl =V.^V^(>, 

which 18 independent of the directions of o, j3, y. But it is good 
practice to dbpeuise with 7.] 

If ^P = ^TjS(p, 

and \lip = 2>i,5fip, 
shew that this invariant may be expressed as 

-2r#f or sr^,^,. 

Shew also that ^v/fp— v/^^p = F0p, 

The scalar of the same quaternion is also an invariant, and may be 

written as —I^Sijij^SCCi 

8. Shew that if ^^ = oSo/j + ^5;3p + y^yp, 
where a, ^, y are any three vectors, then • 

-<i>-^pS'.a^ = a,Sa^p + ^^S^ip+yiSyjp, 
where Oj = V^y, &c. 

9. Shew that any self-conjugate linear and vector function may 
in general be expressed in terms of two given ones, the expression 
involving terms of the second order. 

Shew also that we may write 

where a, h, c, x,y, z are scalars, and ^ and <•> the two given func- 
tions. What character of generality is necessary in «■ and <u ? How 
is the solution affected by non-sclf-conjugation in one or both? 

10. Solve the equations :— 

{a.) q^ =5^1-+ 10/ 
(i.) q^ =2q + i. 
(c.) qaq = 6q+c. 
(d.) aq = qr = rb. 
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,11. Shew that 4,rv<f,p = mVV<p-^p. 

12. If be eelf-conjugate, and a,fi,y a rectangular system, 

S.Fa<paF^it>^Fy<f>y = 0. 

13. tf»lf and \ff<l> give the same values of the invjuiants m, fs^, m^. 

14. If ^' be coDJngate to if>, <fnp' is self-conjugate. 

1 5. Shew that ( VaBf + { T^ff)* + ( FyOy = 20^ 
if o, ^, y be rectangular unit-Tectors. 

16. Prove that V'(.^— ^)p =— pVV + 2V^. 

17. Solve the equations : — 

(a.) *« = i;r; 

(i.) <f> + x = ^,l 

where one, or two, unknown linear and vector functions are given 
ia terms of known onee. (Tait, Proc. R.S.S. 1870-71.) 

18. If ^ be a self-conjugate linear and vector function, £ and i] 
two vectors, the two following equations are conseqnencee one of 
the other, viz, : — f _ F-Tjifti} 

From either of them we obtain the equation 

Thifl, taken along with one of the others, gives a singular theorem 
when translated into ordinary algebra. What property does it give 
of the surface . S.fxjtpip^p = 1 ? 
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GEOMETRY OP THE STBAIQHT LINE AND PLANE. 



188.] Hating, in the five preceding Chapters, given a brief 
exposition of the theory and properties of quaternions, we intend 
to devote the rest of the work to examples of their practical appli- 
cation, commencing, of course, with the simplest curve and surface, 
the straight line and the plane. In this and the remaining Chapters 
of the work a few of the earlier examples will be wronght out in 
their fullest detail, with a reference to the first five whenever a 
transformation occurs ; bat, as each Chapter proceeds, superfluous 
steps will be gradually omitted, until in the later examples the lull 
value of the quaternion processes is exhibited. 

189.] Before proceeding to the proper business of the Chapter we 
make a digression in order to give a few instances of applications 
to ordinary plane geometry. Hese the student may multiply in- 
definitely with great ease. 

{a.) Euclid, I. S. Let a and be the vector sides of an iso- 
sceles triangle ; 0— a is the base, and 
Ta = T0. 
The proposition will evidently be proved if we shew that 
a{a-^)-'=K0(fi~a)-^ (§ 52). 
This gives a{a-^r' = 0-a)-V, 

or (^-a)« = ^(a-^), 

or -a' = -^K 

(i.) Euclid, I. 32. Let JBC be tlie triangle, and let 



n,n,t7rrlb,GOOgIC 



l89-J OEOMETRT OF STBAIOHT LINE AND PLANE. 105 

where y is » unit-vector perpendicular to the plane of the triangle. 
If ^ = 1, the angle CAB is a right angle (§ 74). Hence 

4=^|(§r4). Leti(=)«^, C=n^- Wehave 

UAC=y'UlB, 
UCB = y'UCl, 
VSA=y^VBC. 
Hence VSl=y'*. y'. y UAB, 

or —1 =y+«+». 
That IB l+m + n = 2, 

or A + B + C=.Ti, 
This IB, properly speaking, Legendre's proof ; and might have been 
given in a &r shorter form than that above. In fact we have for 
any three vectors whatever, 

^^■"«-'-=>. 
which cont^ns Enclid^s proposition as a mere particular case. 

(c.) Euclid, I. 35. Let ^ be the common vector-base of the 
parallelograms, a the conterminous vector-side of any 
one of them. For any other the vector-side is a+m^ 
(§ 28), and the proposition appears as 

TF0(a+x0) = TF0a (§§96,98), 
which is obviously true. 
(d.) In the base of a triangle find the point from which lines, 
drawn parallel to the sides and limited by them, are 
equal. 
If 0, ^ be the sides, any point in the base has the vector 

For the required point 

{l—x)Ta=xT0 
which determines x. 

Hence the point lies on the line 

p=y{Ua+U0) 
which bisects the vertical angle of the triangle. 

This is not the only solutioD, for we should have written 
T{\-iB)Ta = Ta)T^, 
instead of the less general form above iciici tacitly ofmmei that 1 — v 
andx are positive. We leave this to the student. 
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(e.) If perpendicularB be erected outwards at the middle points 
of the Bides of a triangle, each being proportional to 
the corresponding side, the mean point of the triangle 
formed by their extremities coincides with that of the 
original triangle. Find the ratio of each perpendicular 
to half the corresponding side of the old triangle that 
the Qew triangle may be equilateral. 

Let 2 a, 2^, and 2{a + ^) be the vector-sides of the triangle, « a 
nnit-vector perpendicular to its plane, e the ratio in question. The 
vectors of the coroers of the new triangle are (taking the comer 
opposite to 2/9 as origin) 

Pi = a + eia, 

Pa = 2o + ^ + «A 

From these 

i{pi + P2+P^ = i{4« + 2^) = i (2a+2(a + j3)), 
which proves the first part of the proposition. 
For the second part, we must have 

2'(ft-pi)=2'(ft-ft) = nft-(>,)- 

Substitnting, expanding, and erasing terms common to all, f^e 
student will easily find 3 e* _ j , 

Hence, if equilateral triangles be described on the sides of any tri- 
angle, their mean points form an equilateral triangle. 

190.] Such applications of quaternions as those just made are of 
course legitimate, bnt they are not always profitable. In fact, when 
applied to plane problems, quaternions oden degenerate into mere 
scalars, and become (§ 33) Cartesian coordinates of some kind, so 
that nothing is gained (though nothing is lost) by their use. Before 
leaving this class of questions we take, as sa additional example, the 
investigation of some properties of the ellipse. 

191.] We have already seen (§ 3t (i)) that the equation 
P = acos^+^sin^ 
represents an ellipse, being a scalar which may have any value. 
Hence, for the vector-tangent at the extremity of p we have 

which is easily seen to bo the value of p when $ is increased by - ■ 
Thus it appears that any two values of p, for which $ differs by 
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- , are conjugate diametere. The area of the parallelogram 

Bcribed to the ellipse and touching it at the extremities of these 
diuneters is, therefore, by § 96, 



a coDBtant, as is well known. 

192.] For equal conjugate diameters we must have 
^{ocosfl + iSsinfl) = rC— asintf+/3cosfl), 
or (a*— ^")(co8=ff— 8in^tf) + 45a^co8ff8infl = 0, 

a'— j3^ 

The square of the common length of these diameters is of course 



because we see at once from ^191 that the sum of the squares of 
conjugate diameters is constant. 

193.] The m^mam or minimum of p is thus found ; 
dTp 1 dp 

= — ■=- (— (a»— (3*) cosfl sin 0+Sa^ (cos^fl— sin^fl)). 
For a maximum or minimum this must vanish *, hence 

and therefore the longest and shortest diameters are equally inclined 

to each of the equal conjugate diameters. Hence, also, they are at 

right angles to each other. 

194.] Suppose for a moment a and j8 to be the greatest and least 

BGmidiajnet«rs. Then the equations of any two tangent-lines are 
p = acosd -l-j3sind + x{~aBia9 +^cosd), 
/> = a cos 9, +^ sin 0j + Xi{~a sin 0, + j3 cos flj. 

If these tangent^Unes he at right angles to each other 
S{—asine+ficoa6){ — aB\n0i + ficOBSi) = 0, 
or a' sin ^ sin 0, + j9^ cos cos 0, = 0. 

• The stadeot must carefuUj notice that hore wo put -j^ = 0, and not A = f>- 
X little reflection will shew him that the latter equation iovolveB an abaurdity. 
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Also, for their point of intereection we have, hy compariDg coeffi- 
ciente of a, j3 in the ahove values of p, 

eoB0—xBia6 = cob0j— aijBin^, 

sin £) + 3! COB = Biii6, +a)iCOECj, 
Determinii^ x^ from these equations, we easily find 

the equation of a circle ; if we take account of the above relation 
betweeQ 6 and 6^. 

Also, as the equations above give x = —Xi, the tangents are equal 
multiples of the diameters parallel to them ; bo that ihe line joining 
the points of contact is parallel to that joiniDg the extremities of 
these diameters. 

195.] Finally, when the tangents 

p = acosd +)3sind +x [— asind +ficm0), 
p = ocosfl, + /9Bintfi+«i(— aBin0, + /9co8 9,), 
meet in a given point p = aa + li^, 
we have a = coB6~xmnS = cosff,— ^^sinfl^, 

6 = em0 + xco6$= sin^i + aiicosfl,. 
Hence m' = a^ + 6^—l = xf 

and a cos $ + 6siii9 = 1 = a cos 0, + d sin 0^ 
determine the values of and a for the directions and lengths of 
the two tangents. The equation of the chord of contact is 
p = y(aeoBfl + ^Binfl) + {l— ^)(oco8fli + ^sinffi). 
If this pass through the point 

p=pa + ^p, 
we have p = y cob + {I— ^) cob 0i, 

J = y sin fl + ( 1 —y) sin ff, , 
from which, by the equations which determine and 0,, we get 

ap + bq =y+l—y= 1, 
Thus if either a and b, or p and ^, be given, a linear relation con- 
nects the others. This, by § 30, gives all the ordinary properties of 
poles and polars. 

196.] Although, in §§ 28-30, we have already given some of the 
equations of the line and plane, these were adduced merely for their 
opplications to anbarmonic coordinates and transversals ; and not 
for investigations of a higher order. Now tbat we are prepared to 
detormioe the lengths and inclinations of lines we may investagate 
these and other similar forms anew. 
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197.] The equation of the indefinite line draton throitgh the origin 
0, ofvAicA tie vector OA, = a,/orma apart, is evidently 



or Vap = 0, 

or Up=Ua; 

the essential characteristic of tJieee equations being that they are 
linear, and involve one indeterminate scalar in the value of p. 

We may pat this perhaps more clearly if we take any two 
vectors, j3, y, which, along with a, form a non-coplanar syBtem. 
Operating with S.Fap and S.Vay upon any of the preceding equa- 
tions, we get s,afip = o,l 

and S.ayp^O.] ^' 

Separately, these are the equations of the planes containing a, j3, 
and a, y ; together, of course, they denote the line of intersection. 

198.] Conversely, to solve equations (1), or to find p in terms of 
known quantities, we see that they may be written 
S.prafi = 0,1 
S-pFay = 0,} 
BO that p is perpendicular to Fa^ and Fay, and is therefore parallel 
to the vector of their product. That is, 
p\\F.Fa^Fay, 

II -<^.a?y, 

or p = ma. 
199.] By putting p— ^ for p we change the origin to a point £ 
where OB = — /fl, or 50= $; so that the equation of a line parallel 
to a, and passing through the extremity of a vector j8 drawn from 
the origin, is p—^ = xa, 

or p = ^ + a!a. 

Of course any two parallel lines may be represented as 
p = ^ +xa, 
p = ^i+x,ai 
or r«(p-j3) = 0, 
Faip-^,) = 0. 
200.] Tie eolation of a line, drawn through the extremity of (i, and 
meeting a perpendicularlff, is thus found. Suppose it to be parallel 
to y, its equation is p = j3 + ai/. 

To determine y we know,_^rj;, that it is perpendicular to a, which 
gives Say = 0. 
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Secondly, a, /3, and y are in one plane, which gives 

S.a0y = 0. 
These two equations give y II ^-aVa^, 
whence we have p = ^^xaVafi. 

This might have been obtained in many other ways ; for instance, 
we see at once that 

ft = tr^a^ = a'^Safi + a-^raff. 
This shews that a~^Va0 (which is evidently perpendicular to a) 
is coplanar witti a and /3, and is therefore the direction of the re- 
quired line; so that its equation is 

the same as before if we put — -^-^ for x. 

201.] By means of the last investigation we see that 

is the vector perpendicular drawn from the extremity of ^ to the 
line p = xa. 

Changing the origin, we see that 

-a-^Faip-y) 

is the vector perpendicular from the extremity of ^ upon the line 

P = y+xa. 

202.] The vector joining B (where OB = 0) with any point in 

p = y-\.xa 

is y+xa—^. 

Itfl len^h is least when 

dT{y-\-xa—P) = 0, 
or Sa{y+xa—0) = 0, 

i. e. when it is perpendicular to a. . 
The last equation gives 

xa^+Sa{y~0) = 0, 
or xa = —a-'^3a{y—fi). 

Hence the vector pcrpendicuUr is 

y_^_a-'5a(y-^), 
or a-'r<.(y-^)=-«-ira(^-y), 
which agrees with the result of last section. 

203.] To find the shortest vector distance betKcen two lines 
p =p + xa, 
and Pi=Pi + Xiat; 
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we most put dT(p—py) = 0, 

or 5(p-p,)(rfp-rfp,) = 0, 

or :S(p— ft)(oi£'C— ai<£r,) = 0. 
Since x and «j are independent, thie breaks up into the two con- 
■iitioiis So(p-pi) = 0, 

proving the well-known truth that tlie required line is perpendicular 
to each of the given linea. 

Hence it is parallel to Faoi, and therefore we have 

p-p, = ^+«a-^i-a;,a,=^raai (1) 

Operate by S.aai and we get 

This determines y, and the shortest distance required is 

np-ft) = nj''-",) = — ?/£;p»-' = m(pr„,)(/j-ft). 

{Note. In the two last expressions T before S is inserted simply 
to ensure that the length be positive. If 

3.aai(^~^i) be negative, 
then (§ 89) S.a^a(fi—^^ is positive. 

If we omit the T, we must use in the text that one of these two ex- 
pressions which is positive.] 

To find the extremities of this shortest distance, we must operate 
on (1) with S.a and ^.oj. We thus obtain two equations, which 
determine m and i^i , as ^ is already known. 

A somewhat different mode of treating this problem will be dis- 
cussed presently. 

204.] In a given teirahedron to find a set of rectangular coordinate 
axet, tuch that each axis tkallpasi through aj)air ofoppotii^ edget. 

Let a, ^, y be three (vector) edges of the tetrahedron, one comer 
being the origin. Let p be the vector of the origin of the sought 
rectangular system, which may be called i, j, k (unknown vectors). 
The condition that t, drawn from p, intersects a is 

8.iap = (1) 

That it intersects the opposite edge, whose equation is 

^ = ^ + x{0-y), 
the condition is 

S.i(fi-y){p-p)=(i, or Si{(fi-y)p-^y] = (i (2) 

There are two other equations like (1), and two like (2), which can 
be at once written down. 
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Put ^-)'=<.„ 
and the six become 


r— . = A, 








S.iap = 0. 
S.jf, = 0, 
S^p = 0, 


Sm^ - 


■Sia^ = 0, 
•« = 0, 
■ Sty, = 0. 





[205. 



The two in i give i || a$a^ — p[Saa^ + Sa^). 
Similarly, 

J\\^S^-piS^^^ + S0^), and iWySYiP-piSyy^ + Sy^). 
The conditions of rectangnlarity, viz., 

SiJ = 0, -?/i = 0, SH^ 0, 
at once give three equations of the fourth order, the firet of which is 
= SafiSa^S^^—SapSa^(S^^+Sfi3p)—S^pS^{Saa^ + Sa^) 

The required origin of the rectAnguUr system is thos given as 
the intersection of three surfaces of the fourth order. 

205.] The equation Sap = 

imposes on p the sole condition of being perpendicular to a ; and 
therefore, being satisfied by the vector drawn from the origin to 
any point in a plane through the origin and perpendicular to a, is 
the equation of that plane. 

To find this equation by a direct process similar to that usually 
employed in coordinate geometry, we may remark that, by § 29, we 
may write p = ^^+yy, 

where and y are any two vectors perpendicular to a. In this 
form the equation contains two indeterminates, and ia often useful ; 
but it is more usual to eliminate them, which may be done at onco 
by operating by S.a, when we obtain the equation first written. 

It may also be written, by eliminating one of the indeterminates 
only, as f^p = ya, 

where tiie form of the equation shews that Sa^ = 0. 

Similarly we see that 

represents a plane drawn through the extremity of ^3 and perpen- 
dicular to a. This, of course, may, like the last, be put into various 
equivalent forms. 

206.] The line of intersection of the two planes 



and ^.a,(p— /3,) = 



(1) 
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contains all poiots whose value of p satisfies both conditions. But 
we may write (§ 92), siuee a, o,, and Taa, are not copUnar, 

pS.aajFaai=FaajS.aaiP+F.airaaiSap+F.r{aa^aSaiP, 
or, by tbe given equations, 

-pTTaoj =F.a^Faa^8a8+ V.F{<m^aSai^^-Vxrao^, (2) 
where x, a scalar indeterminate, is put for S.a\p which may have 
any valne. Id practice, however, the two definite given scalar 
equations are generally more useful than the partially indeterminate 
vector-form which we have derived from them. 

When both planes pass through the origin we have ^ = ^^ = 0, 
and obtain at once . ~xFaa, 

as the equation of the line of intersection. 

207.] 7%$ plane paattT^ through the origin, and through the line of 
intersection of the twoplane* (1), is easily seen to have the equation 
SoiPySap-Sa^a^p = 0, 
or SiaSa^i-aiSa0)p = 0. 

For this is evidently the equation of a plane passing through the 
origin. And, if p be such that 

Sap = Sa0, 
we also have Soip = Sa^^, 

which are equations (1). 

Hence we see that the vector 

wSai^-OiSa^ 
is perpendicular to the vector-line of intersection (2) of the two 
planes (1), and to every vector joining the origin with a point in 
that line. 

The student may veriiy these statements as an exercise. 

208.] To find the veetor-perpendiculaT from the extremity of fi on 
iheplane Sap = 0, 

we must note that it is nec^sarily parallel to a, and hence that the 
value of p for its foot is p = fi+ma, 
where xa is tbe vector-perpendicular in question. 

Henoe Sa{0 + xa) = 0, 

which gives xa^= —Safi, 

or Xa =—a-^Sa^. 

Similarly the vector-perpendicular from the extremity of fi on the 
plane Sa(p~y)=0 

may easily be shewn to be 
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209.] The e^iion of the plane wAicA pattet throtigh the extremitiei 
ofa,^,y may be thae found. If p be the vector of any point in it, 
p—a, a—?, and ^— y lie in the plane, and therefore (§ 101) 
5.(p-a)(a-^)(^-y)=0, 
or 8p{V(^-\- r^y+ Vya)—S.a0y = 0. 

Hence, if 8 = a- { Fo^ + F^y + Fya) 

be the vector-perpendicular from the origin on the plane contjuning 
the extremities of a, fi, y, we have 

b = (Fad+F^ + Fya)-^S.a^. 
Prom this formala, whose interpretation is easy, many ciirioas pro- 
perties of a tetrahedron may be deduced by the reader. Thas, for 
instance, if we take the tensor of each side, and remember the 
result of § 1 00, we see that 

T{Va^+F^ + rya) 
is twice the area of the base of the tetrahedron. This may be more 
simply proved thus. The vector area of base is 

Hence the sum of the vector areas of the faces of a tetrahedroni 
and therefore of any solid whatever, is zero. This is the hydrostatic 
proposition for solids immersed in a fluid subject to no external 
forces. 

210.] Takiug any two lines whose equations are 
p = 0+Xa, 

we see that S.cuij(p—l) = 

is the e<}uation of a plane parallel to both. Which plane, of course, 

depends on the value of S. 

Now if t> = ;9, the plane contains the first linej if 2 = j9,, the 
second. 

Hence, if ^raoj be the Bhort«st vector distance between the lines, . 
we have ^_„„^ (^-^i-J'^aa,) = 0, 

or yiyfooi) = TS.(fi-fii)UFaai, 

the result of §203. 

211.] FiTid the equation of the plane, patiing through the origin, 
which makes equal angle* with three given lines. Alto find the anglct 
in queition. 

Let a, 0, y be unit-vectors in the directions of the lines, and let 
the equation of the plane be 

Sbp = 0. 
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Then we have evidently 

Sab = S^b ^ Syi = X, suppose, 
where _ ^ 

n 

is the sine of each of the required angles. 
Bat (5 92) we have 

iS.afiy = x{Fa^+ V^y + Vya). 
Hence 5.p ( Fo^ + T^y + Fya) = 

is the required equation ; and the required sine is 

S.a0y 

T{ra0+V^y+Fyay 
212.] Iind the locus of the middle points of a series of straight 
lines, each parallel to a given plane and having its extremities in ttoo 
^xed lines. 

Let ■ Syp= 

he the plane, and p = ^ + xa, p = ft + a^io,, 
the fixed lines. Also let x and x, correspond to the extremities of 
one of the variable lines, or being the vector of its middle point. 
Then, obvionsly, 2w = 0+sa+^^ +ar,a,. 
Also Sy{fi—0j+ira—Xiat) = 0. 

This gives a linear relation between hj and x,, so that, if we sub- 
stitute for x^ in the preceding equation, we obtain a result of the 

where fi and e are known vectors. The required locus is, therefore, 
a straight line. 

213.] Three planes meet in a point, and through the line of inter- 
section of eaehpai^ a plane is drawn perpendicular to tie third; prove 
thai, in general, these planee past through the same line. 

Let the point he taken as origin, and let the equations of the planes 
^ Sap = 0, Sffp = 0, Syp = 0. 

Hie line of intersection of the first two is || Fa/9, and therefore the 
normal to the first of the new planes is 

r.yFafi. 
Hence the equation of this plane is 

S.pr.yVafi = 0, 
or S^pSay—SapS^y = 0, 

and those of the other two planes may he easily formed firom this 
hy cyclical permutation of a, /9, y. 
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We see at once that any two of these equations ^ve the third by 
addition or subtraction, which ia the proof of the theorem, 

214.] Given any number (^points A, B, C, ^c, whose vecton 
(Jrom ike origin) are oj, a,, Oj, ^c.,find ike plane tkrough the origin 
for which the sum of the squaret tf the perpendiculars let fall upon it 
Jrom tkese points is a maximum or minimum. 

Let Swp = 

be the required equation, with the condition (evidently allowable] 

Ta = 1. 
The perpendiculars are (^ 208) — ar~'^ara], &c. 

Hence 25^«-a 

is a maximum. This gives 

'L.SiaaSadia = ; 
and the condition that w is a unit-vector gives 
Swdv = 0. 
Hence, as dv may have any of an infinite' number of values, these 
equations cannot be consistent unless 

where m ia a scalar. 

The values of a are known, so that if we put 

1^ is a given self-conjugate linear and vector function, and therefore 
X has three values {g^, g^, g^, § 164) which correspond to three 
mutually perpendicular values of a. For one of these there is a 
maximum, for aoother a minimum, for the third a maximum- 
minimum, in the most general case when g-j, g^, g^ are all different. 

215-3 ^^ following beautiful problem is due to Maccullagh. 
Of a tyttem <f three rectangular vectors, passing through tke or^u, 
two lie on given planes, ^nd the locus of tke third. 

Let the rectangular vectors be m, p, a. Then by the conditions 
of the problem s^^ ^ Sp^ = Sua = 0, 

and 5aor = 0, S^p = 0. 

The solution depends on the elimination of p and «r among these 
live equations. [This would, in general, be impossible, as p and « 
between them involve six unknown scalars ; but, as the tensors are 
(by the very form of the equations) not involved, the five given 
equations are necessary and sufficient to eliminate the four unknown 
scalars which are really involved. Formally to complete the re- 
quisite Dumber of equations we might write 
Ta = a, Tp = b, 
but a and b may have any values whatever.] 
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BXAMPLBS TO CHAPTER VI. 



From 


Saa = 0. S<Tw = 


0, 


we have 


«r = xFa-r. 




Similarly, &om 


S^p = 0, Sap = 


0, 


we have 


p=yV^(T. 




Sabetitute in the 


remaining equation 




and we have 


s.raaraa = o. 





or Sai^S^a-a'Sa^ = 0, 
the required equation. As will be seen in next Chapter, this is a 
cone of the second order whose circular sections are perpendicular 
to a and fi. [The disappearance of x and y in the elimination in- 
structively illastrates the note ahove.] 



EXAMPLES TO CHAPTER VI. 

1. What propositions of Euclid are proved by the mere Jhrm of 
the equation p = (1— a;)a+ar/3, 

which denotes the line joining any two points in space ? 

2. Shew that the chord of contact, of tangents to a parabola 
which meet at right angles, passes through a fixed point. 

3. Prove the chief properties of the circle (as in Euclid, III) from 
the equation p = acos^+;3sin^; 

where Ta = T^, and -So^ = 0. 

4. What locus is represented by the equation 

^ap + p^ = 0, 
where Ta = 1 ? 

5. What is the condition that the lines 

intersect? If this is not satisfied, what is the shortest distance 
between them ? 

6. Find the equation of the plane which contains the two parallel 
lines ^a{p-^) = 0, Va{p--^) = 0. 

7. Find the equation of the plane which contains 

Va{p-^) = 0, ^^ , , , 

and is perpendicular to gyp = o. ' - ' / i <^ v" 

8. Find the equation of a straight line passing through a given 
point, and making a given angle with a given plane. 

Hence form the general equation of a right cone, 

^ip-i'f = /Jj^ 5 . ."> -_' / :,,GoogIc 



118 QUATERNIONS. 

9. What conditioDs mast be satisfied with regard to a number of 
given lines in space that it may be possible to draw through each 
of them a plane in sach a way that these planes may intersect in a 
common line? 

10. Find the equation of the locus of a point the sum of the 
squares of whose distances from a number of given planes is con- 
stant. 

11. Substitute "lines" for "planes" in (10). 

12. Find the equation of the plane which bisect-s, at right angles, 
the shortest distance between two given lines. 

Find the locus of a point in this plane which is equidistant from 
the given lines. 

13. Find the conditions that the simultaneous equations 

Sap = a, S0P = b, Syp = e, 
may represent a line, and not a point. 

14. What is represented by the equations 

(«v)' = (Sue)' = (%)', 

where a, 0, y are any three vectors ? 

16. Find the equation of the phine which passes through two 
given points and makes a given angle with a given plane. 

16. Find the area of the triangle whose corners have the vectors 

Hence form the equation of a circular cylinder whose axis and 
radius are given. 

17. (Hamilton, Sishop Law's Premium Ex., 1858). 

{a.) Assign some of the transformations of the expression 
Toff 
0~a 
where a and ;3 arc the vectors of two given points A and B. 
{b.) The expression represents the vector y, or OC, of a point C 

in the straight line AB. 
{c.) Assign the position of this point C. 

18. {Ibid.) 

{a.) If a, ^, y, 8 be the vectors of four points. A, B, C, J), what 
is the condition for those points being in one plane ? 

(5.) When these four vectors from one origin do not thus ter- 
minate upon one plane, what is the expression for the 
volume of the pyramid, of which the four points are the 
comers? 

(c). Express the perpendicular S let &I1 from the origin on 
the plane ABC, in terms of o, 0, y. 
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1 9. Find the locas of a point equidistant from the three planes 

Sap = 0, S^p = 0, Syp = 0. 

20. If three mutually perpendicular vectore be drawn from a 
point to a plane, the sum of the reciprocals of the squares of thear 
lengths is independent of their directions. 

2 1 . Find the general form of the equation of a plane from the 
condition (which is to be assumed as a definition) that any two 
planes intersect in a single straight line. 

22. Prove that the sum of the vector areas of the faces of any 
polyhedron is zero. 
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CHAPTER VII. 



THE SPHERE AND CYCLIC COHE. 

216.] Ajtbk that of the plane the equations next in order of 
simplicity are those of the sphere, and of the cone of the second 
order. To these we devote a short Chapter as a valnahle prepara- 
tion for the stody of euriacee of the second order in general. 
217.] Ite equation y. _ f^ 
or p* = a', 
denotes that the length of p is the same as that of a given vector a, 
and therefore belongs to a sphere of radius Ta whose centre is the 
origin. In § 107 several transformations of this equation were ob- 
tained, some of which we will repeat here with their interpretations. 
■""■" «(p + .)0.-a) = O 

shews that the chords drawn from any point on the sphere to the 
extremities of s diameter (whose vectors are a aud —a) are at right 
angles to each other. 

T{p+a)(p~a)=2Trap 
shews that the rectangle onder these chords is four times the area 
of the triangle two of whose sides are a and p. 

p={p + a)-'a{p+a) (8ee§105) 
shews that the angle at the centre in any circle is double that at 
the circumference standing on the same arc. All these are easy 
consequences of the processes already explained for the interpretation 
of quaternion expressions. 

218.] If the centre of the sphere be at the extremity of a the 
equation may be written 

nf-a) = rft 
which is the most general form. 

If Ta = Tfi, 

or o^ = ^*, 
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in which caee the orig^ is a point on the surface of the sphere, this 
becomes p'-2Sap=0. 

From this, in the form 

Sp(p-2a) = 
another proof that the angle in a semicircle is a right angle is de- 
rived at once. 

219.] The conTerse problem is — find the loeut of the feet ofper- 
pendiculart let fall Jrom a ^ven point {p=^) on planei patting through 
tie origin. 

Let 8ap = (i 

be one of the planes, Uien (^ 208) the vector-perpendicnJar is 

andj for the locos of its foot, 

= a-Wa^. 
pPhis is an example of a pecnliar form in which quatemionB some- 
times give ns the equation of a snr&ce. The equation is a vector 
one, or eqairalent to three scalar equations ; hut it involves the 
undetermined vector a in such a way as to be equivalent to only 
two indeterminates (as the tensor of a is evidently not involved). 
To put the equation in a more immediately interpretable form, a 
must be eliminated, and the remarks just made shew this to be 
possible.] 

Now {fi-fif = a-'S*afi, 

and (operating by S.ff) 

8^p—0^=-a-^^a^. 
Adding these equations, we get 



np-9 = ''r 

so that, as is evident, the locos is the sphere of which ^ is a dia- 
meter. 

220.] To find the tntertection of the two tpheret 
T(p-a) = % 
and r(p-o,) = ?)9i, 

square the equations, and subtract, and we have 

2«(.-a,),= .'-V-0'-ft'), 
which is the equation of a plane, perpendicular to a— oj the vector 
joining the centres of the spheres. This is always a real plane 
whether the spheres intersect or not. It isj in fact, what ie called 
their Radical Plane. 
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221.] Find lie loeu» o/a point the ratio of whote dittawxt from 
two given point* it constant. 

Let- the given points be and A, the eitremitiea of the vector a. 
Also let P be the required point in any of its positions, and OP=p. 

Then, at once, if n be the ratio of the lengths of tiie two lines, 
T{fi-a) = nTf,. 
This gives p^-iSap-\-c? = %^p*, 

or, \ty an easy transfonnatioa, 

Tlius the locus is a sphere whose radios is 7^- 1) > and whose 

centre is at B, where OB = - — ^ . a deShite point in the line OA. 

222.] If in any line, OP, drawn from the origin to a given plane, 
OQ be taken such that OQ.OP i* coneianl, fnd the locus of Q. 

Let Sap = a 

be the equation of the plane, cr a vector of the required surface. 
Then, by the conditions, 

TaTp = constant = h* (suppose), 
and U'B = Up. 

From these p = -, = — —^ • 

Substituting in the eqnation of the plane, we have 

am^ + b^8aw = 0, 
which shews that the locus is a sphere, the origin being situated on 
it at the point farthest &om the given plane.' 

223.] Find the locus of points tie sum of the squares of tohote dis- 
tances from a set of given points is a constant quantity. Find also lie 
least value of this constant, and the corresponding locus. 

Let the vectors from the origin to the given points be oy, a^, 

a„, and to the sought point p, then 

-c« = (p-a,r + (p-<»,r + + (/>- a,)S 

= V-2SpS<i + S(o'). 

Otherwise (p-^) = - ''' + ^t°') + « , 

M n" ^^ 

the equation of a epbere the vector of whose centre is — i i.e. 
whose centre is the mean of the system of given points. 

Suppose the origin to he placed at the mean point, the equation 
becomes c* j. s in''\ 

p2 = - " 2 ' (**"■ ^^ = 0. § 3> W)- 
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Tb« right-hand aide is negative, and therefore the equation denotes 
• a real earface, if ^z >I,Ta^ 

as might have been expected. When these quantities are equal, 
the locus becomes a point, viz. the new origin, or the mean point of 
the system. 

224.] If we differentiate the eqaation 
Tp = T<i 
we get Spdp = 0. 

Hence (§ 137), p is normal to the surface at its extremity, a well- 
known property of the sphere. 

If «■ be any point in the plane which touches the sphere at tlie 
extremity of p, cr— p ia a line in the tangent phuie, and therefore 
perpendicular to p. So that 

Sp{ia-p) = 0, 
or Sap=-Tp^ = a^ 

is the equation of the tangent plane. 

325.] If this plane pass through a given point B, whose vector 
is /3, we have 5a„ _ ^2 

This ie the equation of a plane, perpendicular to /3, and cutting 
from it a portion whose length is 

If this plane pass through a fixed point whose vector is y we must 
•i^^e S^y = a*, 

BO that the locus of /3 is a plane. These results contain all the 
ordinary properties of poles and polars with regard to a sphere. 

226.] A line drawn parallel to y, from the extremity of ^, has 
the equation p _ ^^xy. 

This meets the sphere g _ ^s 
in points for which x has the values given by the equation 

The values of ;r are imaginary, that is, tbere is no intersection, if 

The values are equal, or the line touches the sphere, if 
a?y^+r^^y = 0, 
or S^^y = y^{fi^-a*). 

This is the eqnatiou of a cone similar and similarly situated to the 
cone of tangent-lines drawn to the sphere, but its vertex is at the 
centre. That the equation represents a cone is obvious from the 
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fact that it is homogeneont m Ty, i.e. that it is indepeadeat of the 
length of the vector y, 

[It may be remarked that from the form of the above equation 
we see that, if x and a< be ite roots, we have 
(.2V)(»^2V) = <."-3", 
which is Suclid, III, 3S, 36, extended to a sphere.] 

227.] Findth^tocuto/thefooto/thepeTpendicitlar leifuUfrom 
a givenpoint of a tphere on any iangent-plane. 

Taking the centre as originj the equation of any tangent-plane 
■ may be written ^9 _ ^ 

The perpendicular must be parallel to p, so that, if we suppose it 
drawn from the extremity of a (which is a point on the sphere) we 
have as one value of is 

■a = a+xp. 
From these equations, with the help of that of the sphere 

'" = '■'' 

we must eliminate p and n. 
We have by operating on the vector equation by S.w 

w' ^ Sa-v+xSvp 
= Saa+xa^. 

Hence = = — ^ — 5—^ • 

Taking the tensors, we hare 

the required equation. It may be put in the form 

and the interpretation of this gives at once a characteristic property 
of the surface formed by the rotation of the Cardioii about its axis 
of symmetry. 

1228,] We have seen that a sphere, referred to any point what- 
ever as origin, haa the equation 

T{p-a) = T^. 
Hence, to Jind He rectangle under the tegments of a chord dramt 
through any point, we may put 

p = ayi 
where y is any unit-vector whatever. This gives 

x^y'~2x8aY + a* = ^', 
and the product of the two values of a; is 
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Thifl is positive, or the vector-chorda are drawD in the »ame direc- 
tion, if T0<Ta, 
i.e. if the origin is onteide the sphere. 

229.] A,S are fixed poinU ; and, being the origin and F a point 
in ipace, aP' + BF^ = OP^ ; 

find the locut ofP, and explain tie retuli when LAOB it a right, or 
an obtute, angle, 

ljeitOA = a, 0B = ff,OP=p, then 

or p^-25(a + ^)p = -{a* + /9«), 

or T{p-{a + 0)]=V{-2Safi). 

While Safi is negative, that is, while ^AOB is acute, the locus is a 
■sphere whose centre has the vector a +^, If 5a^=0, ot ^AOB=-, 
the locos is reduced to the point 

p = a+^. 
If £.AOB>- there is no point which satisfies the conditions. 

280,] Beteribe a tphere, with its centre in a given line, to at to 
pati through a given point and touch a give?i plane. 

Ijet xa, where x is an nndetermined scalar, be the vector of the 
centre, r the radius of the sphere, ^ the vector of the given point, 
" and Syp = a 

the equation of the given plane. 

The vector-perpendicular from the point xa on the given plane is 
(§208) ia~xSya)y-\ 

Hence, to determine x we have the equation 

T.(a~xSya)y-^ = T{xa-ff) = r, 
so that there are, in general, two solutions. It will be a good 
exercise for the student to find from this equation the condition 
that there ra&j be no solution, or two coincident ones. 

231.] Describe a sphere wiote centre it in a given line, and lekich 
patses through two given points. 

Let the vector of the centre be xa, as in last section, and let the 
vectors of the points be $ and y. Then, at once, 

T(y-xa) = T{0-Xa) = r. 
Here there is but one sphere, except in the particular case when we 
lave fy = r,9, and Say = Safi, 

in which case there is an infinite number. 
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The student should carefully compare the results of this section 
and the last, so as to discover why in general two solutions are 
possible in the one case, and only one in the other. 

282.] A sphere louchet each of two itraighl I'met, which do not 
' meet : Jind the locvi of iti centre. 

We may take the origin at the middle point of the shortest dis- 
tance (§ 203) between the given lines, and their equations will then 
be p = a+x^, 

where we have, of course, 

Sa^ = 0, <So/3, = 0. 
Let u be the vector of the centre, p that of any point, of one of the 
spheres, and r its radius ; it« equation is 
T(p-,) = r. 
Since the two given lines are tangents, the following equations in z 
and Xi must have pairs of equal roots, 

T{-a + Xi&j-a) = r. 
The equality of the roots in eacli gives us the conditions 

5«/9i<r=^f((a + <7)» + r«). 
Eliminating r we obtain 

which is the equation of the required locus. 

[As we have not, so far, entered on the consideration of the qua- 
ternion form of the equations of the various surfaces of the second 
order, we may translate this into Cartesian coordinates to find its 
meaning. If we take coordinate axes o{ic,y, 2 respectively parallel 
to /3, ^1, a, it becomes at once 

(x+myy—(jr+nixy =pz, 
where m and p are constants ; and shews that the locus is a hy- 
perboHc paraboloid. Such transformatious, which are exceedingly 
simple in all cases, will be of frequent use to the student who is 
proficient in Cartesian geometry, in the early stages of his study of 
quaternions. As he acquires a practical knowledge of the new 
calculus, the need of such assistance will gradually cease to be 
felt.] 

Simple as the above solution is, quaternions enable as to give one 
vastly simpler. For the problem may be thus stated — Find the 
lociit of the point whose distances from two given, fines are equal. 
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Asd, with the above notation, the equality of the perpendicaUrs is 
expressed {§ 201) by 

Tr.{a-ir)U^ = TF.(a+<r)U^i, 
which is easily seen to be equivalent to the equation obtained above. 

233.] Tspo apheres being given, theto that apherei which cut them at 
given a»gle» ad at right angles another fixed tphere. 

If c be the distance between the centres of two spheres whose radii 
are a and b, the cosine of the angle of intersection is evidently 
a^-¥b''-c^ 
2ab 
Hence, if a, a^, and p be the vectors of the centres, and a, Qj, r the 
radii, of the two fixed, and of one of the variable, spheres ; A and 
J, the angles of intersection, we have 

{fi—aY+a^+r^ = 2ar<xaA, 
(p— Oj)' +af H-r* = 2(i,rco8^j. 
Eltroinating the first power of r, we evidently must obtain a result 
such as (p_^)S + ja + r» = 0, 

where (by what precedes) j9 is the vector of the centre, and b the 
radioBj of a fixed sphere 

Cp-^f + 5' = 0, 
which is cot at right angles by all the varying spheres. By effect- 
ing the elimination exactly we easily find b and ^ in terms of given ' 
quantities. 

234.] To inscribe in a given epkere a closed polygon, plane or 
gauche, whose sides shall be parallel respectively to each of a series of 
given vectors. 

Let Tp = \ 

he the sphere, a, fi,y , t], 6 the vectors, » in number, and let 

Pi,P2, Pn>l>^^l'^^c<^i'-'^(lii'^^i^ the angles of the polygon. 

Then Pi— Pi =i''iat &c., &c. 

From this, by operating by S.(pj+pj), we get 
Pi-Pi = = Sap2 + Sap,. 
Also 0=rap-i-Fapi. 

Adding, we get = ap2 + Kapi = apj + pio. 
Hence Pg = -a-ifta. 

[^his might have been written down at once from the result of 
\ 105.] 

Similarly pj = — ^-^p^jS =^^a-^pja0, Sic. 

Thus, finally, since the polygon is closed, 

P-+i = ft = (-)"''"''("^ ^-'a-V^ n9- 
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We may suppose the tenfiore of a, ^8 t/, to be each omfy. 

Hence, if a = a^ »,tf, 

we have fl-' = fl-^ f|-' j8~* a~', 

which is a known qnatemion ; and thus onr coHdition becomes 

This divides itself into two casee, according as r is &n even or an 
odd number. 

If fl be even, we have 

"ft = ft«- 
Removing the common part p,5fl, we have 

Vp^Fa = 0. 
This g^ves one determinate direction, ^ Va, for f>, ; and shews that 
there are two, and only two, solutions. 

If n be odd, we have an, = — fti, 
which requites that we have • 

Sa =: 0, 
i.e. a must be a vector. 
Hence 8ap^ = 0, 

and therefore ^ may be drawn to any point in the great circle of 
the unit-ephere whose poles are on the vector a. 

235.] To illustrate these results, let us take first the case of fl=3. 
Here we must have S.aQy = 0, 

or the three given vectors must (as is obvious on other grounds) be 
parallel to one plane. Here a^y, which lies in this plane, is (§ 106) 
the vector-tangent at the first comer of each of the inscribed tri- 
angles; and is obviously perpendicular to the vector drawn from 
the centre to that comer. 

If M = 4, we have f^ \\ r. a^j,6, 

as might have been at once seen from ^ 106. 

286.] Hamilton has given {Lectvret, p. 674) an ingenious and 
simple process by which the above investigation is rendered ap- 
plicable to the more difficult problem in which each side of the 
inscribed polygon is to pass through a given point instead of being 
parallel to a given line. His process depends upon the integration 
of a linear equation in finite differences. By an immediate appli- 
cation of the linear and vector function of Chapter V, the above 
solutions may be at once extended to any central surface of the 
second order. 

287.] To find ike equation of a cone of revolution^ vAose verlee « 
tAe origin. 
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Suppose a, where- Tti = 1 , to be its asis, ami e the cosine of its 
semi-vertical angle ; then, if p be the vector of any point in the 
cone^ SaUp = +e, 

or S^ap = —e^p^. 

238.3 Change the origin to the point in the axis whose vector is 
xa, and the eqimtion becomes 

Let the radias of the section of the cone made by 

retain a constant valae 6, while x changes ; this necessitates 



80 that when x is infinite, e is unity. In this case the equation 

becomes s^avr + in^ + 6^ = 0, 

which must therefore be the equation of a circular cylinder of radius 

b, whose axis is the vector a. To verify this we have only to notice 

that if tr be the vector of a point of such a cylinder we must (§ 201) 

have TFav = 6, 

which is the same equation as that above. 

239.3 Tojind, generallj/j the equation of a cone which hat a circular 
aeclion : — 

Take the origin ae vertex, and let the circular section be the 
intersection of the plane gap = 1 
with the sphere (passing through the origin) 
p" = S^p. 

These equations may be written thus, 

-Tp = 8^Up. 
Hence, eliminating Tp, we find the following equation which Up 
must satisfy— SaUpSfiUp = — l, 

or p^Sap8^p = 0, 

which is therefore the required equation of the ei^ne. 

As o and ^ are similarly involved, the mere /arm of this equation 
proves the existence of the subcontrary section discovered by Apol- 
lonius. 
240.J The equation just obtained may he written 



S.UaUp8.U^Up = --^, 
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or, since a and jS are perpendicular to the cyclic arcs (§ 59*), 

aap ea>.p'= conetaut, 
where p ODd j/ are arcs drawn from any point of a spherical conic 
perpendicular to the cyclic area. This is a well-known property of 
such curves. 

341.3 ^^ ^^ '^^ ^ cyclic cone by any plane passing throo^h 
the origin, as gyp = 0, 

then Vary and Vfiy are the traces on the cyclic planes, so that 

p = xUFoY+yUF^Y (§ 29). 
Substitute in the equation of the cone, and we get 

—x*~y^ + Pxy = 0, 
where P is a known scalar. Hence the values of x and y are the 
same pair of numbers. This is a very elementaiy proof of the 
proposition in § 59*, that PL = MQ (in the last figure of that 
section). 

242.] When m and y are equal, the transversal arc becomes a 
tangent to the spherical conic, and is evidently bisected at the 
point of contact. Here we have 

This is the equation of the cone whose sides are perpendicnlars 
(through the origin) to the planes which touch the cyclic cone, and 
from this property the same equation may readily be deduced. 

243.] It may be well to observe that the property of the Stereo- 
graphic projection of the sphere, viz. that the projection of a circle 
is a circlej is an immediate consequence of the above form of the 
equation of a cyclic cone. 

244 ] That § 239 gives the most general form of the equation 
of a cone of the second order, when the vertex is taken as origin, 
follows from the early results of next Chapter. For it is shewn 
in ^ 249 that the equation of a cone of the second order can always 
be put in the form 2^.8apS^p + Jp^ = 0. 
This may be written Sp<pp = 0, 

where is the self-conjugate linear and vector function 

' <pp = 2F.apff + {A + ^8a0)p. 
By § 168 this may be transformed to 

^P=pp+V.Xf^ 
and the general equation of the cone becomes 
{p-SKp.)f^ + 2S\pSfip = 0, 
which is the form obtained in § 239, 
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245.] T»king the form Sp^p = 
as the simplest, we find by differentiation 
SdfKfip + Spd<(>f> = 0, 
or 2Sdp<f>p = 0. 

Hence tftp is perpendicular to the tan^nt-pUne at the extremity of 
p. The equation of this plane is therefore (w being the vector of 
any point in it) 5^p(w— p) = 0, 

or, by the equation of the cone, 

Sa<tip = 0. 
246. J Tie equation of the cone of normalt to the tanffcnt-planet of 
a ffiveti cone can be eoHlt/fbrmedfrom that of the cone ttielf. For we 
may write it in the form 

S{<r^4,p)4.p = 0, 

and if we put ^p=tT,a. vector of the new cone, the equation becomes 

StT^'^V = 0. 

Numerous curious properties ai these connected cones, and of the 
corresponding spherical conies, follow at once from these equations. 
But we must leave them to the reader. 

247.] Ab a final example, let us find the equation of a cyclic cone 
when five of its vecioT-»ide» are given — i. e. find the cone of the second 
order whose vertex it the origin, and on whote iutfaee lie the vectort 
a, A y, 8, f . 

If we write 

= s.v{ram^)r{v^yr^p)r{Vybrpa), (i) 

we have the equation of a cone whose vertex is the origin — for the 
equation is not altered by putting sep for p. Also it is the equation 
of a cone of the second degree, since p occurs only twice. Moreover 
the vectors a, p, y, d, e are sides of the cone, because if any one of 
them be put for p the equation is satisfied. Thna if we put /3 for p 
the equation becomes 

= s.v{ra^nt)V{V0yrt^)r{Vybv^a) 

= S.V{Va^n€){V^aS.ryhr?yVf^-ryhS.V^ar^yVt^}. 
The first term vanishes because 

S.r{Va^nf)V^a=Q, 
and the second because 

S.F^af^yVfpzziO, 
since tiie three vectors F^a, V^y, r*j3, being each at right angles to 
^, must be in one plane. 

As is remarked by Hamilton, this is a very simple proof of l^lscal's 

A.oogic 
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Theorem — for (1) ie the condition that the intersectdons of the 
planes of a, /9 and 5, c ; ^,y and e, p ; y, b and p, a ; shall lie in one 
plane ; or, making the statemeut for any plane section of the cone, 
that the points of intersection of the tlirce pairs of opposite sides, of 
a hexagon inscribed in a curve, may always lie in one straight line, 
the curve must he a conic section. 



EXAMPLES TO CHAPTER VII. 

1 . On the vector of a point P in the plane 

a point Q is taken, such that QO.OP is consiaat ; find the equation 
of the locus, of Q. 

2. What spheres cut the loci of P and Q in (1) so that both 
lines of intersection lie on a cone whose vertex is ? 

3. A sphere touobes a fixed plane, and cuts a fixed sphere. If 
the point of contact with the plane be given, the plane of the inter- 
section of the spheres contains a fixed line. 

Find the locus of the centre of the variable sphere, if the plane of 
its intersection with the fixed sphere passes through a given point. 

4. Find the radii of the spheres which touch, simultaneou&l/, the 
four given planes 

Sap = 0, S^p = 0, Syp =0, SSp = 1. 

[What is the volume of the tetrahedron enclosed by these planes ?] 

5. If a moveable line, passing through the origin, make with 
any number of fixed lines angles $, 0^ , B^, &c., such that 

acoa.0+aiCOB.0i + = constant, 

where a, tt^, are constant scolars, the line describes a right cone. 

6. Determine the conditions that 

Spipp ^ 
may represent a riyU cone, 

7. What property of a cone (or of a spherical conic) is given 
directly by the following form of its equation, 

S.ipitp := ? 

8. What are the conditions that the surfaces represented by 

Sp(fip = 0, and S.ipKp =: 0, 
may degenerate into pairs of planes ? 
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9. Find the locus of the vertices of all right cones which have a 
common ellipse ae hose. 

10. Two right circular cones have their axes parallel, shew that 
the orthogonal projection of their curve of iatersection on the plane 
containing their axes is a parabola. 

11. Two spheres being given in magnitude and position, every 
sphere which intersects them in given angles will touch two other 
fixed spheres and cut a third at right angles. 

1 2. If a sphere be placed on a table, the breadth of the elliptic 
shadow formed by rays diverging from a fixed point is independent 
of the position of the sphere. 

1 3. Form the equation of the cylinder which has a given circular 
section, and a given axis. Find the direction of the normal to the 
snbcontrary section. 

14. Given the base of a spherical triangle, and the product of 
the cosines of the sides, the locus of the vertex is a spherical conic, 
the poles of whose cyclic arcs are the extremities tff the given 
base. 

15. (Hamilton, Bishop La«'t Premium Ex., 1858.) 

(a.) What property of a sphero-conic is most immediately in- 
dicated by the equation 

a p 

(5.) The equation { TXp)' + {%>)' = 

also represents a cone of the second order ; A is a focal 
line, and fi is perpendicular to the director-plane cor- 
responding. 

(c.) What property of a sphero-conic does the equation most 
immediately indicate ? 

16. Shew that the areas of all triangles, bounded by a tangent 
to a ephencal conic and the cyclic arcs, are equal. 

1 7. Shew that the locus of a point, the sum of whose arcual dis- 
tances from two given points on a sphere is constant, is a spherical 
conic. 

18. If two tangent pUnes be drawn to a cyclic cone, the four 
lines in which they intersect the cyclic planes are sides of a right 
cone. 

19. Find the equation of the cone whose sides are the intersections 
of paird of mutually perpendicular tangent pimies to a given cyclic 
cone. 
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20. Find the condition that five given points may lie on a 
sphere. 

21. What is tiie surface denoted by the equation 

p' = aia'+^^' + Vj 
where p=«a +y0 + zy, 

a, ^, y being ^ven vectorsj and x,y, z variable scalars ? 

Express the equation of the surface in terms of p,a,fi,y alone. 

22. Find the equation of the cone whose sides bisect the angles 
between a fixed line and any line, in a given plane, which meets the 
fixed line. 

What property of a spherical conic is most directly given by 
this result ? 
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CHAPTER VIII. 



SUBFACES OF THE SECOKD OBDEB. 



S48.] The general scalar equation of the second order in a vector 
p mnst evidently contain a tenn independent of p, terms of the form 
Sjipd involving p to tlie first degree, and otbera of tlie form Sjipipe 
involving p to the second degree, a, 6, c, &c. being constant qiut«r- 
niong. Now the term S.ap6 may be written as 
Spr{&a), 
ot as S.iSa+ Fa)p{86+n) = SaSpr6 + S6Spra+S.pFbVa, 
each of which may evidently be pat in the form Syp, where y is a 
known vector. 

Similarly * the term S.ap6pc may be reduced to a set of terms, 
each of which has one of the forms 

Ap*, {Sap)', SapS0p, 
the second being merely a particular case of the third. Thus (the 
nnmerical factors 2 being introdaeed for convenience) we may write 
tiie general scalar equation of the second degree as follows ; — 

2S.SapS0p + Ap' + 28YP = C. (I) 

249.] Change the origin to D where OJ) = 5, then p becomes 
p-f-2, and the equation takes the form 
2S.8apSfip+Ap'-i-22(SapSph + 80pSa£) + 2ASip+2Syp 

-t-2Ji.SabS^ + At' + 2Syh~C = ; 
from which the first power of p disappears, that is tie sv/rface it 
referred to its centre, if 

^{a3^h + pSal)-^Ah + y = 0, (2) 
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a vector equation of the first degree, which in general gives a Ein^e 
definite value for b, 'by the procesaee of Chapter V, [It would lead 
us beyond the limite of an elementaiy treatise to consider the 
special cases in which (2) represents a line, or a plane, any point of 
which is a centre of the surface. The processes to be employed in 
such special cases have been amply illustrated in the Chapter re- 
ferred to.] 

With this value of 8, and putting 

I> = C-2Syb-Ab'~2S.Sab8^, 
the equation- becomes 

22.SapS^p + Ap' = J). 

K D= 0, the sur&ce is conical (a case treated in last Chapter) ; 
if not, it is an ellipsoid or hyperboloid. Unless expressly stated not 
to be, the surface will, when D is not zero, be considered an ellip- 
soid. By this we avoid for the time some rather delicate con- 
sideratione. 

By dividing by D, and thus altering only the tensors of the 
constants, we see that the equation of central surfaces of the second 
order, referred to the centre, is (excluding cones) 

2^{Sap3ffp)+ffp^ = 1 (3) 

250.] Differentiating, we obtain 

2I:{SadpS0p + SapS0dp} +2ffSpdp = 0, 
ijr S.dp[l,(aS0p + 0Sap)+sp] = 0, 

and therefore, by § 137, the tangent plane is 

S{^~p){l{aS^p + ^ap)+ffp} = 0, 
i.e. S:wmaS0p+^Sap)+gp}-= I, by (3). 

Hence, if v = 2{aSfip+^ap)+ffp, (4) 

the tangent plane is Sim = 1, 

and the surface itself is 8vp = 1. 

And, as v'' (being perpendicular to the tangent plane, and satis- 
fying its equation) is evidently the vector-perpendicular from the 
origin on the tangent plane, v is called the vector ofj)roximii^. 

351.] Hamilton uses for v, which is obviously a linear and vector 
function of p, the notation ^p, ^ expressing a functional operation, 
as in Chapter V. But, for the sake of clearness, we will go over 
part of the ground again, especially for the benefit of students who 
have mastered only the more elementary part^ of that Chapter. 

We have, then, ^p = 2(a5^p + ^Sap)+j7/»- 
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With this definition of <f>, it is eaey to see that 

{a.) (^(p + ff) = if>p+ <j>(T, &c,, for any two or more vectors. 
((5.) <ft{xp) = x^p, a particular ease of (o), « being a scalar. 
(c.) d^p = 4,{dp). 

(d.) 8a<Pp= 2{SaaSffp+S0<jSap)+^Spff = Spfa, 
or ^ is, in this case, self-coDJtigatc. 
This last property is of great importance. 

252,] Thus the general equation of central surfaces of the second 
degree (excluding cones) may now be written 

Sp4'P=i .' 0) 

Differentiating, Sdp^p-\-Spd^p = 0, 

which, by applying (c.) and then {d.) to the last term on the left, 

gi^'es 28<t>pdp=0, 

and therefore, as in ^ 250, though now much more simply, the 

tangent plane at the extremity of p is 

5(w— p)^p = 0, 

or Sm^p = 8p<^p = 1 . 

If this pass through A{OA = a), we have 

Sa^p = 1 , 
or, by ((/.), 5p^a=l, 

for all possible points of contact. 

This is therefore the equation of the plane of contact of tsngent 
planes drawn from A. 

253.] Tojittd the enveloping cone whote vertex U A, notice that 

{Sp<}>p-l)+j>iSp<f>a-\y = 0, 

where p is any scalar, is the equation of a surface of the second 

order touching the ellipsoid along its intersection witli the plane. 

If this pass through A we have 

{Sa^— \)+p{Sa^a+\f = 0, 
and/) is found. Then our equation becomes 

{Sp'f>p~l){Sa<t>a-l)~iSp<t>a~l)^ = 0, (1) 

which is the cone required. To assure ourselves of this, transfer 
the origin to A, by putting p + a for p. The result is, using (_a.) 
and ((/.), 

{Sp4>p+28p<pa+Sa<Pa-l){Sait>a—l)—{Sp4»i+8ai/a-l]^= 0, 
or 5pif.p(Sa^a-l)— (%.of = 0, 

which is homogeneous in Tp^, and is therefore the eqimtloa of a 
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Soppose A mfinitelj distant, then we may put in (1) xa for a, 
where » is infinitely ^^reat, and, omitting all but the higher tenos, 
the equation of the cylinder formed by tang«nt lines parallel to a is 
{Sp<Pp~\)8a:^a — {Sp^af = 0. 

254.] To study the nature of the surface more closely, let us 
find the loeai of the middle pointt of a igiiem of parallel ehordt. 

Let them be parallel to a, then, if s be the vector of the middle 
point of one of them, is-\-xa. and a— £a are simultaneous valoes of 
p which ought to satisfy (1) of § 252. 

That is J.(«r+ii!a)0(«r + a;a) = 1. 

Hence, by (a.) and (</.)• ^ before, 

5«-^ + a!>5a0o= 1, 

-Son/ia=0 (1) 

The latter equation shews that the locos of the extremity of w, 
the middle point of a chord parallel to a, is a plane through the 
centre, whose normal is ^a ; that is, a plane parallel to the tangent 
plane at the point where OA cuts the surface. And (d) shews that 
this relation is reciprocal — bo that if j9 be avy value of w, i.e. be 
any vector in the plane (1), a will be a vector in a diametral plane 
which bisects all chords parallel to ^. The equations of these 
planes are ^cr^a = 0, 

5w0^ = 0, 
so that if F.<pa(j>^ = y (suppose) is their line of intersection, we have 
Sy<f>a = = Sa^y, J 

Sy4>fi=0 = 3^yA (2) 

and (1) gives S^ipa = = Satp^. ) 

Hence there is an infinUe number of leia of three vectors a, /9, /, 
euei Hal all chord* parallel to any one are bUected bg the diametral 
plane containing ike other two. 

255.] It is evident Ctom { 23 that any vector may be ezpreeeed 
as a linear fooction of any three others not in the same plane, let 
then p = xa -^0 + zy, 

where, by last section, ^o^^ = ^/3^a = 0, 

Sa^ = Sytfia ^ 0, 
S^(f^ = Sy<t>0 = 0. 

And let Sa»pa= l,\ 

8^p = 1, ( 

5y0y = 1, ) 
SO that a, /3, and y are vector coiyugate semi-diameters of the Eur&ce 
we are engaged on. 
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Snbstitatmg the above value of p in the equation of the sorface, 
and attending to the eqaations in a, 0,y and to (a.), (b.), and (>/.), 
we have Sp<f,p = S(iea +y^+zy)<p{xa+0+ify). 

To transform this equation to Cartesian coordinates, we notice that 
is the ratio which the projection of p on a bears to a itself, Sic. 
If therefore we take the conjugate diameters as axes of ^, ij, C &nd 
their lengths as a, 6, c, the above equation becomes at once 

the ordinary equation of the ellipsoid referred to conjugate diam^ers. 

256.] If we write — ^' instead of tft, these equations assume an 
interesting form. We take for granted, what we shall afterwards 
prove, that thie halving or extracting the root of the vector func- 
tion is lawful, and that the new linear and vector function has the 
same properties {a.), (J.), (c), {d.) (§ 251) as the old. The equation 
of the surface now becomes 

Sp\lf''p= —1, 
or S\pp\j/p ^ — 1 , 

or, finally, 3^P= !■ 

If we compare this with the equation of the nnit^sphcre 

Tp=l, 
we see at once the analogy between the two surfaces. TA^ spiere 
can be changed into the ellipsoid, or vice versa, ij/ a linear deformatioK 
of eacA vector, the operator being the /unction i/f or ill inverte. See 
the Chapter on Kinematics. 

257.] Equations (2) § 254 now become 

5a-^*/9= = S^|/a^|ffi, &c., (1) 

so that ^a, i^;3, i/fy, tie vectors of tie unit-spAere which correspond to 
iemi-con^uffate diameters of the ellipsoid, form a rectangular system. 

We may remark here, that, as the equation of the ellipsoid referred 
to its principal axes is a case of § 256, we may now suppose t,^', and 

a-J «« jS 
k to have these directions, and the equation is -;- + 4^ H — 7=1, 

, . . . . • ■ B* 6» c» 

which, in quaternions, is 

We here tacitly assume the existence of such axes, but in all cases, 
by the help of Hamilton's method, developed in Chapter V, we at 
once arrive at the cubic equation which gives them. 
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It ia evident from the last-written eqnatioD that 

which latt«T may be easily proved by shewing that 

And this expreesion enables us to verify the assertion of last sectioo 
abont the properties of ^, 

As Sip= —X, Stc.j x,y, z being the Cartesian coordinates referred 
to the principal axes, we have now the means of at once tmnsform- 
ing any quaternion result connected with the ellipsoid into the or- 
dinary one. 

258.] Before proceeding to other forms of the equation of the 
ellipsoid, we may use those already given in solving a few problems. 

FiTiti the loau 1^ a point when the perpendicular from the centre 0* 
it« polar plane is of constant length. 

If o- be the vector of the point, the polar plane is 
S/xfia =1, 
and the length of the perpendicular from is „ ■ (^ 208). 

Hence the required locus is 

T<t>a= C, 
or Sar^^w = - C^, 

a concentric ellipsoid, with its axes in the same direction as those 
of the first. By § 257 its Cartesian equation is 

«■ v' «^ ^o 

^ + |r + ^ = C'- 
259.] Mnd the locus of a point whose distance from a given point 
is aiioays in a given ratio to its distance from a given line. 

Let p=£^ be the g^ven line, and A{OA = o) the given point, and 
let Sa^ = 0. Then for any one of the required points 

T(p-a) = eTrpp, 
a surface of the second order, which may be written 
p^~2Sap+a' = e^(S'0p-pY}- 
Let the centre be at S, and make it the origin, then 

p*+25p(B-a) + (8-a)< = c2{5*./3(p+8)-^»{p + 8)'), 
and, that the first power of p may disappear, 
(i-a) = e^ (fiSfii-^^S), 
a linear equation for b. To solve it, note that Sa^ = 0, operate by 
S.ff and we get (1 -e^^* + e«y3*)5^8 = S^i = 0. 
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Hence !-o = -e«^'8, 

Beferred to this point as origin the eqaation becomes 

(1 + «Wp--«»«'*+-j^ii-= 0, 

which shews that it belongs to a surface of revolution (of tbe second 
order) whose axis is parallel to ^, as its intersection with a plane 
Sfip=a, perpendicolar to that aziB, lies also on the sphere 

'' ~ l+e^0^ ~ (TT^W ' 

Id &ct, if the point be the focus of any meridian section of an 

oblate spheroid, the line is the directrix of the same. 

260.] A sphere, patiing through tie centre of an ellipgoid, is cut by 

a leriea of spheres whose centre* are on tie ellipsoid and which pass 

through the centre thereof; find the envelop of the plaTtet of inler- 

aection. 

Let (p— a)' = a^ be the first sphere, i.e. 

p«— 25ap = 0. 

One of the others is p^—iS^p = 0, 

where Sa^ = 1 . 

The plane of intersection is 

5(a,-«)p=0. 

Hence, for the envelop, (see next Chapter,) 

Sa'^tw = 0, 1 , , , 

„ , !■ where a = dm, 

8m (I = 0, ( 

■ or tfter = xp, {Vx = 0], 

i.e. w ^ iBifr^p. 

Hence x'8ptp~^p—l, 1 

and ^p^~'p = Sap, ) 

and, eliminating x, 

Sp(p-^p = {Sap)', 
a cone of the second order. 

261.] From a point in the outer of two eoneentne ellipsoids a tan- 
gent cone is drawn to tie inner, find the envelop of the plane of coniael. 
If Smipm = 1 be the outer, and Sp^p = I be the inner, and ^ 
being any two self-conjugate linear and vector functions, the plane 
of contact is Sunfip = 1 . 

Hence, for the envelop, Sei'^p = 0, l 
8m'^ = 0, J 
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therefore 4^ = x^jip, 

or w = xtfr^^p. 

Tbia gives xS.ypp<p'^\ffp = 1, > 

and a!>54p^-»i^p = 1, J 

and therefore, eliminating x, 

8.yjrp<f>~^yjrp =1 Ij 
or S.pijt4>~^^p = Ij 

another concentric ellipsoid, as i^^-*^ is a linear and vector ftmc- 
tioD =x suppose ; so that the equation may be written 
5pxp= 1. 
262.] Mnd the lom« of intersection of tar^ent planes at the extre- 
mities of conjugate diameters. 
If a, /3, y be the vector Bemi-diametenij the planes are 
8vr^*a:^ — \, J 
5b^V = -», [ 
iSor^V =-1, ) 
■with the conditions $ 257. 

Hence —\j>w8.yfray}f^^y=:^ — ira+yf/^+'\lry, by $ 92, 
therefore T^ = -s/s, 

since i^a, 1^^, i^y form a rectangular system of unit-vectors. 
This may also evidently be written 

Svr^^a ^ — 3, 
shewing that the locus is similar and similarly situated to the given 
ellipsoid, but larger in the ratio v'3 : 1. 

268.] Find the locus of the intersection of three spheres Khote dia- 
meters are semi-conjugate diameters of au ellipsoid. 
If a be one of the semi-conjugate diameters 

And the corresponding sphere is 

p2_5ap = 0, 
or p^—Sfaf-'^p = 0, 

with similar equations in ^ and y. Hence, by ^ 92, 

^-^pS.^a^^^y = -V-'V = p'C'^a + V'^ + V'y). 
and, taking tensors, ^V^V = VsTp', 

or Tfp-^=V3, 

or, finally, Sp\}/-^p ~~3p*. 

This is Fresnel's Surface of Elastieitj/ in the Undulat«ty Theory. 

264.} Before going farther we may prove some useful properties 
of the function $ in the form we are at present using — viz. 



^p= - 



■ JSJP , hSkp 



6^ 
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We have f 

and it ib evident that 
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iSip—J^'p—iSip, 

k 



*i = 



5» 



Hence 



*'p=-^- 



4< 



** = - 



Also 

and BO OD. 
Agaio, ifa,/9,rbeii»y rectangular unit-vectors 

8tc. = feo. 



^"V = a^iSip + iySJp + c'iSlkp, 



Sa4>a = ^^ + '- 



Bntae 
we have 
Again, 

Sia 



iSipr+i8jp)'+{Sipr=- 

SfKPa + S^fi + 8y<t>y = \ 



^■(^^ ■■■)(■ 



■iSifi 



Sia 


— 1 


"?" 


- i'b'T' 


Sin 




c' 




SJy 




c' 





ia, Sja, Ska 

Sip, sjp, Skp 

Sty, SJy, Siy 



Sifi Sffi 



And eo on. These elementary investigations are given here for the 
benefit of those who have not read Chapter V. The student may 
easily ohtain all sach results in a far more simple manner by means 
of the formulae of that Chapter. 

265.] Find the locus of inierteciiott of a rectangnlar tgtUm of three 
tangent* to an ellipsoid. 

If cr be the vector of the point of intersection, a,P,y the tangents, 
then, since vr+xa should give equal values of ii> when substituted in 
the equation of the surface, giving 

S{:a + (ca)^{-a + xa) — 1, 
or x'Satpa + 2xSia<pa + {S^atpm — 1 ) = 0, 

we have (Snr^fra)^ = Sa^ {Sa<f>w~ 1). 

Adding this to the two similar equations in p and y 
{Sa^)'+{80<t^)' + {Sy4,wf = {Sa4>a + Sp<(,0 + Sy<try)(Svi>a—\), 
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or -(*»)« = (i + l^ + ^)(S^^-l), 

" ^-"ICi + i + i)*+*'}» = 7* + i ■• 

an ellipsoid concentric with the first. 

266.] ^a rectangular tytUm 0/ chorda be dravn through ang point 
Within an ellipsoid, the »um of the reciproeaU of the rectangle* under 
Ike legmente into which ihei/ are divided it constant. 

With the notation of the solution of the preceding problem, «a- 
giving the intersection of the vectors, it is evident that the prodact 
. of the values of ;i; is one of the rectangles in question taken nega- 
tively. 

Hence the required sum is 

SSaij>a _ a' "'" a" '*' c' 

Saipw— 1 Satf>^ — 1 

This evidently depends on Suifim only and not on the particular 

directions of a,ff,y: and is therefore unaltered if w be the vector 

of any point of an ellipsoid similar, and similarly situated, to the 

given one. [The expression is interpretahle even if the point be 

exterior to the ellipsoid.] 

267.] Sieto that if any reclangnlar syatem <f three vector* be drawn 

front a point of an ellipsoid, lie plane containing their other extrentitiet 

paties through a fixed point. Mtul the locus of the latter point at the 

former varies. 

With the same notation as before, we have 

Svi^m ^ 1 , 

and 5(or+a!a)^(or+afa) = 1; 

., - 28a^ 

therefore » = „ T • 

Hence the required plane passes through the eztremitff of 

Smfrw 
vi~2a „ I 

and those of two other vectors similarly determined. It therefore 
passes through the point whose vector is 

. „ aSa^ya- + ^^ifinr + ySyiftw 

~^~ Sa4>a-^8^4>^+Sy^y ' 

or fl = a+^ ($173). 
Thus the first part of the proposition is proved. 
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But we have also w = ^ (^ + — ?) 0, 
whence by the equation of the ellipsoid we obtain 

the equation of a concentric ellipsoid. 

268.] Find the directions of the three vector* which are parallel to 
a set of conjugate diameters in each of two central mrfaces of the second 
degree. 

Transferring -the centres of both to the origin, let their equations 
be ^p,^=lorO,» 

and Sp^p=loTO.) ^' 

If a, /3, y be vectors in the required directions, we must have (§ 254) 
Saipfi = 0, Say^fi = 0, \ 

S04>y = O, S^^=qX (2) 

Sy^a = 0, 5y^a= 0.) 

From these equations ^a || V^y [[ ^a, &c. 
Hence the three required directions are the roots of 

r.<t>(^p = o (3) 

This is evident on other grounds, for it means that if one of the 
rurfaceg expand or contract uniformly till it meets the other, it mil 
touch it successively at points on the three sought vectors. 
We may put (3) in either of the following forms — 

or r.p^-vp = o,( ^ > 

and, as and ^ are given functions, we find tbe solutions by the 
processes of Chapter V. 

[Note. As 4>~'^ ^^'^ V'~'4' ^i^ ^'^^i ^^ general) self-conjugate 
fuDCtions, equations (4) do not signify that a,^,y arc vectors parallel 
to the principal axes of the sur&ces 

S.ptfT'^yfP — 'i S.(njr~^iftp ^ 1. 

In these equations it does not matter whether ^~*^ is self-coi^itigate 
or not ; but it does most particularly matter when they are differ- 
entiated, so as to Gnd axes, &c.] 

Given two surfaces of tie second degree, there exists in general a set 
of Cartesian axes, whose directions are those of conjugate diameters in 
every one of the surfaces of the second degree passing through the inter- 
section of the two surfaces given. 
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For any Bur&ce tbrongh the intersection of 

Sp4,p=l and S{p-a)ylf{p--a) = e, 
is /Sp<i,p-S(p-a)^(p-a)^/~e, 
where^and e are ecalars. 
The axes of this depend only on the term 
*P (/*-'/')/•• 
Hence the set of cot^ngate diameters which are the same in all are 
the roots of 

r{/*-V)p{/,.^-V)p = 0, or r^pfp=0, 
aa we might have seen without analysis. 
The locos of the centres is g^ven by the equation 

wherey is a scalar variable. 

269.] Find the equation of the elliptoid of toAieA three conjugal^ 
temi-diametert are given. 

Let the vector semi-diameters be a, 0, y, and let 
Sp^p=\ 
be the eqoatioQ of the ellipsoid. Then (^ 255) we have 
Sw^a = 1, 8a4,fi = 0, 

304.^=1, S0^y=O, 

Sy4>Y = 1. Sytfia = ; 

the six scalar conditions requisite (§ 1 39} for the determination of 
the linear and vector function if>. 
They give a 11^*^*7, 

or xa ■= ^-* V0y. 

Hence x = xSo^m = S.a^, 

and similarly for the other combinations. Thus, as we have 

pS.a^Y = a8.0yp + ^.yap + yS.afip, 
we find at once 

^pS'.a^y = V^yS.^yp + VyaS.yap + VafiS.a^p ; 
and the required equation may be put in the form 
S^.a^y = S^.a^p + S'.^yp + S'.yap. 
The immediate interpretation is that if four tetraAedra be formed bg 
ffTouping, three and three, a eet of eemi~c0njitgate vector axet of a% 
ellipsoid and an;/ other vector of ike surface, the *»« <f^ tqmare* tf 
the volumes of three of thete tetrahedra it equal to the equate of the 
volume of the fourth. 
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270.] When the equation of a eurfkce of the second order can be 

put in the fonn Sp<tt~^p =1, (1) 

where (,^_^)(^_y,)(0_j,^ = 0, 

we know that ff, y, , ^, are the squares of the principal semi-diameters. 
Hence, if we put ^ + il for ^ we hare a second sur&ce, the differ- 
ences of the squares of whose principal eemiaxes toe the same as for 

thefirst Thatis, Sp(4> + A)-^p= 1 (2) 

is a surface co^ocal with (1). From this simple modification of the 
equation all the properties of a series of confocal surfaces may easily 
be deduced. We give one as an example. 

271 .] Any iieo cottfocal tutfacet of the lecond order, which meet, 
intersect at right angles. 

For the normal to (2) is, evidently, 

and that to another of the series, if it passes through the common 
point whose vector is p, is there 

(■(•+«-'(■■ 

But 5.(*+i)-v(*+i,)-v = *P,^:f^ij^^,P 
= CT^*((*+'<ir'-W+i)-')c 

and this evidently vanishes if h and ^1 are different, as tltey must he 
unless the surfaces are identical. 

272.] To find the conditions of similarity of two central surfaces 
of tie second order. 

Referring them to their centres, let their equations be ' 



:;:}■ 



(1) 

Now the obvious conditions are that the axes of the one axe pro- 
portional to those of the other. Hence, if 

g^ + m^g^ + myg-trm = Q,\ 

Sf^ +m'^* + m\^ + m'=0,S ^ ' 

be the equations for determining the squares of the reciprocals of 
the aemiaxes, we must hare 

where /i is an undetermined scalar. Thus it appears that there are 
but two scalar conditions necessary. Eliminating fi we have 

ja| ~ OTi mm2 m* 

which are equivalent to the ordinary conditions. 
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. 278.] Find the greateti and leoil »emi-diameteri of a ee*iral plane 
lectioit <ifan ellipioid. 

Here 5p*p=l> ,,* 

5ap=0i ^'^ 

together represent the elliptic section ; and our additionid condition 

is that To is a mnTimiiin or miniiiinin . 

Differentiating the equationa of the ellipse, we have 
S^pdp = 0, 
Sadp = 0, 
and the mazimuin condition gives 

dTp = 0, 
or Spdp= 0. 

Eliminating the indeterminate vector dp we have 

S.ap<pp = 0. (2) 

This shews that iie maximum or minimum vector, the normal ai il» 
extremity, and lie perpendicular to the plans of tec/ion, lie in one 
plane. It also shews that there are but two vector-directions which 
satisfy the conditions, and that thej are perpendicular to each other, 
for (2) ia satisfied if ap be substituted for p. 

"We have now to solve the three equations (1) and (2), to find the 
vectors of the two (four) points in which the ellipse (1) intersects 
the cone (2). We obtain at once 

<f>p = xV.^~^aVap. 
Opentting by S.p we have 

1 ^ Xp^Sa^~^a. 

Hence ''*' = ''— ^=^ 

"' '> = S=^c-'^«--^ (" 

from which 5.o(l— ;jV)"^a = Oj (*) 

a qnadratic equation in p*, from which the lengths of the maximnm 
and minimum vectors are to be determined. By $ 147 it may be 
written Mp*5o*-»a-p^5.a(Mj-</))a+a* = (5) 

[If we had operated by 8.<p-^a or by S.^-'^p, instead of by 8.p, 
we shoold have obtained an equation apparently different from this, 
but easily reducible to it. To prove their identity is a good exercise 
for the student,] 

Substituting the values of 1? given by (5) in (3) we obtain the 
vectors of the required diameters. [The student may easily prove 
directly that {i—p\^)-^a and (1— p|^)-' 



I, Google 



276.] SURFACES OP THE SECOND ORDER. 149 

are necesgarily perpendicular to each other, if both be perpendicular 
to a, and if pf and p| be different. See { 271.] 
274.] By (6) of last section we see that 



Hence tbe area of the ellipse (1) is 
itTa 



Also the locus of normals to all diametral sections of an ellipsoid, 
whose areas are equal, is the cone 

Sa<^-'^a = C<f. 
When tbe roots of (6) are equal, i.e. when 

{m^a^-Sa<t>af = ima'Sa^-^a, (6) 

tbe section b a circle. It is not difficult to prove that this equation 
is satisfied by only two values of Ua, bat another quaternion form 
of the eqoation g^ves the solution of this and similar probleme by 
inspection. (See § 275 below.) 

275.] By § 168 we may write the equation 
3p^p= 1 
in the new form 5.X/)/*p + jop* = 1, 

where ^ is a known scalar, and \ and jj. are definitely known (with 
the exceptiiMi of their tensors, whose product alone is given) in 
terms of the constants involved in 0. [The reader is referred again 
also to ^ 121, 122.] This may be written 

2S\pSiip + {p—S\tt.)p' = l (1) 

From this form it is obvious that the surface is cut by any plane 
perpendicalar to \ or fi in a circle. For, if we pat 

SAp = a, 
we have 2aSnp + (p—S\ii,)p^ = 1, 

the equation of a sphere which passes through the plane curve of 
intersection. 

Hence \ and ^ of § 1 68 are the values of a in equation (6) of tbe 
preceding section. 

276,] Any (wo circular gecHons of a central turface of the second 
order, whoK jilaneg are not parallel, lie on a tp&ere. 

For the equation {S\p—a) (Siip—b) = 0, 
where a and b are any scalar constants whatever, is that of a 
system of two non-parallel planes, cutting tbe surface in circles. 
Eliminating the product S\pSnp between this and equation (1) of 
last section, there remains the equation of a sphere. 
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277.] To find tht generating lines of a eentral surface of the lecond 
order. 

Let the equation be Sp^p = 1 ; 

then, if a be the vector of any poiat od the surface, and a a vector 
parallel to a generating line, we mnst have 

p = a+xm 
for all values of the scalar x. 

Henee 8{a+xw)<t>{a + mm) = 1, 

which gives the two equatione 

Saiftvr = 0, 1 

SwiftBf = 0. J 

The first is the equation of a plane through the origin parallel to 
the tangent plane at the extremity of a, the second is the equation 
of the aeymptotic cone. The generating lines are therefore parallel 
to the interBections of these two surfaces, as is well known. 
From these equations we have 

yifiw ^ Faw 
where ^ is a scalar to be detennined. Operating on this by S.fi and 
S.y, where and y are any two vectors not coplanar with a, we have 

3'n{yi>^+Fa0) = O, Sw(y<py-Fya) = (1) 

Hence S.iJm (j<t>^ + Vaff){y^y— Vya) = 0, 

or mfS.<^—Sa^.a^y = 0. 

Thus we have the two values 

belonging to the two generating lines. 

278.] But by equation (1) we have 

zw = V. {y<l>^ + ra0) {y<i,y- Vya) 

= mf^-W^y+yV.<l.ar^y-aS.ar^y; 
which, according to the sign of y, gives one or other generating 
line. 

Here V^y may be any vector whatever, provided it is not per- 
pendicular to <t (a condition assumed in last section), and we may 
write for it 0. 

Substituting the value of y before found, we have 



■- r.4,ar.a<p-^e ±^— V<t>a0, 
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or, BB we may evidently write it, 

= <p'^ir.arit,a6) + ^—r^a0 (2) 

Put T = r<i>as, 

and we hare za = <p-^ Far ± ^/— t, 
with the condition Sripa = 0. 

[A^j one of these sets of values forma the complete solution of the 
problem ; but more than one have been ^ven, on account of their 
singular nature and the many properties of suriaces of the second 
order which immediately follow from them. It will be ezcellent 
practice for the student to shew that 

^$ =u{r.^ra4-^0±^— r<fM9) 

is an invariant. This may most easily be done by proving that 

r.^e^e^ = O identically.] 
Perhaps, however, it is simpler to write a for F^y, and we thus 

[The reader need hardly be reminded that we are dealing with the 
general equation of the central surfaces of the second order — the 
centre being origin.] 



EXAMPLES TO CHAPTER VIII. 

1. Find the locus of points on the surface 

5p^p= 1 
where the generating lines are at right angles to one another. 

2. Find the equation of the sur&ce described by a straight line 
which revolves about an axis, which it does not meet, but with 
which it is rigidly connected. 

3. Tlod the conditions that 

Sp^p ^ 1 
may be a surface of revolution, with axis parallel to a given vector. 

4. Find the equations of the right cylinders which circumscribe 
a ^ven ellipsoid. 

5. Find the equation of the locus of the extremities of perpen- 
diculars to oentral plane sections of an ellipsoid, erected at the 
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centre, their len^hs being the principal semi-axes of the sections. 
[Presners WmeSurface. See Chap. XT.] 

6. The cone touching central plane sections of an ellipsoid, which 
are of equal area, b asymptotic to a conrocal hyperboloid. 

7. Find the envelop of all non-central plane sections of an ellip- 
soid whose area is constant. 

8. Find the locus of the intersection of three planes, perpendicular 
to each other, and touching, respectively, each of three confocal 
surfaces of the second order. 

9. Find the locus of the foot of the perpendicular from the centre 
of an elUpsoid upon the plane passing through the extremities of a 
set of conjugate diameters. 

10. Find the points in an ellipsoid where the inclination of the 
normal to the radius-vector is greatest. 

11. If four similar and similarly situated surfaces of the second 
order intersect, the planes of intersection of each pair pass through 
a common point. 

12. If a parallelepiped be inscribed in a central surface of the 
second degree its edges are parallel to a system of conjugate dia- 
meters. ' 

13. Shew that there is an infinite number of sets of axes for which 
the Cartesian equation of an ellipsoid becomes 

14. Find the equation of the surface of the second order which 
circumscribes a given tetrahedron so that the tangent plane at each 
angular point is parallel to the opposite face; and shew that its 
centre is the mean point of the tetrahedron. 

15. Two similar and similarly situated surfaces of the second 
order intersect in a plane curve, whose plane is conjugate to the 
vector joining their centres. 

16. Find the locus of all points on 

Sp^p = \ , 
where the normals meet the normal at a given point. 

Also the locus of points on the surface, the normals at which 
meet a given line in space. 

17. Normals dran-n at points situated on a generating line are 
parallel to a fixed plane. 

18. Find the envelop of the planes of contact of tangent planes 
drawn to an ellipi^oid from points of a concentric sphere. Find the 
locus of the point from which the tangent planes are drawn if the 
envelop of the planes of contact is a sphere. 
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19. The sam of the reciprocals of tlie squares of the peri)endicular8 
from the centre apon three conjugate taogeut pUnes is constant. 

20. Cones are drawn, touching an ellipsoid, from any two points 
of a similar, similarly situated, and concentric ellipsoid. Shew that 
they intersect in two plane curves. 

Find the locus of the vertices of the cones when these plane sec- 
tions are at right angles to one another. 

21. Find the locus of the points of contact of tangent planes 
which are equidistant from the centre of a surface of the second 
order. 

22. From a fixed point A, on the surface of a given sphere, draw 
any chord AD; let If he the second point of intersection of the 
sphere with the secant BD drawn from any point B ; and take a 
radius vector AE, equal in length to BB', and in direction either 
coincident with, or opposite to, the chord AT) : the locus of E is an 
ellipBoid, whose centre is A^ and which'pasacs through B. (Hamilton, 
Elemenla, p. 227.) 

23. Shew that the equation 

i^{e^-\)ie + Saa')^{SapY-2eSap8a'p + {Sa'pf + {\-e^)(,^, 
where e is a variable (scalar) parameter, and a, a' unit-vectors, repre- 
sents a system of confocal surfaces. {Ibid. p. 644.) 

24. Shew that the locus of the diameters of 



which are parallel to the chords hisected by the tangent planes to 
the cont! Sp^p = 

is the cone 3.p^^|r~^^p = 0. 

25. Find the equation of a concj whose vertex is one summit of 
a given tetrahedron, and which passes through the circle circum- 
scribing the opposite side. 

26. Shew that the locus of points on the surface 

Sptfip ^ 1, 
the normals at which meet that drawn at the point p=«t, is on the 
cone S.(j<~w) <Pw<Pp = 0. 

27. Find the equation of the locus of a point the square of whose 
distance from a given line is proportional to its distance from a 
given plane. 

28. Shew that the locus of the pole of the plane 

Sap== 1, 
with respect to the surface 

Sp4.p=l. 
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is a sphere, if a be subject to the condition 
Sa^r^a = C. 

29. Shew that the eqaation of the surface generated by lines 
drawn tlirougb the origin parallel to the normals to 

Sp(l>-^p = 1 
along its lines of intersection with 

5p(<^ + i}-V= I, 
is «*— iWw(^ + (t)->w = 0. 

30. Common tangent planes are drawn to 

2ShfiSnp + {p-Sk[i)p^ = 1, and Tp = A. 
find the value of i that the lines of contact with the former snr&ce 
may be plane curves. What are they, in this case, on the sphere ? 
Discuss the case of p' — 5' A/i = 0. 

31. If tangent cones be drawn to 

Sp<t>'p= 1, 
from every point of Spipp = 1, 

the envelop of their planes of contact is 

Sp<t>^P = 1. 

32. Tangent cones iire drawn from every point of 

»(,-.)■(,(,-.)=»■, 

to the similar and similarly situated surface 

Sp<pp = 1, 
shew that their planes of contact envelop the surface 
{Swfip— 1)* = n^8p4>p. 

33. Find the envelop of planes which touch the parabolas 

p = ai^ + ^t, p = ar^ + yr, 

where a, 0, y form a rectangular system, and t and r are scalars. 

34. Find the equation of the surface on which lie the lines of 
contact of tangent cones drawn from a fixed point to a seriee of 
similar, similarly situated, and concentric ellipsoids. 

35. Discuss the surfaces whose equations are 

SapS^p = Syp, 
and S^ap+S.app= 1. 

36. Shew that the locue of the vertices of the right cones which 
touch an ellipsoid b a hyperbola. 

37. If oi, Oj, a, be vector conjugate diameters of 

sp<i>p = 1, 

where ^'— Mj*' +'"i0— *» = Oi 

shew that 2(o*)= -' . 2(^0,0,)' = --* . S:a.cua. = - — , 

and 2(^af = »/j. 
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CHAPTER IX. 

GEOMETRY OP CPEVE8 AMD SUSPACEa 

279. J We have already seen (§31 (I)) that the equations 
p = ^i = l.af{e), 
and p = ^i, «) = S V(^= «)> 
where a repreBenta one of a set of given vectors, and/ a scalar fune- 
tioQ of Bcalars t and u, represent respectively a curve and a surface. 
We commence the present too brief Chapter with a few of the im- 
mediate deductions from these forms of expression. We shall then 
give a number of examples, with little attempt at systematic devel- 
' opment or even arran^ment. 

280.] What may be denoted by t and » in these equations is, of 
course, quit« immaterial : hat in the case of curves, considered 
geometrically, i is most conveniently taken as the length, g, of the 
curve, measured tirom some fixed point. In the Einematical in- 
vestigations of the next Chapter t may, with great convenience, be 
employed to denote time. 

281.] Thus we may write the equation of any curve in space as 
p = ^, 
where ^ is a vector function of the length, s, of the curve. Of 
coorse it is only a linear function when the equation (as in § 31 (I)) 
lepresents a straight line. 

282.] We have also seen (§§ 38, 39) that 

is a vector of anil length in the direction of the tangent at the ex- 
tremity of p. 

At the proximate point, denoted by<+B«, this unit tangent vector 
becomes ^'a + ^"a hs + &c. 
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But-, because T(f>'a = I, 

we have S.(j>'i if>"» = 0. 

Hence <f>"3 is a vector in the osculating' plane of the curve, and p«- 

pendicular to the tangent. 

Also, if id be the angle between the Bucceseive tangents tfi't &nd 
tl/s+il>"«bi + , we have 

GO that iAe temor of <f>"a it the reciprocal of the raditit of tAfolu/^ 
curvature at the point a. 

283.] Thus, if OP = <(.* be the vector of any point P of the 
curve, and if C be the centre of curvature at P, we have 

and thus 0C= ib» n- 

^ tt>"a 

is the equation of the locus of the centre of curvature. 

Hence also V.<ft'g^"t or ip's4>"a 

is the vector perpendicular to the osculating plane j and 

is the toriuosily of the given curve, or the rate of rotation of its 
osculating plane per unit of length. 

284.] As an example of the use of these expressions let as fnd 
the curve whose curvature and tortuosity are both constant. 

We have curvature = T^"* = Tp'= c. 

Hence (j>'sif>"s = p'p"= ca, 

where a is a unit vector perpendicular to the osculating plane. This 
gives jjd 

py + p"* = c ^ g^ = Ml Up" = Cip", 

if Cj represent the tortuosity. 

Integrating we get p' p" = c^p' + ^, (l) 

where ^ is a constant vector. Squaring both sides of this equation, 
we get c^= ef-^*-2ci5^/ 

(for by operating with S.p' upon (1) we get +Ci = S^p"), 
or T^ = y^«+^. 
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Multiply (1) by p', remembering that 

V=i, 

and we obtain — /)"=— cj + p'^, 

or, by integration, p'= c^g—pff + a, (2) 

where a is a constant quaternion. Eliminating p, we have 

—p"=—c^+CjS^—pP^ + a^, 
of which the vector part is 

p''-P;a»=-c,j^— r«^. 

The complete integral of this equation is evidently 



■ m 



f and 7( being any two constant vectors. We have also by (2), 

which requires that Sp£ = 0, Sffr) = 0, 
The farther test, that Tp'=l, gives ns 

-1 = 3l9*(£'Bin».»I^+^»co8'.*3'j8— 25f.)Bin.*7'/9eos.#2'^)— ~^^ - 
Hub requires, of course, 

% = ». 2'f=2''> = SF^' 

so that (3) becomes the general equation of a helix traced on a right 
cylinder, (Compare ^ 31 (m).) 

285,] The vector perpendicular from the origin on the tangent 



to the c 



P = *» 



ifl, of course, , Fp'p, or p'Vpp' 

(since p' is a unit vector). 

To Jittd a common properly of curvet who»e tangenti are all equi- 
dUlantfrom the origin. 

Here T^pp'= c, 
which may be written —p'-~-S'(tp'= c* (1) 

This equation shews that, as is otherwise evident, every curve on 
a tphere vfAote centre it lie origin satisfies the condition. For ob- 
vionsly — p* = c* gives Spp'= 0, 

and these satisfy (1). 

ItSpp' does not vanish, the integral of (1) is 

VJ^^^-e, (2) 

an arbitrary constant not being necessary, as we may measure a 
from any point of the carve. The equation of an involute which 
commences at this assumed point is 

w = p-Sp'. 
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This gives IW* = Tp' + s' + 2 iSpp' 

= Tp^+t^—is^Tp'—c', by(l), 
= c^ by (2). 
This indiidee all cttrvet whote involutei lie on a tpAere aioul tie origin. 
286.] Find the locu» of the foot of the perpendicular drawn to a 
tangent to a ngkt helix from a point in tie axis. 
The equation of the helix is 

p = a cos — l-j3sin — +ys, 
where the vectors a, /3, y are at right angles to each other, and 
Ta = Tfi = i, while aTy = '/a^^^. 
The equation of the required locus is, by last section, 
ST i= p'f^pp' 

V o fflS a' ^ a a* a' ' a^ 

This curve lies on the byperboloid whose equation is 

as the reader may easily prove for himself. 

287.] To find the least dielance iettoeen consecutive tangentt to a 
tortuout curve. 

Let one tangent be w ■= p+xp', 
then a conBecutive one, at a distance is along the curve, is 

w = p + p'6s + p"~ +&c.+y(p' + p"i«+ p"' —+...)■ 

The magnitude of the least distance between these lines is, by 
§§ 203,210, 

8.(p'i*+p"^+p"':^+ ...)UF.p'(p'+p"ie+p"'^^ + ...) 

— TS" ^-P P P 



TFp'p"b« 
if we neglect terms of higher orders. 

It may be written, since p'p" is a vector, and Tp' = I, 

But (5,33(2,) '^ = rW',.= ^.p-VpV"'. 
Hence ^-,-, S.Up" F p'p'" 
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is the small angle, i<f>, between the two Bucceseive positions of the 
oscnlsting plane. [See also § 283.] 

Thus the shortest distance between two consecutive tangents is 
expressed by the formula htpis^ 



carve. 

288.] Let ns recnr for a moment to the equation of the parabola 

($Sl(/0) ^ fii^ 

p=ai + — . 

dt 
Here p'=(« + ^0^' 

whence, if we aseimie Sa^ = 0, 

from which the length of the arc of the curve can he derived in 

terms of t hy integration. 

d^t ,dt\' 
Agam, p--=(a+M^4^(3;)- 

(Pt_i_ 1 _ dt S.^(a+m 
dil'~ da'Tiai-^l)"* d4 Tla-H)!)' ' 

and therefore, for the vector of the centre of curvature we have 



(§ 283), 



-(«"+j3V)>(-/Sa' + .^»;)-> 



_„|-3<'.«'l IV. 



which is the quaternion equation of the evolute. 

289.] One of the simplest forms of the equation of a tortuous 
curve is sf vi' 

where a, ^, y are any three non-coplaoar vectors, and the numerical 
factors are introduced for convenience. This curve lies on a para- 
bolic cylinder whose generating lines are parallel to 7 ; and also on 
cylinders whose bases are a cubical and a semi-cubical parabola, 
their generating lines being parallel to ^ and a respectively. We 
have by the equation of the curve . 
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from ^ich, by 2V'=1, the lengUi of the enrve can be found in 
terme of t ; and 

from whicli p" can be espreBsed in terms of ». The inveGtigation 
of vwious properties of this curve is very easy, and wi]l be of great 
use to the student. 

[^2fote. — It is to be observed that in this equation t cannot stand 
for *, the length of the curve. It is a good exercise for the student 
to shew that euch an equation as 

p= ai+0»^ + ytfi, 
or even the simpler form 

p = ag+^^, 
involves an absurdity.] 

290.] The equation p = (t>'f, 

where 4> >3 n ^ven self-conjugate linear and vector function, t a 
scalar variable, and e an arbitrary vector constant, belongs to a 
curious class of curves. 

We have at once — = ^' I<^ ^, 

where log^ ia another self-conjugate linear and vector function, 
which we may denote by )(. These functions are obviously commu- 
tative, as they have the same principal set of rectangular vectors, 
hence we may write 



dt 



= XP> 



since x does not involve t. 

As a verification, we should have 

= {i + htx+-^x' + )p 

= «""/>■ 

where e is the base of Napier's Logarithms. 
This ie obviously true if <j>^ — e**", 
or <t> = ex, 

or log^ = x. 
which is our assumption. 

[The above process is, at first sight, rather startling, bat the 
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etadeot may easily verify it by writing, in accordance with the 
results of Chapter V, 

'h = -Si aSat-g^^^t-g^ySyf, 
whence ^'t = —g{a8tK—g{BS^i—9iySyf. 

He will find at once 

X« = — log^io5(«-l<^^i^5(3«-logyBy5y«, 
and the resulta joet given follow immediately.] 
291.] That the equation 

represents a sur&ce is obvious from the &ct that it becomes the 
equation of a definite curve whenever either i or u has a particular 
value assigned to it. Hence the equation at once furnishes us with 
two systems of curves, lying wholly on the surface, and such that 
one of each system can, in general, be drawn through any assigned 
point on the surface. Tangents drawn to these curves at their 
point of intersection mustj of course, lie in the tangent plane, whose 
equation we have thus the means of forming. 
292.] By the equation we have 

where the brackets are inserted to indicate partial differential coeffi- 
cients. If we write this as 

dfi = 0', dt + 4i'u ii^> 
the normal to the tangent plane is evidently 

and the equation of that plane 

iS.(or— 0)0'(^'„= 0. 

298.] As a simple example, suppose a straight line to move along 

a fixed straight line, remaining always perpendicular to it, while 

rotating about it through an angle proportional to the space it has 

advanced ; the equation of the ruled surface described will evidently 

^ _ p = o; + a{^cos/ + yEini), (1) 

where a, /3, y are rectangular vectors, and 

T& = Ty. 
This surface evidently intersects the right cylinder 

p = iiOcos^+yBin^+t*(i, 
in a helix (^ 31 (m), 284) whose equation ia 

p— at + a{B COB / + y sin /). 
These equations illustrate very well the remarks mode in §^ 31 [T), 291 
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ae to the corves or aur&ces represented by a vector equation ac- 
cording as it contains one or two scalar variables. 
From (1) we have 

dp = [a— »0sin2— yC0sQ]<A + Oco8< + 7sm/)iJM, 
Eo that the normal at the extremity of p is 

Hence, as we proceed along a generating line of the snr&oe, for 
which t is constant, we see that the direction of the normal changes. 
This, of course, proves that the eurlkce is not developable. 

394.] Hence the criterion for a developable surface is that if it 
be expressed by an equation of the form 
p= (jtl+tnjii, 
where ^i and ^i are vector functions, we most have the direction of 
the normal r{^7+«i^/} fi 

independent of ». 

This requires either V^^t'^t = 0, 
which would reduce the snr&ce to a cylinder, aU the generating 
lines being parallel to each other; or 

r^'ii/f/ = 0. 
This is the criterion we seek, and it shews that we may write, for a 
developable sur&ce in general, the equation 

P = (t.t+tt4,'t. (1) 

Evidently p = <j>i 

is a curve (generally tortuous] and ip't is a tangent vector. Hence 

a developable tarface it tie locus <^ all tangent Unet to a iortuOH* 

curve. 

Of course the tangent plane to the snrface is the osculating plane 
at the corresponding point of the curve ; and this is indicated by 
the fact that the normal to (I) is parallel to 
V^'t<t>"t. (See § 283.) 

To find the form of the section of the surface made by a normal plane 
throngh ajxnnt in tie curve. 

The equation of the sorEace is 

cr = />+»p'+ — p"+&c.+a!(p' + »p"+&c.)■ 
The part of m—p which is parallel to p' is 

-p-«(»-p)i.'=-,'(-(.+.)-/-(i + -)+■■■); 

therefore .,-, = 4,'+(i-+x«)f"-(— +'—)i(rf'p-'+.... 
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.And, when A=0, i.e..iii the normal section, we have approximately 

X = —s, 

a' ^ 

so that ^-p = —^p"—^^Tp'p"'. 

Hence the curve has an equation of the form 

a semicnbical parabola. 

295.] A Geodetic line is a curve drawn on a suriace so that its 
osculating plane at any point contains the normal to the surface. 
Hence, if »> be the normal at the extremity of p, p' and p" the first 
and second differentials of the vector of the geodetic, 

S.vp'p"= 0, 
which may be easily transformed into 
r.vdUp'= 0. 
296.] In the sphere Tp = a we have 

-Up, 

henee S.pfi'p"= 0, 

which shews of course that p is confined to a plane passing throngh 

the origin, the centre of the sphere. 

For a formal proof, we may proceed as follows— 
The above equation is equivalent to the three 

89p = 0, 30p'= 0, S0p"= 0, 
from which we see at once that is a constant vector, and therefore 
the first expression, which includes the others, is the complete in- 
tegral. 

Or we may proceed thus — 

= —pS.pp'p" + p"S.p^p' = V. Vpp' Vpp" = V. Fpp'dVpp', 
whence by § 133 (2) we have at once 

UVpp'= const. = tf suppose, 
which gives the same results as before. 
297.] In any cone we have, of course, 
Sup = 0, 
since p lies in the tangent plane. But we have also 
51-^'= 0. 
Hence, by the general equation of ^ 296, eliminating i> we get 
= S.pp'rp'p"^ SpdUp' by § 133 (2). 
Integrating C= SpJJp' —j SdpUp' = SpUp'+jTdp. 

The interpretation of this is, that the length of any arc of the geo- 
detic is equal to the projection of the side of the cone (drawn to its 
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extremity) upon the tangent to the geodetic. In other words, wkeit , 
tie cone it developed the geodetic becomeg a siraigkl line. A similar 
result may easily be t>btained for the geodetic lines on any develop- 
able surface whatever. 

298.] To find tie ehorteat Une connecting two point* on a give* 
eurface. 

Here / Tdp is to be a minimnm, subject to the condition that dp 
lies io the given surface. 
Now hjxdp =jlTdp = -J^^ = -js.Udpdbp 

= -IS. Udpip^ +JS.ipdUdp, 

where the term in brackets vanishes at the limits, as the extreme 
points are fixed, and therefore bp = 0. 
Hence onr only conditions are 

jS.bpdUdp = 0, and Svbp = 0, giving 
V.vdUdp = 0, as in § 296. 
If the extremities of the curve are not given, but are to Ue on 
given curves, we must refer to the integrated portion of the ex- 
pression for the variation of the length of the arc. And its form 

S.Udphp 
shews that the shortest line cuts each of the given curves at right 
angles. 
299.] The osculating plane of the curve 

is S4't<^"t{w—p) = 0, (1) 

and is, of course, the tangent plane to the surface 

p = <l>t + tt<i>'t (2) 

Let us attempt the converse of the process we have, so far, pursued, 
and endeavour to find (2) as the envelop of the variable plane (I). 
Differentiating (1) with respect to t only, we have 
5.<fY"(«r-p) = 0. 
By this equation, combined with (1), we have 
w— p II K r<l/4,"F<t,'<t/" II 0', 
or m ^ p+u^'= <t>+v<l>', 

which is equation (2). 

300.] lliis leads us to the consideration of envelops generally, 
and the process just employed may easily be extended to tlie problem 
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of finding tie envelop of a series of surfaces vihose equation contains 
one scalar parameter. 

WLen the given equation is a scalar one, the process of finding 
the envelop is precisely the same as that employed in oitlinaiy 
Cartesian geometry, though the work is often shorter and simpler. 

If the equation he given in the form 
p =s ^(i, tt, v), 
where i/r is a vector function, t and u the scalar variables for any 
one snr&<je, v the scalar parameter, we have for a proximate surface 

Pi = V'diKi.Ci) = p+^',8^+V''i.8tt + iA',8i'. 
Hence at all points on the intersection of two successive surfaces 
of the series we have 

V''|W+^'„8tt + ^%8ti = 0, 
which is equivalent to the following scalar equation connecting the 
quantities i, a, and u ; 

This equation, along with 

P = Va «,!'), 

enables us to eliminate i, u, v, and the resulting scalar equation 
is that of the required envelop, 

301.] As an example, let us find the envelop of the osculating 
plane of a tortuous curve. Here the equation of the plane is (§ 299), 

or w = »l)l+x<j,'t+y4/'t = ^ix,y, (), 
if p = ipt 
be the equation of the curve. 
Our condition is, by last section, 
^■^'n^'t^'t = 0, 
or S,<p'i ^"i[,(,'t + ig^"t+y^'"ij = 0, 
or s8.^'t^"t4,"'t = o. 
Now the second factor cannot vanish, unless the given curve 
be plane, so that we must have 

and the envelop is ^ = ^l+a!<t>'t 

the developable surfece, of which tiie given curve is the edfi« of 

regression, as in § 299. 

302.] When the equation contiiins two scahir parametere its 
differential coeffieiente with respect to them must vanish, and we 
have thus three equations from which to eliminate two numerical 
quantities. 
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A very common form in which theee two parameters appear in 
quatemione ie that of ao UDkDown unit-vectoT. In this case the 
problem may be thus stated — Find tie envelop of ike mirface wko»e 
icalar equation it pip ^ — q^ 

where a ie subject to tie one condition 
Ta= !. 

Differentiating with respect to a alone, we have 
Svda = 0, Soda = 0, 

where i> ib a known vector fanctioa of p and a. Since da may have 
any of an infinite number of valaes, these equations shew that 

Fav = 0. 
This is equivalent to two scaLir conditions only, and these, in addi- 
tion to the two ^ven'scalar equations, enable us to eliminate a. 

With the brief expUoatioD we have given, and the examples 
which follow, the student will easily see how to deal with any other 
set of data he may meet with in a question of envelops. 

303.] Find tie envelop of a plane tohoie dittance/rom tie origin it 
constant. 

Here Sap = —e, 

with the condition Ta = I. 

Hence, by last section, Vpa = 0, 
and therefore p = ca, 

or Tp = c, 
the sphere of radius c, as was to be expected. 

If we seek the envelop oftkose only of the plane» wiich are paralUl 
to a given vector p, we have the additional relation 
&^ = 0. 

In this case the three differentiated equations are 
Sftda = 0, Sada = 0, S^da = 0, 

and they give S.app = 0. 

Hence a = U.^F^p, 

and the envelop is TF^p = e7)3, 

the circular cylinder of radius e and axis coinciding with 0. 

By putting Sa0 = e, where e is a constant different from zero, 
we pick out all the planes of the series which have a definite in- 
clination to 0, and of course get as their envelop a right cone. 

804.] The equation 8^ap+2S.a^p = b 
represents a parabolic cylinder, whose generating lines are parallel 
to the vector a Ftx^. For the equation is of the second degree, and 
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is not altered by increasiog p by the vector xaFa^ ; also tbe surface 
cuts planes perpendicular to a in one line, and planes perpendicular 
to Va^ in two parallel lines. Its form and position of course depend 
upon the valnes of a, /9, and b. It it required to find it* envelop if ^ 
and b be constant, and a be subject to the one scalar condition 

Ta.= \. 
The prooeas of § 302 gives, by inspection, 
pSap+V^p = xa. 
Operating by. £a, wo get 

which gives S.a^p = x-i-h. 

But, by operating successively by S. V^p and by 8.p, we have 
{T^pf = xS-afip, 
and (j>'—x)Sap = 0, 
Omitting, for the present, the factor Sap, these three equations g^ve, 
by elimination of x and a, 

which ia the equation of the envelop required. 

This is evidently a surface of revolution of the fourth order whose 
axis is /3 ; but, to get a clearer idea of its nature, put 

e'p-^ = m, 
■ and the equation becomes (r^a)* = c* + iw*, 
which ie obviously a surface of revolution of the second degree, 
referred to its centre. Hence the required envelop is the reciprocal 
of such a surface, in the sense that the rectangle under the lengths of 
condirectional radii of the two ii constant. 

We have a curious particular case if the constants are so related 
that fi+j3* = 0, 

for then the envelop breaks up into the two equal spheres, touching 
each other at the origin, p' = ± S^p, 

while the corresponding surface of the second order becomes the 
two parallel planes ^^^r = + c^. 

805,] The particular solution above met with, viz. 
Sap = 0, 
limits the original problem, which now becomes one of find! 
envelop of a line instead of a surface. In fact this equation 
in conjunction with that of the parabolic cylinder, belongs 
generating line of the cylinder which is the locus of the verl 
the principal parabolic sections. 
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Our equationB become 2S.afip = b, 
Sap = 0, 
Ta =1; 
whence F^p = xa, giving 

x=-S.ofip=—-, 
and thence Tf^p = - ; 

BO that the envelop is a circular cylinder whose axis is fi. [It is to 
be remarked that the equations above require that 

5aj3 = 0, 
so that the problem now solved is merely that of i&e envelop of a 
parabolic cylinder which rotates about iti focal line. This diecussioa 
has been entered into merely for the sake of explaining a peculiarity 
in a former result, because of course the present results can be 
obtained immediately by an exceedingly simple process.] 

306.] The equation Sap8.afip = a*, 
with the condition Ta = \, 

represents a series of hyperbolic cylinders. It is required io find 
their envelop. 

As before, we have pS-a^p+F^pSap — xa, 

which by operating by S.a, S.p, and S. V^p, gives 
2a* =—x, 
p'S.a^p = xSap, 
{VfipfSap=x8.afip. 
Eliminating a and x we have, as the equation of the envelop, 

p^r^pf^ia*. 
Comparing this with the equations 

p*= — 2a*, 
and (r^py = ~2a^, 
which represent a sphere and one of its circumscribing cylinders, 
we see that, if condirectional radii of the three surfaces be drawn 
from the origin, that of the new surface is a geometric mean be- 
tween those of the two others. 

307.] Find the envelop of all spheres which touch one given Vine 
and have their centres in another. 

Let p = ^+j/y 

be the line touched by all the spheres, and let xa be the vector of 
l3ie centre of any one of them, the equation is (by § 200, or § 201) 
y^{p-xaY = -{r.yifi~xa)y, 
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or, pntfang for simplicity, but without loss of geoendity, 

Ty=l, Sa^ = 0, 8pyz= 0, 

eo that is the least vector dietauce between the givea lines, 

(p-a!o)* = (fi-xa)^ + a)^S'<ty, 
ftnd, finally, p^—fi' — 2xSap = x^S'ay. 

Henco, by § 300, —2Sap = 2xS^ay. 

[This gives no definite envelop if 

Say = 0, 
i.e. if the line of centres ia perpendicular to the line toncbed by all 
tlie spheres.] 

Eliminating it, we have for the equation of the envelop 
S^ap + S^ayip^-ff^) = 0, 
which denotes a surface of revolution of the second degree, whose 
axis is a. 

Since, from the form of the equation, Tp may have any magnitude 
not less than 2)3, and since the section by the plane 

Sap = 
is a real circle, on the sphere 

p3_^s = 0, 
the surface is a hyperboloid of one sheet 

[It will be instmctive to the student to find the signs of the 
values of ^j, f^i ^s as in ^ 166, and thence to prove the above con- 
clnsion.] 

308.] As a final example let us find the envelop of the hyperbolic 
cylinder SapS^p—c = 0, 

where the vectors a and are subject to the conditions 
Ta=T0= 1, 
Say = 0, 5j3B = 0, 

y and 8 being given vectors. 

[It will be easily seen that two of the six scalars involved in a, ^ 
still remain as variable parameters.] 

We have Soda = 0, Syda = 0, 

BO that da = xVay. 

Similarly d0 = yrfiZ. 

But, by the equation of the cylinders, 

SapSpd0 + SpdaS0p = 0, 
or ySapS.0hp+ix8.aYpS0p = 0. 

Now by the nature of the given equation, neither Sap nor S^p can 
vanish, so that the independence of da and d0 requires 
S.ayp = 0, S.^ip = 0. 



I ...Google 



170 Q0ATBENION8. [309- 

Hence a = U.yVyp, = U.iFip, 

and the envelop is T.VypFip—c'Pyi =0, . 

a sur&ce of the fourth order, which may be conBtrncted by laying 
off mean proportionals between the lengths of condirectional radii 
of two equal right cylinders whose axes meet in the origin. 

809.] We may now easily see the tmth of the following general 



Suppose the given equation of the series of surfaces, whose envelop 
is required, to contain m vector, and n scalar, parameters ; and that 
the latter are subject to^ vector, and ^ scalar, conditions. 

In all there are 3m + n scalar parameters, subject to Bp+q scalar 
conditions. 

That there may be an envelop we must therefore in general havie 
{3m + n)-{3p + q)= 1, or = 2. 
Id the former case the enveloping surface is g^ven as the locus of a 
series of curves, in the latter of a series ofpoinit. 

Differentiation of the equations gives us 3^+^+1 equations, 
linear and homogeneous in the 3m + n differentials of the scalar 
parameters, bo that by the elimination of these we have one final 
scalar equation in the first case, iioo in the second ; and thus in each 
case we have just equations enough to eliminate all the wrbitnuy 
parameters. 

810.] "R) find the locut of tke foot of the perpendicular drawn from 
the origin, to a tangent plane to any mirface. 

If Sudp = 

be the differentiated equation of the surface, the equation of the 
tangent plane is S{vf—p)v=0. 

We may introdace the condition 

Svp = 1, 
which in general alters the tensor of v, so that f' becomes the 
required vector perpendicular, as it satisfies the equation 
Ssrv = 1. 

It remains that we eHminate p between the equation of the given 
surface, and the vector equation 

or = v"'. 
The result is the scalar equation (in n) required. 

For example, if the given surface be the ellipsoid 
Sp<fip = 1, 
we have w~^ = c = An 
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BO that the reqmred equation is 

'Sw-'^~'o~* ^ 1, 
or 5W<(>""*w ^ tj*, 

which is Fresnel's Surface of Elaaticiti/. {§ 263.) 

It is well to remark that this equation ie derived from that of the 
reciprocal ellipsoid Sp^-^p = 1 

by putting w~' for p. 

811.] To find the reciprocal of a given turface with respect to Ike 
unii tphere v>hote centre w the origin. 

With the condition 8pv = 1 , 

of last section, we see that —v is the vector of the pole of the 
tangent pUne 8{w'~p)v = 0. 

Hence we mofit put w=— v, 

and eliminate p by the help of the equation of the given surface, 

Tske the ellipsoid of last section, and we have 

so that the reciprocal surface is represented by 
Soit>-^a= 1. 

It is obvious that the fbrmer ellipsoid can be reproduced from this 
by a second application of the process. 

And the property is general, for 

5^1- = 1 
gives, by differentiation, and attention to the condition 

Spdp = 0, 
the new relation Spdv = 0, 

80 that p and v are corresponding vectors of the two surfaces ; either 
being that of the pole of a tangent plane drawn at the extremity of 
tiie other. 

312.] If the given sor&ce be a cone with its vertex at the origin, 
we have a peculiar case. For here every tangent plane passes 
through the origin, and therefore the required loons is wholly at an 
infinite distance. The difficulty consists in Spv becoming in this 
ease a numerical multiple of the quantity which is equated to zero 
in the equation of the cone, so that of course we cannot put as above 
Spv = 1. 

318.] The properties of the normal vector v enable us to write 
the partial differential equations of bmilies of surfaces in a very 
simple form. 

Thus the distingui^ing property of Cylinders is that all their 



X'.ooglc 



172 QUATEBNlONfi. [314. 

generating lines are paraltel. Hence all positioDS of ■> must be 
parallel to a given plane — or 

Sav = 0, 
which is the quaternion form of the well>known equation 

da dy dz ' 

To integrate it, remember that we have alwaye 
8vdp = 0, 
and that ae :• is perpendicular to a it ma; be expreseed in terms of 
any two vectors, j9 and y, each perpendicular to a. 
Hence u ^ xfi + yy, 

and 3!S0dp+y8ydp = 0. 

This shews that S0p and Syp are together constant or together 
variable, so that S^p =f{Syp), 

where^is any scalar function whatever. 

314.] In Surfacet of Reoolutityn the normal intersects tbe axis. 
Henccj taking the origin in the ads a, we have 
S.apv = 0, 
or V = xa-i-yp. 

Hence xSadp+ ySpdp = 0, 

whence the integral Tp =f{Sap). 

The more common form, which is easily derived from that just 
written, is jTap = F(8ap). 

In Coneg we have Svp = O, 

and therefore 

Svdp = 8.v{TpdUp+ UpdTp) = TpSvdUp. 
Hence 8vdUp = 0, 

so that V must be a function of Up, and therefore the integral is 

/('/<■) = 0, 

which simply expresses tbe fact that the equation does not involve 
the tensor of p, i. e. that in Cartesian coordinates it is homogeneous. 

315.] If equal lengths be laid off on the normalt drawn to any 
tutface, tie new mif ace formed by their eastremitiei m normal io tie 
tame Unee. 

For we have w = p-^aUv, 

and 8vdm ^ Spdp+aSudUv = 0, 

which proves the proposition. 

Tike, for example, the surface 

8pAp = 1 ; 
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the above eqnatioQ becomes 

solb.t ''=(^ + ') "■ 

and the equation of the new surface is to be found by eliminating 

=— (written :r) between the eqaations 

and j = 8.(^{x^+i)-^-m4>{x4>+ !)**». 

316.] It appears from last section that if one orthogonal surface 
can be drawn cutting a given system of straight lines, an inde- 
finitely great number may be drawn : and that the portions of 
these lines intercepted between any two selected surfaces of the 
series are all equal. 

Let p = a+a!T, 

where v and r aie vector functions of p, and x is any scalar, be the 
general equation of a system of lines : we have 

Srdp = = S[p—a)dp 
as the differentiated equation of the series of orthogonal sur&cee, if 
it exist. Hence the following problem. 

817.] It is required to find tie criterion of integTobility of the 

equation Svdp = (1) 

at tie complete differential of the equation of a series ofturfaees. 

Hamilton has given {Elements, p. 702) an extremely elegant solu- 
tion of this problem, by means of the propertiee of linear and vector 
functions. We adopt a different and somewhat less rapid process, 
on account of some results it offers which will be usefid to us in 
the next Chapter ; and also because it will shew the student the 
connection of our methods with those of ordinary differential equa- 
tions. 

If we assume Fp=C 

to be the integral, and apply to it the very singular operator de- 
vised by Hamilton, 

„ .d .d ,d 
dm •' t^ dz 

„„ .dF .dP ,dF 
wehave vF=.-^^j^+k^- 
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But p = ix+Jy-i-iz, 

whence dp = ida+Jdy+idz, 

dF dF dF 
and = dF=^d!b-\-~^dy + £d2 = ~SdpVF. 

Comparing with the given equation, we see that the latter repre- 
sentfi a series of earfitces if v, or a scalar multiple of it, can be ex- 
pressed as V^. 

If v = VF, 

web.™ w = V.^=-(gf+p'+g), 

a well-known and most important expression, to which we shall 
return in next Chapter, Meanwhile we need only remark that 
the last-written quantities are necesearily scalars, so that the only 
requleite condition of the int«grability of (1) is 

rVi>=0 (2) 

If V do not satisfy this criterion, it may when multiplied by a scalar. 
Hence the fivther conditioD 

VV {wv) = 0, 
which may be written 

rvVK-KVVv=:Q (3) 

This requires that Sv'7v = Q (4) 

If then (2) be not satisfied, we must try (4). If (4) be satisfied » 
will be found &om (3) ; and in either case (I) is at once inte^rable. 

[If we put di'=: (pdp 

where ^ is a linear and vector function, not necessarily self-coa- 
jugatCj we have 

'^'=''('£ +■■•)=''<'*'+■■' ="•• 

by § 173. ThuB, if ^ be self-conjugate, f = 0, and the criterioa (2) 
is satisfied. If ^ be not self-conjugate we have by (4) for the cri- 
terion Stv = 0. 

These results accord with Hamilton's, lately referred to, but the 
mode of obtaining^ them is quite different from his.3 

318.] As a simple example let us first take liTtea diverging from a 
point. Here v || p, and we see that if i> = /> 

Vu= — 3, 
so that (2) is satisfied. And the equation is 

8pdp = 0, 
whose integral Tp = C 

gives a series of concentric spheres. 
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Lines perpendicular to, and inter»ecting, a fixed Une. 
If a be the iixed line, p any of the others, we have 
8.afip =0, 8aP = 0, S^dp = 0. 

Hero v\\(^1^ap, 

and therefore eqoal to it, hecause (2) is satisfied. ■ 

Hence S.dpaFap =: 0, 

or S.FapFadp = 0, 

whose integral is the equation of a series of right cylinders 
T'Fap=a 
319.] lb find tie orthogonal trajectoriei qf a series of circlet whose 
centres are in, and their planes perpendiculaT to, a given line. 

Let a be a unit-vector in the direction of the line, then one of 
the circles has the equations 

Sap^C,] 
where C and C are any constant scalars whatever. 
Hence, for the required surfaces 

V II d^p II Vap, 
where d^p is an element of one of the circles, v the normal to the 
orthogonal snriace. Now let t/jo be an element of a tangent to the 
orthogonal surface, and we have 

Svdp = S.apdp = 0. 
This shews that dp is in the same pUne as a and p, i.e. that the 
orthogonal snr&ces are planes passing through the common axis. 

[To integrate the equation S.apdp = 
evidently reqairee, by § 317, the introduction of a &ctor. For 
FVFap = VliFoi+jFaj+iVak) 
= 2a, 
BO that the first criterioD is not satisfied. But 
S.FapFVFap = 28.aFap = 0, 
so that the second oriterion holds. It gives, by (3) of § 317, 
F.Vu)Fap+2wa = 0, 
or ■ p8aViD—aSpVv>+2wa = 0. 
That is SaVw = 0, i 

SpVtc = 2». J 
These equations are satisfied by 

_ 1 

But a simpler mode of integration is easily seen. Our equation 
may be written 

p Up p 
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which IB immediately integrable, fi being an arbitrary but constant 
vector. 

As we have not introduced into this work the logaritkmt of tbf- 
Bors, nor the correspoading anglet of quatemioDS, we most refer to 
Hamilton's Elemenit for a &rther development of this point.] 

320.] To find He orthogonal trajectoriei of a given »ene» ofnr- 
face». 

If the equation Fp = C, 

give Svdp = 0, 

the eqoation of the orthogonal curves is 

. Vvdp = 0. 
This is equivalent to two scalar differential equatioos (§ 197), which, 
when the problem is possible, belong to surfaces on each of which 
the required lines lie. The finding of the requisite criterion we 
leave to the student. 

Let the mrfacet be concentric tpieres. 
Here p" = C, 

and therefore Fpdp = 0. 

Hence TffidUp=-~UpFpdp =: 0, 

and the integral is Up = constant, 

denoting straight lines through the origin. 

Lei tke tur/acei he epAeret toucking each other at a common foi^. 
The equation is (6 218) 

Sap'^ = C, 
whence F.papdp = 0. 

The integrals may be written 

8.afip = 0, p' +ATVap = 0, 
the first (/3 being any vector) is a plane through the common dia- 
meter; the second represents a series of rings or forsj (§323) formed 
by the revolution, about a, of circles touching tiiat line at the point 
common to the spheres. 

let the gurfacea be similar, rimilarly tituated, and eoneeniric, »»r- 
faces of the second order. 

Here ^PXP = ^> 

therefore ^}ij>dp = 0. 

But, by § 290, the integral of this equation is 
p = e'ff 

where if and x ^i^ related to each other, as in § 290 ; and e is any 
constant vector. 
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321.] lb iTttegraie the linear partial differential elation of a 
family of suifaces. 

The equation (see § 313) 

T,du ^du „du 

may be put in the very simple form 

if we write <r =z iP+jQ+i7i, 

This gives, at once, V« = mf&<r, 

where m is a scalar and a vector (in whose tensor m might have 

been included, but is kept separate for a special purpose). Hence 

du = ~8{dpV) tt 

= — mS.Qffdp 

= -S.edr, 

ifweput dr = mr.,Tdp 

so that m is an integratiiig &ctor of F. adp. If a valne of m can be 
found, it is obviouB, from the form of the above equation, that $ 
must be a function of r alone ; and tbe integral is therefore 

w = F{t) = const. 
wbere ^is an arbitrary scalar function. 
Thus the differential equation of Cylinderg is 
S{aV) u = 0, 
where a is a constant vector. Here m=1, and 
tt = fiyap) = const. 
That of Conet referred to the vertex is 
S(pV)u = 0. 
Here the expression to be made integrable is 

F.pdp. 
But Hamilton long ago shewed that (§ 133 (S)) 
dUp _ rrdp V.pdp 

which indicates tbe value of m, and gives 
M = f(t/p) = const. 
It is obvious that tbe above is only one of s great number of 
different processes which may be applied to integrate the differential 
equation. It is quite easy, for instance, to pass from it to the 
assumption of a vector integrating &ctor instead of the scalar w. 
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and to derivB the usual criterioD of integrability. Tliere is no diffi- 
culty in modifying tlie process to suit the case when the right-hand 
member ie a multiple of u. In feet it seems to throw a very clear 
light upon the whole subject of the integration of partial differ- 
ential equations. If, instead of S(aV), we employ other operators 
as S{ffV) S{tV), S.iVtV, &c. (where V may or may not operate on 
H alone), we can pass to linear partial differential equations of the 
second and higher orders. Similar theorems can be obtained from 
vector operations, as V{tV)*. 

323.] Find the general equation of lUifacea described by a line 
vikich alioays meets, at right angles, a fixed line. 

If a be the fixed line, /9 and y forming with it a rectangolar unit 
system, then p = ara-f-^O + zy}, 

where y may have all values, but x and z are mutually dependent, 
is one form of the equation. 

Another, expressing the arbitrary relation between x and z is 



But we may also write 

p = aF{x) + ifa!'^. 
as it obviously expresses the same conditions. 

The simplest case is when F[x)^hx. The surface is one which 
cuts, in a right helix, every cylinder which has a for its axis. 

328.] The centre of a sphere moves in a given circle, find lAe equa- 
tion of the ring described. 

Let a be the unit-vector axis of the circle, its centre the orig^, 
r its radius, a that of the sphere. 

Then (p-/3)«=-a« 

is the equation of the sphere in any position, where 

Sa^ = 0, 2)3 = r. 
These give 8,aPp = 0, and fi must now be eliminated. The result 
ia that ^ = raUFap, 

giving (p' — r^ + a^)' = 4 r^f^ Fap, 

= ir^-p^~8^ap}, 
which is the required equation. It may easily be changed to 

{p«_a2 + r^)8 = _4aV-4'^5'ap, (1) 

and in this form it enables us to give an immediate proof of the 
very singular property of the ring (or tore) discovered by Villarceau, 
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For the planes S.p (a ± /^ ) = 0, 
^ rvr^ — a^ 
which togetlter are represented by 

r^{r^-a')S'ap-a^S^pp = 0, 
evidently pass throngh the origin and touch (and cut) the ring. 
The latter equation may be written 

r'S'ap-a'iS'ap+S^pU^) = 0, 

or T^S'ap + a'(fi> + SP.apUfi) =0 (2) 

The plane intersections of (1) and (2) lie obviously on the new 
surface (p^-a' + r^ = ia'S^.apV^, 

which consists of two spheres of radius r, as we see by writing its 
eeparate factors in the form 

324.3 ^^ '^^y ^ instructive to work out this problem from a 
different point of view, especially as it affords excellent practice in 
transformation s , 

A circle revolve* about an awia patting loiiiin it, the perpendicular 
frovt the centre on the axis lying in tie plane of the circle: sheio that, 
for a certain position of the aans, the same solid may be traced out by a 
circle revolving about an external axis in its oten plane. 

Let a = •/b^ + c' be tbe radius of the circle, i the vector axis of 
rotation, —ca (where Ta = I) the vector perpendicular from the 
centre on the axis i, and let the vector 

bi + eia 
be perpendicular to the plane of the circle. 

The equations of the circle are 

{p—cay + b^ + c^ = 0,- 



Also -p^=: 8Hp + S^ap+8^.iap, 

b^ 

= S'ip+S'ap+-^S^ip 

by the second of the eqnationa of the circle. But^ by the first, 

(p2 + ja)3 = i ^S^'ap = - 4 (e V + a^SHp), 
which is easily transformed into 

(p'-lfi)'=-ia'(j^ + SHp), 
or />>— J' = —2aTFip. 

If we put this in the forms 

p»— A> = 2aSfip, 
and (p— fl^f + c'ssO, 
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where is a nnit-vector perpendicular to t and iu the plane of » 
and p, we see at once that the surface will be traced out by a circle 
of radius c, revolving about i, an axis in its own plane, distant a 
from its centre. 

This problem is not well adapted to shew the gain in brevity and 
dietinctnesa which generally follows the nae of quatemionB; as, 
Irom its V9ry nature, it hints at the adoption of rectangular axes 
and scalar equations for its treatment, so that the solution we have 
given is but little difierent from an ordinary Cartesian one. 

326.] A surface is generated by a ttraigkt line wAicA interiecti two 
Jixed line* .- find ike general equation. 

If the given lines intersect, there is no surface but the plane con- 
taining them. 

Let then their equations be, 

p = a + fl!|8, p = a, + aT,/3i. 

Hence every point of the surface satisfies the condition, § 30, 

p = y{a + x$)+{l-y)(a^ + <r,^,) (1) 

Obviously y may have any value whatever : so that to specify a 
particular surface we must have a relation between x and x^. By 
the help of this, x^ may be eliminated from (1), which then takes 
the usual form of the equation of a surface 

P = *(*.J'). 
Or we may operate on (!) by F.(a + itfi— Oi—Xi^i), so that we get 
a vector equation equivalent to two scalar equations (^ 98, 116), 
and not containing y. From this x and ar, may easily be found in 
torms of p, and the general equation of the possible surfaces may be 
written ■ /"{x, x,) = 0, 

where y is an arbitrary scalar function, and the values of x and se^ 
are expressed in terms of p. 

This process is obviously applicable if we have, instead of two 
straight lines, any two given curves through which the line must 
pass ; and even when the tracing line is itself^ given curve, situated 
in a given manner. But an example or two will make the whole 
process clear. 

326.] Suppose the moveable line to be restricted by fie condition 
that it is ahcays parallel to a fixed plane. 

Then, in addition to (1), we have the condition 

y being a vector perpendicular to the fixed plane. 

We lose no generality by assuming a and a,, which are any 
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vectors drawn from the origin to the fixed lines, to be each per- 
pendicular to y ; for, if for instance we could not assume Sya = 0, it 
would follow that Syfi = 0, and the required sur&ce would either 
be impossible, or would be a plane, cases which we need not con- 
sider. Hence x^Sy^i—xSy^ = 0, 
Siiminatiosf ar,,by the help of this equation, from (1) of last section, 

we have , „, ,, ,/ , "SyS, 

p =J'(a + a^^) + (l-y)(aj+arA^). 

Operating by any three non-coplauar vectors and with the charac- 
teristic S, we obtain thi-ee equations from which to eliminate « and^. 
Operating by S.y we find 

Syp = xS^y. 
ElimiDatiug x by means of this, we have finally 

which appears to be of the third order. It is really, however, only 
of the second order, since, in consequence of our assumptions, we 
have Vaa^ \\ y, 

and therefore Syp is a spurious factor of the left-hand side. 

327.] Let the fixed Ihies he perpendkular to each other, and let 
the moveable line past through the circvniference of a circle, vhote 
centre ia in th^ commim perpendicular, and whoie plane bitecta that line 
at right angles. 

Here the equations of the fixed lines may be written 
p = a+*i3, p=-a+Xiy, 

where a, fi, y, form a rectangular system, and we may assume the 
two latter to be uuit-vectors. 
The circle has the equations 

p" =— a*, Sap = 0. 
Equation (1) of § 325 becomes 

p = S{a-¥xp)-\-{l-y){-a-\-a>,y). 
Hence iSo'V =ll—{^—S) = ^> <>' j' = i- 

Also p^=-a'^ = (2j'-lf a*— ary— a!f(l-^)S 

or ia^ = {x^+a:l), 
m that if we now suppose the tensors of ^ and y to be each 2a, we 
may put x = cos 0, x^ = sin 6, from which 

p= (2^-l)a+y^cosfl+(l-j')yBinfl; 
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For this veiy simple case the solution is not better tlian the 
ordinary Cartesian one; but the student will easily see that we 
may by very slight changes adapt the above to data iar less sym- 
metrical than those from which we started. Suppose, for instanoe, 
and y not to be at right angles to one another ; and suppose the 
plane of the circle not to be parallel to their plane, &c., &c. Bat 
farther, operate on every line in space by the linear and vector 
function 0, and we distort the circle into aa ellipse, the straight 
lines remaining straight. If we choose a form of <ft whose principal 
axes are parallel to a, /3, y, the data will remain symmetrical, but 
not unless. This subject will be considered again in the next 
Chapter. 

328.] To find tie curvaiure of a normal section of a central surface 
of the second order. 

In this, and the few similar investigations which follow, it will 
be simpler to employ infinitesimals than differentials ; though for a 
thorough treatment of the subject the latter methodj as may be seen 
in Hamilton's Elements, is preferable. 

We have, of course, Spijtp = I, 

and, a p + ip be also a vector of the surface, we have rigorously, 
iohatever be the tensor of hp, 

8ip + hp)<t>(fi + bp) = 1. 
Hence 2Sbptl>p + 86p<l)6p = 0.... (1) 

Now ^p is normal to the tangent plane at the estremity of p, so 
that if t denote the distance of the point p-^hp from that plane 

t=-SZpU^p, 
and (1) may therefore be written 

2tT4>p-T^hpS.Utp<pmp = 0. 
But the curvature of the section is evidently 

or, by the last equation, 

In the limit, Sp is a vector in the tangent plane ; let «r be the vector 
semidiameter of the surface which is parallel to it, and the equation 
of the surface gives T^siS.Uia4if/-a = 1, 

so that the curvature of the normal section, at the point p, in tfae 
direction of m, is i 

T'PpT'a ' 
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direcUif as the perpendicular from the centre on, Ike tangent plane, and 
tHneriely at tie iquare of the aemidiameler parallel to the tangent line, 
a well-known theorem. 

329.] Bj the help of the known propertiee of the central section 
parallel to the taogent plane, this theorem gives as all the ordinary 
propertieB of the directions of maximum and pijnitniim curvature, 
their being at right angles to each other, the curvature in any 
normal section in terms of the chief curvatures and the inclination 
to their planes, &c., &c., without farther analysis. And when, in a 
future section, we shew how to find ao oiculating surface of the 
second order at aoy point of a given surface, the same properties 
will be at once established for surt^es in general. Meanwhile we 
may prove another curioua property of the surfaces of the second 
order, which similar reasoDiug exteude to all sur&ces. 

The equation of the normal at the point p + lp in the surface 
treated in hist section is 

w = p + 8p+a^(p+«p) (1) 

This intersects the normal at p if (§§ 203, 210) 

S.&p<fip<pip ^ 0, 
that is, by the result of § 273, if Sp be parallel to the mazimnm or 
minimum diameter of the central section parallel to the tangent 
plane. 

Let ff] and ctj be those diameters, then we may write in general 

where jD and q are scalars, infinitely small. 

If we draw through a point P in the normal at /) a line parallel 
to (T, , we may write its equation 

w = p + a4>p+ylr^. 
The proximate normal (1) passes this line at a distance (see §203) 

S.{a4>p~Jip)Ur,7i<l,(p-i-bp), 
ot, neglecting terms of the secoud order, 



The first term in the bracket vanishes because itj is a principal veotoi' 
of the section parallel to the tangent plane, and thus the expression 
becomes ^ a _, -, 

Hence, if we take a = Tal, the distance of the normal from the new 
line is of the second order only. This makes the distance of i* from 
the point of contact T<t>pT<Tl, i.c. the principal radius of eurvid>aie 
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along the tangent line parallel to a^- l^t is, the group of normal* 
dravm near a point of a central surface of tie second order past ulti- 
mately tirooffi two lines each parallel to the tangent to one principal 
section, and passing through the centre (^curvature of the other. The 
student may form a notion of the nature of this proposition by con- 
sidering a small square plate, with normals drawn at eveiy point, 
to be slightly bent, but by different amounts, in planes perpendicular 
to its edges. The first bending will make all the normals pass 
through the axis of the cylinder of which the plate now forms part ; 
the second bending will not sensibly disturb this arrangement, 
except by lengthening or shortening the line in which the normala 
meet, but it will make them meet also in the axis of the new 
cylinder, at right angles to the first. A small pencil of light, with 
its focal lines, presents this appearance, due to the fact that a series 
of rays originally normal to a surlace remain normals to a surface 
afler any number of reflections and refractions. (See § 315). 

830.] To extend these theorems to surfaces in general, it is only 
necessary, as Hamilton has shewn, to prove that if we write 

dv ^ <pdp, 
^ is a ielf-con;vgate function ; and then the properties of <f>, as ex- 
plained in preceding Chapters, are applicable to the question. 

As the reader will easily see, this is merely another form of the 
investigation contained in §317. But it is given here to shew 
what a number of very simple demonstrations may be given of 
almost all quaternion theorems. 

The vector v is defined by an equation of the form 
dfp = Svdp, 
where y is a scalar function. Operating on this by another inde- 
pendent symbol of differentiation, 8, we have 
fidfp = Stvdp + Spbdp. 
In the same way we have 

dbfp = Sdebp + Svdbp. 
But, as d and b are independent, the left-hand members of these 
equations, as well as the second terms on the right (if these exist 
at all), are equal, so that we have 

Sdvhp ^ Shvdp. 
This becomes, putting dv = ^dp, 

and therefore Bv = <php, 

Sbp^dp = Sdp<ftbp, 
which proves the pro|)08ition. 
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331.] If we write the differential of the equ&tion of a eurface in 
the form dfp = 28vdp, 

then it is easy to see that 

f{p-\-dp) =/p+2Svdp+Sdvdp+SK., 
the remaining terms containing as factors the third and higher 
powers of Tdp. To the second order, then, we may write, except 
for certain singular points, 

= 2Svdp+Sdpdp, 
and, as before, (§ 326), the carvature of the normal section whose 
tangent line is dp is ^ o^" 

% d^' 
332.] The step taken in last section, although a very simple one, 
virtually implies that the first three terms of the expansion of 
/(p + dp) are to be formed in accordance with Taylor's Theorem, 
whose applicability to the expansion of scalar functioDS of quater- 
nions has not been proved in this work, (see ^ 135); we therefore 
give another investigation of t^e curvature of a normal section, 
emplojdng for that purpose the formulae of § (282). 
We have, treating dp as an element of a curve, 
Svdp = 0, 
or, making » the independent variable, 
Svp'= 0. 
From this, by a second differentiation, 

S^p'+Spp"= 0. 

The curvature is, therefore, since p [] p" and Tp'= 1, 

333.] Since we have shewn that 
dp =z ifidp 
where is a self-cot^ugate linear and vector function, whose con- 
stants depend only upon the nature of the surface, and the position 
of the point of contact of the tangent plane ; bo long as we do not 
alter these we must consider i^ as possessing the properties explained 
in Chapter V. 

Hence, as the expression for Tp" does not involve the tensor of 
dp, we may put for dp any unit-vector r, subject of course to the 

condition 5vr = (1) 

And the curvature of the normal section whose tangent is t is 
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If we confiider the central section of the surface of the second order 

Ss(f>st + Ti>= 0, 
made by the plane Svw = 0, 

we see at once that the curvature of the tj'wen, surface along ike normal 
section touched by t U invenely at tie square of tie parallel radm in 
the auxiliary surface. This, of course, includes Euler's and other 
well-known Theorems. 

334.] To find the directions of maximum and minimum curvature, 
we have Srtttr = max. or min. 

with the conditions, Svr = 0, 

Tr= J. 
By differentiation, as in § 273, we obtain the farther equation 

S.VT<t>T = (1) 

If r be one of the two required directions, r'= rf/f is the oUier, for 
the last-written equation may be put in the form 
S.rUin^lin-Up) = 0, 
i.e. S.T'<t>{vT') = 0, 

or S.pT'iftT' = 0. 

Hence the sections of greatest and least curvature are perpendicular to 
one another. 

We easily obtain, as in § 273, the following equation 

whose roots divided by Tv are the required curvatures. 

335.^ Before leaving this very brief introduction to a subject, an 
exhaustive treatment of which will be found in Hamilton's Elements, 
we may make a remark on equation (1) of last section 

S.VT^T = 0, 

or, as it may be written, by returning to the notation of § 333, 
S.vdpdv =: 0. 
This is the general equation felines of curvature. For, if we define 
a line of curvature on any surface as a line such that normals drawn 
at contiguous points in it intersect, then, Ip being an element of 
such a line, the normals 

CT = /) + oTf and OT = p 4- V + y (" + *") 
must intersect. This gives, by § 203, the condition 
as above. ^•^f"'^" = *'- 
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EXAMPIxES TO CHAPTEK, IX. 

1. Find the leogUi of any arc of a curve drawn on a sphere so aa 
to make a <x>nst>ant angle with a fixed diameter. 

2. Shew that, if the normal plane of a curve always contains a 
fixed line, the curve is a circle. 

3. Find the radius of Bphencal curvature of the curve 

Also find the equation of the locus of the centre of spherical 
curvature. 

4. (Hamilton, BUhop Law's PTevtium Examination, 1654.) 

(a.) If f) be the variable vector of a curve in space, and if the 
differential dK be treated as = 0, then the equation 

dT(p-K) = 
obliges K to be the vector of some point in the normal 
plane to the curve. 

(b.) In like manner the system of two equations, where dK 
and d^K are each = 0, 

dT(p-K) = 0, . d'T{p-K) = 0, 
represents the axis of the element, or the right line 
drawn through the centre of the osculating circle, per- 
pendicular to the osculating plane. 

tc.) The system of the three equations, in which k is treated 
as constant, 

dT(p-K) = 0, d^T{fi-K) = 0, d'>T(p-K) = 0, 

determines the vector k of the centre of the osculating 
sphere. 

{d.) For the three last equations we may substitute tlie follow- 
ing: 

s.(p—K)dp = 0, 

8.{p~K)d'p + dp^ = 0, 
8.{p-K)d^p + 3S.dpd^p = 0. 
(«.) Hence, generally, whatever the independent and scalar 
vuiable may be, on which the variable vector p of the 
curve depends, the vector x of the centre of the oscu- 
lating sphere admits of being thus expressed : 
ZF.dpd^pS.dpd'p-dp^F.dpd'p ' 



^''"•' S.dpd»pd^p 
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(/.) In general, 

d{d'*r.dpUp) - d{Tp-^V.pdp) 

= Tp-^{3V.pdp8.pdp-p*r.pd^p); 
whence, 

zr.pdpS.pdp—p^r.pd^P = P*Tpd{fi'-^V.dpUp); 
and, therefore, the recent expression for « admits of 
being thus transformed, 

, dp*didp-'r.d^ pUdp) 
""'*■•" S.d^pd^pUdp 
(ff.) If the length of the element of the cnrve be constant, 
dTdp=0, this last expression for the vector of the centre 
of the oscnlating sphere to a carve of double curva- 
ture becomes, more simply, 
_. d.d^pdp^ 
" ~ '"^ S.dpd^pd^p' 
F.d^pdp^ 
or " ~ '"^ S.dpd'pd'p' 

{i.) Verify that this expression g^ves k = 0, for a curve de- 
scribed on a sphere which has its centre at the origin 
of vectors ; or shew that whenever dTp = 0, d'Tp = 0, 
d^Tp = 0, as well as dTdp = 0, then 
pS:dp-^d^pd^p = V.dp^p. 

5. Find the curve from every point of which three given spheres 
appear of equal magnitude. 

6. Shew that the locus of a point, the difiTerence of whose dis- 
tances from each two of three given points is constant, is a plane 
curve. 

7. Find the equation of the curve which cuts at a given angle 
all the sides of a cone of the second order. 

Find the length of any arc of this curve in terms of the distances 
of its extremities from the vertex. 

8. Why is the centre of spherical curvature, of a curve described 
on a sphere, not necessarily the centre of the sphere ? 

9. Find the equation of the developable surface whose generating 
lines are the intersections of successive normal planes to a given 
tortuous curve. 

10. Find the length of an arc of a tortuous curve whose norm^ 
planes are equidistant from the origin. 

1 1 . The reciprocals of the perpendiculars firom the origin on the 
tangent planes to a developable surface are vectors of a tortuous 
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curve ; from whose osculating planes the cusp-edg« of the original 
surface may be reproduced by the same process. 

1 2. The equation p = Fa% 

where a is a unit-vector not perpendicular to j3, represents an ellipse. 
If we pnt y = fafi, ebew that the equations of the locus of the 
centre of curvature are 

S.^yp = 0, 

1 3. Find the radius of absolute curvature of a spherical conic. 

14. If a cone be cut in a circle by a plane perpendienUr to a side, 
the axis of the right cone which osculates it, along that side, passes 
through the centre of the section. 

15. Shew how to find the vector of an umbilicus. Apply your 
method to the surfaces whose equations are 

Sptjip = 1, 
and SapSfipSyp= 1. 

16. Find the locus of the umbilici of the surfaces represented by 
the equation 5p(^+i)-V = I, 

where A is an arbitrary parameter. 

17. Shew how to find the equation of a tangent plane which 
touches a surface along a line, straight or curved. Find such planes 
for the following surfaces 

Sp(f>p = 1, 

and (p'-a'' + by + i{a'p'' + 6^S^ap)=0. 

1 8. Find the condition that the equation 

S(p+a)<pp= 1, 
where i^ is a self-conjugate linear and vector function, may represent 
a cone. 

19. Shew from the general equatiou that cones and cylinders are 
the only developable surfaces of the second order. 

20. Find the equation of the envelop of planes drawn at each 
point of an ellipsoid perpendicular to the radius vector from the 
centre. 

21. Find the equation of the envelop of spheres whose centres lie 
on a given sphere, and which pass through a given point. 

22. Find the locus of the foot of the perpendicular frt>m the 
centre to the tangent plane of a hyperboloid of one, or of two, 
sheets. 
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23. Hamilton, BUhop Lam^i Premium Examinatuni, 1852, 

(a.) If /) be the vector of a curve in space, the length of the 
element of that curve is Td(i \ and ih.^ variation of the 
length of a finite arc of the curve is 
i/Tdp = -/SUdpidp=-ASUdpip+/SdUdptp. 
(b.) Hence, if the curve be a ehortest line on a given surface, 
for which the nonnal vector is v, so that Si^ = 0, this 
shortest or geodetic curve must satisfy the differential 
equation, VvdUdp = 0. 

Also, for the extremities of the arc, we have the Umiting 
equations, 

SUdp^ ipo=Oi SUdpi ipi = 0. 
Interpret these results. 
(e.) Foraspheric surface, Vvp=0, pdUdp=Q; the inte^prated 
equation of the geodetics is pUdp = a, ^ving 8mp = 
(great circle). 
For an arbitrary cylindric surface, 

Sav = 0, adUdp = ; 

the integral shews that the geodetic ie generally a helix, 
making a constant angle with the generating lines of 
the cylinder. 
{d.) For an arbitraiy conic surface, 

Svp = 0, SpdUdp = ; 

integrate this differential equation, so as to deduce from 
it, TVpUdp = const. 
Interpret this result ; shew that the perpendicular from 
the vertex of the cone on the tangent to a given geo- 
detic line is constent ; this gives the rectilinear develop- 
ment. 
When the cone is of the second degree, the same property 
is a particular case of a theorem respecting confocal 
fiurfaccB. 
(e.) For a surface of revolution, 

S.apv = 0, S.apdUdp = ; 

integration gives, 

const. = S.apUdp = TVapSU {Vap-dp) ; 
the perpendicnhir distance of a point on a geodetic 
line from the axis of revolution varies inversely as the 
cosne of the angle onder which the geodetic crosses a 
parallel (or circle) on the snrfBce. 
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(y.) The difierential equation, S.apdUdp = 0, is satisfied not 
only by the geodetics, but also by the circles, on a 
surface of revolutiou ; give the explanation of this fact 
of calculation, and shew that it ariEes from the coinci- 
dence between the nonnal plane to the circle and the 
plane of the meridian of the sur&ce. 

(^.) For any arbitrary surface, the equation of the geodetic 
may be thus transformed, S.vdpd^p = j deduce this 
form, and shew that it ■ expresses the normal property 
of the osculating plane. 

{k.) If the element of the geodetic be constant, dTdp = 0, then 
the general equation formerly assigned may be reduced 
to r.vd^p= 0. 
Under the same condition, d^p = —v~^Silvdp. 

{i.) If the equation of a central sur&ce of the second order 
be put under the form fp= \, where the function f 
is scalar, and homogeneous of the second dimension, 
then the differential of that function is of the form 
<^p = 2S.vdp, where the normal vector, v = 4>Pi i^ ^ "J'^- 
tributive function of p (homogeneous of the first dimen- 
sion), dv^d(t>p=^dp. 
This normal vector v may be called the vector o/proximily 
(namely, of the element of the surface to the centre) ; 
because its reciprocal, v~^, represents in length and in 
direction the perpendicular let fall from the centre on 
the tangent plane to the surface. 

(i.) If we make Sa<pp ~f{<T,p), this function,/' is commutative 
with respect to the two vectors on which it depends, 
/{p,a)=/(ff,p); it is also connected with tbe/ormer 
function^ of a sini/le vector p, by the relation,y(p, p) =/p : 
BO tha,t/p=Sp<lip. 
/dp = Sdpde ; dfdp = 2S.di>d^p ; for a geodetic, with con- 
stant element, 

2/dp V 
this equation is immediately integrable, and gives 
const. =Ti>V{/Udp) = reciprocal of Joachimstal's pro- 
duct, FD. 
(l.) If we give the name of " Didonia" to the curve (discussed 
by Delaunay) which, on a given surface and with a 
given perimeter, contains the greatest area, then for 
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such a Didonian carve we have by quatemionG tlie 
formula, /SMvdpip+ch/Tdp = 0, 
where c is an arbitrary constant. 
Derive hence the differential equation of the second order, 
equivalent (through the constant e) to one of the third 
order, c-^dp = F.UudUdp. 

Qeodetics are, therefore, that limiting case of Didonias for 

which the constant c is infinite. 
On a pUne, the Didonia is a circle, of which the equation, 
obtained by integration from the general form, is 

p = vr+eUvdp, 
w being vector of centre, and c being radius of circle. 
(m.) Operating by S.Udp, the general differential equation of 
the Didonia takes easily the following forms : 
c-^Tdp = S{Uvdp.dVdp); 
c-^Tdp' = S{UBdp.d^p); 
c-^Tdi^-S.Updpd^p: 
-,^^^pd£^ 
~ Uvdp 
(».) The vector u, of the centre of the osculating circle to a 
curve in space, of which the element Tdp is conetant, 
has for expression, 

dp^ 

Hence for the general Didonia, 

j-l „ S (°'-'')"' ; 

(o.) Hence, the radius of curvature of any one Didonia varies, 
in general, proportionally to the cosine of the inclination 
of the osculating plane of the curve to the tangent 
plane of the surface. 
And hence, by MeuBnier'a theorem, the difference of the 
squares of the curvatures of curve and surface is con- 
stant ; the curvature of the surface meaning here tiie 
reciprocal of the radius of the sphere which oscnlates 
in the reduction of the element of the Didonia. 

(^.) In generalj for any curve on any sur&ce, if f denote the 
vector of the intersection of the axis of the element (or 



EXAMPLES TO CHAPTEE IX. 193 

the axis of the circle osculating to the curve) with the 
tangent plane to the surfaccj then 
vdp" 

Hence, for the general Didonia, with the Bame eignifica- 
tion of the symbols, 

f = p—eUvdp; 
and the constant c expresses the length of the interval 
/>— f, intercepted on the tangent pUne, between the 
point of the curve and the axis of the osculating 
circle. 

(g.) Kf then, a sphere be described, which shall have its centre 
on the tangent plane, and shall contain the osculating 
circle, the radius of this sphere shall always be equal 
to c. 

(r.) The recent expression for f, combined with the first form 
of the general differential equation of the Didonia, gives 
d^ = -crdUvVdp; Vvdi=0. 

(«.) Hence, or from the geometrical signification of the con- 
stant c, the known property may be proved, that if a 
developable surface be circomscribed about the arbitrary 
snr&ce, so as to touch it along a Didonia, and if this 
developable be then unfolded into a plane, the curve 
will at the same time be flattened (generally] into a 
circular arc, with radius = c. 

24. Find the condition that the equation 

S/>(*+/)-V=i 

may give three real values of y for any given value of p. If/" be a 
function of a scalar parameter f , shew how to find the form of this 
function in order that we may have 

„,. d^$ d^i d^ 

^ * rf^« ^ df + dz-' "■ 

Prove that the following is the relation between^ and £, 

.:-/' _ gL = f-C 
• •' ^(ft+/)(ft+/)(ft+/) ■' -/"/ 

in the notation of ( 147. 

25. Shew, after Hamilton, that the proof of Dupin's theorem, 
that "each member of one of three series of orthogonal sur&ces 
cuts each member of each of the other series along its lines of 
cnrvatore," may be expressed in quaternion notation as follows : 
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If Svdp = 0, Sv'dp = 0, S.w'dp = 

be iotegrable, and if 

Svv'^0, then Vv'dp=G, mokes S.vt/dv = 0. 
Or, as foUowB, 

If SvVv = o, Si/w=o, Sv"vir=<i, and r.>./»*"=o; 

then 5./'(&'V.p) = 0, 

1. ^ -^ -^ i.^ 

where y=t-=- +»-;-+*-=- ■ 

■dm ■' dy dz 

26. Shew that the equation 

Top = pT^p 
represents the line of intersection of a cylinder and cone, of the 
second order, which have ^ as a common generating line. 

27. Two spheres are described, with centres at A, B, where 
OA = a, OB ss fi, and radii a, b. Any line, OPQ^, drawn from the 
origin, cuts tliem in P, Q respectively. Shew that the equation of 
the locns of intersection of AF, BQ has the form 

r{a + aU(p^a)) (fi+6U(p-0)) = 0. 
Shew that this involves 8.a^p = 0, 

and therefore that tlie left side is a scalar multiple of Kofi, bo that 
the locns is a plane curve. 

Also shew that in the particular case 

the locns is the surface formed by the revolution of a Cartesian 
oval about its axis. 
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336.] Whbn a point's vector, p, is a function of the time /, we 
have Been (§ 36) that its vector-velocity is expressed by -^ or, in 
Newton'a notation, by p. 

That is, if p = <^ 

be the equation of an orbit, eontai»i*g (as the reader may see) not 
vterely the form of the orbit, but the lax ofit» deter^tion alto, then 

p = 't>'l 
gives at once the form of the Hodograph and the law of its de- 
scriptioD. 

This shews immediately that the vector-acceleration of a poinds 
motion, d'p 

it the veetOT-veloeity in . the hodograph. Thus the fundamental pro- 
perties of the hodograph are proved almost intuitively. 
337.] Changing the independent variable, we have 
dp dt , 

"'Tilt'"' 
if we employ the dash, as before, to denote -j- • 

This merely shews, in another form, that p expresses the velocity 
in magnitude and direction. But a second differentiation gives 

This shews that the vector-acceleration can be resolved into two 
components, the first, vp', being in the direction of motion and 
equal in lAgnitude to the acceleration of the velocity, ^ or -37 ; 
the second, vV'i being in the direction of the radius of abeolnte 
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curvatare, and having for its amount the square of the velocity 
multipUed by the curvature. 

^t is scarcely conceivable that this importaat fundamental pro- 
position, of which no simple analytical proof seems to have been 
obtained by Cartesian methods, can be proved more elegantly than 
by the process just given.] 

338.] If the motion be in a plane carve, we may write the 
equation as follows, so as to introduce the usual polar coordinatee, 
r and $, y ' 

where a is a unit-vector perpendicular to, ^ a unit-vector in, the 
plane of the curve. 

Here, of course, r and may be considered as connected by one 
scalar equation ; or better, each may be looked on as a function of I, 
By differentiation we get 

MM 

which shews at once that r is the velocity along, rd that pcrpen- 
dioular to, the radius vector. Agun, 

M U 

■p = (i~T0')a'^ + (2r9 + re)aa'p, 
which gives, by inspection, the components of acceleration along, 
and perpendicular to, the radius vector. 
839.] For uniform acceleriUion in a cmgtant direetioK, we have at 

Whence p = ai + ff, 

where ;3 is the vector-velocity at epoch. This shews that the 
hodograph is a straight line described uniformly. 

Also p=-~-+fi(, 

no constant being added if the origin be assumed to be the position 
of the moving point at epoch. 

Since the resolved parte of p, parallel to j3 tad a, vary respect- 
ively as the first and second powers of t, the curve is evidently a 
parabola (§31(/)). 

But we may easily deduce from the equation the following result, 

T{p + ifia-^^)=-SUa(p+^a-^), 
ihe equation of a paraboloid of revolution, whose axie^s a. Also 
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and therefore tlie distance of any point in the path from the point 
— i(3a-'j3 is equal to its distance from the line whose equation is 

Thus we recognise the focus and directrix property. 

340.] That the moving point may reach a point y we must 
have, for some real value of t, 

Now suppose T0, the velocity of projection, to be given = v, and, 
for shortness, write v for U^. 

Then . y = ?^ + ii/ar. 

Since Tw = 1, 

we have — {v^-Say)i^-\-Ty'' = 0. 

The values of P are real if 

is positive. Now, as TaTy is never less than Say, it is evident that 
v^^Say must always be positive if the roots are possible. Hence, 
wbe;i they are possible, both values of t^ are pontive. Thus we 
hvfejbur values of i which satisfy the conditions^ and it is easy to 
.see that since, disregarding the signs, they are equal two and twoj 
each par refer to the same path, but degcrHed in opposite directioat 
between the origin and the extremity of y. There are therefore, if 
any, in general two parabolas which satisfy the conditions. The 
directions of projection are (of course) given by the corresponding 
valnes of 9. 

S41.] The envelop of all the trajectories possible with a given 
velocity, evidently corresponds to 

{v^-SvyY~-T<^Ty* = 0, 
for then y is the vector of intersection of two indefinitely close paths 
in the same vertical plane. 

Now v' -Say = TaTy 

is evidently the equation of a paraboloid of revolution of which the 
origin is the focus, the axis parallel to a, and the directrix plane at 



All the ordinaiy problems connected with parabolic motion are 
easily solved by means of the above formulae. Some, however, are 
even more easily treated by assuming a horizontal unit-vector in 
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the plane of motion, and expressing in terms of it and a. Bat 
this most be left to the student. 

342.] For aceeleratum directed to or from a fixed poiat, we have, 
taking' that point aa origin, and putting P for the magnitade of 
the central acceleration, 

p =l>Up. 
Whence, at once, fpp = 0. 

Integrating, Fpp = y = a constant vector. 

The interpretation of this simple formula ia—firtt, p and p are in 
a plane perpendicular to y, hence the path is in a plane (of course 
passing through the origin) ; second, the area of the triangle, two 
of whose sides are p and p is constant. ^ 

[It is scarcely possible to imagine that a more simple proof than 
this can be given of the fimdamental &cts, that a central orbit is a 
plane curve, and that equal areas are described by the radius vector 
in equal times.] 

843.] When the k»o of acceleration to or from the origin it that <^ 
the inverse square of the distance, we have 

■ Tffi 

where p. is negative if the acceleration be directed to the origin. - 

Henfce j> = ^-^ ■ 

The following beautiful method of integration is due to Hamilton. 
(See Chapter IV.) 

dUp _ Up.Vpp _ Up.y 

dt ~ Tp" ~ Tp' ' 



Generally, 



dUp 

dt ' 



therefore py = — ;i 

and pY = f—fiUp, 

where e is a constant vector, perpendicular to y, because 

Syp = 0. 
Hence, in this case, we have for the hodograph, 
p = ty-^-I^Up.y-\ 

Of the two parts of this expression, which are both vectors, the 
first is constant, and the second is constant in length. Hence the 
locus of the extremity of p is a circle in a plane perpendicular to y 
(i.e. parallel to the plane of the orbit), whose radius is =r- > and 
whose centre is at the extremity of tfae vector €y~\ 

[This equation contains the whole theoiy of the CintUar Sed»- 
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ffraph, \\b consequences are developed at lengtti ia Hamilton's 

344.] We may write the equations of this circle in the form 

■ Tij,-^-') = ^, 

(a sphere), and ' Syp = 

(a plane throngli the origin, and throngh the centre of the sphere). 
The equation of the orbit is foimd by operating by T.p upon that 
of the hodograph. We thus obtain 

or y'=Sfp+iiTp, 

■ or ^Tp = St{yU-'~p); 

in which last form we at once recognise the focus and directrix 

properi?- This is in fact the equation of a conicoid of rerolutioa 

about its principal axis (c), and the origin is one of the focL The 

orbit is found by combining it with the equation of its plane, 

Syp = 0. ■ 

We see at once that y^(~* is the vector distance of the directrix 

Tt 
from the focus ; and similarly that the eccentricity is — > and the 

■ -2^y« ^ 

major ans —s — V ■ 
M + «* 
345.] To take a simpler case : lei lie aeceleraiioa vary at the du- 
tavcefrOTK the origin. 

Then P = ± w'p) 

the apper or lower sign being used according as the acceleration is 
froK OT.io the centre. 

"^'^"^ (rfF + ™')'' = *'- 

Hence p, = of*" + /Se""" ; 

or /) = acosm^+^sinnt^j - 

where a and ^ are arbitrary, but constant, vectors; and 8 is the 
base of Napier's logarithms. 

The first is the equation of a hyperbola (§31,i) of which a and fi 
are the directions of the asymptotes; the second, that of an ellipse 
of which a and fi are semi-conjugato diameters. 

Since p = Bcfaf""— ^e-"'}, 

or = m{ — aainM^+^cosm/}, 

the hodograph is again a hyperbola or ellipse. But in the first 
case it is, if we neglect the change of dimensions indicated by the 
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scalar factor m, conjng«te to tfee orbit ; in the case of the ellipse it 
is BimiUr and Bimilarlj situated. 

346.] Agaio, lei He acceleration be at the inverts third pother of 
tie dittance, we liare ^Jjn 

'' = W 

Of courge, we have, as usual, 

Vpi> = y. 
Also, operating by S.p, 

« = ^. 

• of which the iDtegral is ^ 

the equation of enei^y. 

Again, Sop = -^ - 

P 

Hence Spp-^^p' = C, 

or Spp = Ct, 

no cooatant being added if we reckon the time &om Uie panage 
through the apse, where Spp = t). 

We have, therefore, by a second integration, 

p* = Ci«+C'. (1) 

[To determine C, remark that 
pp - Ct+y, 
or pV' = Ct^-y'. 

Bat p^p' = C[? — fi (by the equation of energy), 

= C^fl^CC-^, by(l). 
Hence CC'=ft-Y'.1 

To complete the solution, we have, by § 133, 

p dt ^ ^' dl ^ p 
where ^ is a unit- vector in the plane of the orbit. 

But r^ = -4. 

p p 

The elimination of t between tbis equation and (1) gives Tp in 
terms of Up, or the required equation of the path. 

We may remark that if be the ordinary polar angle in the 
orbit, 77-, 

\oe^ = 0Uy. 
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Hence we have fl = — TV / -^ — j^ > 

•nd r'=-{tt» + (70, 

&om which the ordinary eqaatiooB of Cotes' spiraU can be at once . 
foand. [See Tait and Steele's Synamici of a Particle, third edition, 
Appendix* (A).] 

347.] To find the conditUms that a given curve may be the kodo- 
graph eorretponding to a central orbit. 

If w be ite vector, given at- a function of the time, fvdt is that of 
the orbit; hence the requisite conditions are given by 

7'mfvdt = y, 
where y is a conetant vector. 

We may transform this into other shapes more resembling the 
Cartesian ones. 

Thus Vetfadt = 0, 

and rwfadt+ Vim = 0. 

From the Srst fmdt = xv, 

and therefore xVwii = y, 

or the curve is plane. And 

or eliminating «, yVvHi = — (rww)". 

Now if p* be the velocity in the hodograph, R its radius of curva- 
ture, p' the perpendicular on the tangent ; this equation gives at 
once h^= Bfp'*, 

which agrees with known results. - 

348.] The equation of an epilrochoid or hypotrochotd, referred to 
the centre of the fixed circle, is evidently 

p = ai~'a+6i ' a, 
where a is a unit-vector in the plane of the curve and i another 
perpendicular to it. Here w and ayy are the angular velocities in 
the two circles, and i is the time elapsed since the tracing point 
and the centres of the two circles were in one straight line. 
Hence, for the length of an' arc of such a curve, 

» =fTpdt ^/dtViu^a^ + 2a>oiiab cos (u— ta,) i+Wi'^a^}, 

=JdtV\{aa + ujbY±iieiOiab\ . i " 2 [' 

which is, of course, an elliptic function. 
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Bot when the curve becomes an epicycloid or a hypocycloid, 
wa + Uji = 0, and 

which can be expressed in finite terms, as was first shewn hj Newton 
in the Principia. 

The hodograph is another corre of the same class, whose equa- 
tion is 1-1 i>ii 

p = i{ami ' a-J-&i>jt 'a); 
and the acceleration is denoted in magnitude and direction b; tbe 
vector tmt i>^( 

p = — att?i "■ a—b(t\ i ' a. 
Of course the equations of Hie common Qfchid and Trochoid may 
be easily deduced from these forms by making a indefinitely great 
and eu indefinitely small, but the product aai finite ; and transfening 
the origin to the point _ ^^ 

849.] Let i be the normal-yector to any plane. 
Let w and p be the vectors of any two poiute in a rigid plate in 
contact with the plane. 

After any small displacement of the rigid plate in ite plane, let ' 
Am and dp be the increments of m and p. 

Then Sidm = 0, Sidp = ; and, since T{bt—p) is constant, 
S{o-p)ida-dp) = 0. 
And we may evidently assame 

dp = 0)i(p— r), 

where of course t is the vector of some point in the plane, to a rote- ' 
tion cu about which the displacement is therefore equivalent. 
Eliminating it, we have 

d{vr — p) 
" w— P 
which gives <o, and thence r is at once found. 
For any other point <r in the plane figure 
Sid<r = 0, 
S{p—<r)(dp~da) = 0. Hence dp—d<r = «,((p— a). 
8{<r—a){<lw—da) = 0. Hence da—dv = (Ujt(<r— w). 
From which, at once, wj = cuj = ui, and 
d<r= m{a~T), 
or this pfAnt also is displaced by a rotetion u about an axis through 
the extremity of r and parallel to t. 
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350.] Id the case of a rigid body moving about a fixed point 
let m, p, a denote the vectors 'of any three points of the body ; the 
fixed point being origin. 

Then v^, p', a* are constant, and ao are 8wp, Bpa, and Strm. 

After any email displacement we have, for « and p, 
8m^ = 0, J 

Spdp^Q, ; (1) 

Bvsdp + Spd^ = 0. ) 
Now these three equations are satigfied by 
rfar = Poar, dp = Tap, 
where a is anj/ vector whatever. Bnt if iv and dp are given, then 

Vdmdp = V.VitaVap =. aS.apw. 
Operate by S.Fmp, and remember (1), 

S^mdp = S^pdw = 5*,apw. 
„ Vdwdp Fdpdw , , 

"""^ -= T^=-s^ V « 

Now consider <r, Sirda = 0, 

Spda =—S<rdp, 
Sada"^ — Sad/a. 

da = Fan satisfies tiiem all, by (2), and we have thus the proposi- 
tion that any small displacement of a rigid body about a fixed point i» 
equivalent to a rotation. 

851,] To represent He rotation of a rigid body about a given aaiis, 
iirough a given finite angle. 

Let a be a unit-vector in the direction of the axis, p the vector 
of any point in the body with reference to a fixed point in the axis, 
and & the angle of rotation. 

Then P = or'^8ap-\-a-^Vap, 

The rotation leaves, of course, the first part unaffected, hut the 
second evidently becomes 

-a'aVap, 
or — oFopco8fl4- Vap&m6. 

Hence /> becomes 

p^ = —aSap—aFap cobB + Vapeia 0f 

= (co8- + asm-)p(eos--aBin-), 
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352.] Hence (o compound tvo rotatioiu about axe» which meet, we 
may evidently write, as tlie effect of Aa additional rotation ^ about 
the nnit-vector fi, t_ _* 

* I _1 _♦ 

Hence p^ = ^^a'pa 'fi *. 

If the j3-rotation bad been first, and then the a-rotation, we should 
have had • ♦ _4 _1 

p't = a'ff'pp 'a ', 
and the non-commatatiTe property of quaternion multiplication 
shews that we have ttot, in general, 
P'a = Pa- 
It a, (3, y be radii of the unit sphere to the corners of a spherical 

triangle whose angles are -> ^> -. we know that 

tit 
y' j3 ' a ' = — 1 . (Hamilton, Lectures, p. 267.) 

* • _4 

Hence , (3'a'=— y ', 

.t * 
and we may write Pa = V ' Py't 

or, succetfive rotatlotu aiout radii to tteo comert <^ a ipAerical triangle, 
and through angles double of those of the triangle, are equivalent to a 
single rotation about the radius to the third comer, and through an 
angle double of the exterior angle of the triangle. 

Thus any number of successive ^»i^ rotatioBS maybe compoutided 
into a single rotation about a definite axis. 

353.} When the rotations are indefinitely small, the effect of 
one is, by §351, p^ = p-\-aVap, 

and for the two, neglecting products of small quantitieB, 

Pt = p + aVap-\-hV^p, 
a and b representing the augles of rotation abont the unit-vectors 
a and j3 respectively. 

But this is equivalent to 

Pt = p+ r(aa + M) ^{fyti + b/9) P, 
representing a rotation through an angle T{aa + b^), about the unit- 
vector ?/(aa + b^). Now the latter is the direction, and the former • 
the Ungth, of the diagonal of the parallelogram whose sideg are 
Oa and b/3. - 

We may writ* these results more simply, by putting a for oa, 
^ for bp, where a and j8 are now no longer unit-vectors, but repre- 
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eent by their vereore the axes, and by their tensors the angle» (small), 
of rotation. 

Thus Pj = p + Vap, 

p, = p+rap+rfip, 

= P+r{a+fi)p. 

354.] The general theorem, of which a few preceding sectioDB 
illustrate special cases, ie this : 

By a rotation, about the axis of q, through double the angle of q, 
the qoatemion ;■ becomes the quaternion qrq-^. Its tensor and 
angle remain unchanged, its plane or axis alone varies. , 

A glance at the 6gure is sufficient for . q 

the proof, if we note that of course • 

r,^y-'= TV, and therefore that we need 
consider the vertor parts only. Let Q 
be the pole of q, , ~, 

AB=q, JS'=q'', WC'=r. „, y"^"' 

Join C'A, and make ^ = C^. Joiu ^ ' fq^^^^J^'S'' 

CB. c 

Then C£ is qrq-^, its arc C^ is evidently equal in length to that 
of r, WC; and its plane (making the same angle with BB that 
that of ice does) has evidently been made to revolve about Q, the 
pole of q, through double the angle of q. 

If r be a vector, = p, then ypj~' (which is also a vector) is the 
result of a rotation through double the angle of q about the axis 
of q. Hence, as Hamilton baa expressed it, if B represent a rigid 
system, or assemblage of vectors, 

is its new position after rotating through double the angle of q 
about the axis of q. 

855.] To compound such rotations, we have 

r.qBq~Kr-' =rq.B.(rq)'-^.- 
To cause rotation through an angle ^-fold the double of the angle 
of q we write ^Bq~'. 

To reveite the direction of this rotation write q~'B^. 
To translate the body B without rotation, each point of it moving 
through the vector a, we write a + B. 

To produce rotation of the translated body about the same axis, 
and through the same angle, as before, 
q(a + B}q'\ 
Had we rotated first, and then translated, we should have had 
a + jSj-'. 
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The obvious discrepance between these last reealte might perhaps 
be useful to those who do not believe in the Moon's rotation, but 
t« such men quatemioos are ODintelli^bie. 

S66.] Given tie imlantaneoui axU in terms of tht time, it it re- 
quired to Jind the tingle rotation mkici will bring the body from any 
initial position lo its position at a given time. 

If a be the iuitisl vector of a point of the body, or the value of 
the same at time t, and q the required quaternion, we have 

(1) 



DiSerentiating with respect to t, this gives 
w = qaq'^~qaq~^qq~^t 
= qq~^-qoq-'^-q<^-\qq-\ 
. =2V.{Vqq-\qoq'^). 

But «■ = Vtm = F.fqaq'^. 

Hence, as qaq~^ may be any vector whatever in the displaced 

body, we must have < = ZFqq'^. .: (2) 

This result may be stated in even a simpler fonn than (2), for we 
have always, whatever quaternion q may be. 



dl 



(%)-■ 



and, therefore, if we suppose the tensor of q, which may have any 
value whatever, to be a constant (unity, for instance), we may write 

(2) in the form *? = 2 j (3) 

An immediate consequence, which will he of use to us later, is 

q.q^'tq = 2q (4) 

857.] To express q in terms of tie usual angles ^, 6, tp. 
Here the vectors i,j, k in the original position of the body corre- 
spond to OA, OB, OC, respectivdy, 
at time t. The transposition is ef- 
fected by — first, a rotation ^ about 
k ; second, a rotation 9 about the 
new position of the line originally 
coinciding withy; ^itnf, a rotation 
^ about the final position of the line 
at first coinciding with k. 

Let I, J, k be taken as the initial 
directions of the three vectors which 
at time t t«rmioat« at A, B,C re- 
spectively. 




The rotation 1^ about i has the operator 
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Tiaa convertey into ij, where 
* _♦ 
J] = i'j'k ''=Jcoa^|l—iBiuy|r. 
The body next rotates about tj through an angle jB. This has 
the operator * _t 

n"C )i '■ 

It converta i into 

= i COB 0-i- em {i coa ^ + J Biat^). 
The body now turns through the angle <^ about C the operator 

■ ""^ C^( )<-'■ 

Hence 
♦ ? * 

■ =K.C™f)(-^,-|)(co.^*.i.f) 
= (coB| + CBmi)|^eoB-coB| + icoB-8in| 

6' -Jr 6 yfr 1 

+ Bin-cos^(_;'coBi^~iBin^) + sin-sin^(ico9^+^8iin(') 1 

=-(«»| + C8in|J[^cos-coB^-(sm-Bin|+ysui-co8^+icos-8in|J 



. A . >('■.., .* fl-V /■ 
— Bin ^ sin - COS ^ Bin fl sin^— Bin ^ cos - Bin ^ cos fl 
2 2 2 ^ 2 2 2 

+ j(— cos—sin -ain^ + flin^eoB-cos^smflcos^ 

. A . yb „ .A tf.V'-«-,\ 

— sin - sin - cos ^ cos fl + Bin ^ €08 - Bin -^ Bin fl Bin it I 

222 222 ^•' 

+ ^ (cos I Bin - COB I + Bin I COS - cos - am fl Bin 1^ 



-sin^Bin^einJcoed-Bi 
2 2 2 


A -Jf . 
n|co8-Bm^8inflco8^) 


,/ A . yff .A 
r(co8|cos-sm| + Bin|cos-c 


OS ^ cos fl 


+ flin-sin-Bin|ain(JBin./'+s 


:4..|.4.„.o..,) 



which is, of course, essentially unsymmetrical. 
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358.] To find the usual equaiiont connecting 1//, 0, tp foitk tie an- 
gular velocities adont three reciangKlar axes fixed in tie body. 

Having tlie value of ^ in last sectioa in terms of the three angles, 
it may be useful to employ itj in conjunction with equation (3) of 
§ 356, partly as a verification of that equation. Of coarse, this is 
an exceedingly roundabout procesB, and does not in the least re- 
semble the simple one which is immediately suggested by qua- 
ternions. 

We have 2q = tq = {<ojOA + ut^+^OC}g, 
whence 2y~'y = g~^ {w, OJ + to^ OB + ^OC}q, 

or 24 = q{i»i+jii2+iai^. 

This breaks up into the four (equivalent to three independent) 
equations 

2^JcoB- — ^cos-l 
dt\ 2 2' 

= _<^6,n— ^8in--«,cosi-^8in--<u3Bin5^co6-, 



5("°V^"»5) 



4(" 



'"5) 
„*+*„ 



"bC"" 2 ""2) 

*— V ■ * ■ <t>—i' - * 't' + 'ir 

= — «j cos ' ' - sm 5 + »2 SID "^ Bin - + «g cos ^—~ cos - • 

From the second and third eliminate ^~yjr, and we get by in- 
spection X , ■ , ,, C * 
COB - . if = (wi sin 9 + ws cos i^j cos - > 

or ^ = (i>iBiD0+»2*^'*^^- (0 

Similarly, by eliminating between the same two equations, 

. 0,- ;, . , ■ _. 

Bin-(0— ^) = (UjBin- +wj cos 0003- — ^l>JBm9C08-■ 
And from the first and last of the group of four 

fl ■■, . . . 

''°^2^'^'^^^ ~ *'3*^™y — n>iCOs0Bin- + % sin sin - ■ 
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These last two equations give 

^+i^eoafl = (Oj (2) 

^COB0 + ^ = (— t#iC08^ + (>>£6in^)8iQi) + W, COBd. 

Prom the last two we have 

^|r Bin 6 =— MjCOB^+tt^sin^ (3) 

(I), (2), (3) are the forme in which the equationB are usually giveu. 

859.] To deduce expremons for ihe direcimt-eoiinea of a let of 
recUtngular.axet in any potiiion in tertm <f rational functions ofikrte 
yuaniiliei only. 

Let a, ;3, r be unit- vectors iu the directions of these axes. Let q 
be, as in § 356, the requisite quateroiou operator for turning the 
coordinate axes into the position of this rectangular Bystem. Then 

q = w + mi + yj+ik, 
where, as in § 356, we may writ« 

Then we have {"' = ie~mi—yj+zjk, 

and tber^ore 

a = qig~^ = {tBi—a—yi+zJ){v—xi — yj—zk) 

= {K* + m^—y^~z^)i + 2{wz-\-<By)j-\-2{mz—ioy)k, 
where the coefficients of i, j, k ate the directioD-coBineB of a as 
required. A similar procesa gives hy inspection those of ^ and y. 

As given by Cayley*, after Bodrigues, they have a slightly 
different and somewhat leas simple form — to which, however, they 
are easily reduced by putting 

\ fl V «* 

The geometrical interpretation of either set is obvious from the 
nature of quaternions. For (taking Cayley's notation) if 9 be the . 
angle of rotation : cos/, cosy, cos i, the direction-cosines of the axis, 
we have 

g = io + a}i+yJ+ek = cos- + flin^ (icosZ+yeosy + icosi), 

90 that W3EC08-. 

= sm ~ waf, 

. 

y = 8Ui- cosy, 

7 = sin ~ cos A. 

• CanA. and Dab. Math. Journal. Vol, i. (1846.) 
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Trom these we pass at oQce to Rodrigaes'<Bubsidiary formulae, 

10* 2 

\ = ^ = iaa - COB J, 

&c = &c. 

360.] By the definition of Hotnogeneout Strain, it is evident that 
if we take any three (aon-coplanar) tmit-yectors a, /3, y in an on- 
str^ed mitss, they become after the strain other vectors, not neoe*- 
■arily unit-vectors, Oi, ft, Vi- 

Heoce any other given vector, which of course may be thus ex- 
pressed, p:=xa +yp + zy, 
becomes p, = xai+y^i+zyi, 
and is therefore known if oj, ft, y^ be given. 
More precisely 

pS.afiy = aS.0yp+pS.yap + y8.afip 
becomes 

p^S.a^y = (PpS.afiy = a^S.pyp+p,8.yap + yiS.app. 

Thus the properties of ^, as in Chapter V, enable us to stndy with 
great simplicity strains or disphtcements in a solid or liquid. 

For instance, to find a vector whote direction it unchanged bg the 
strain, is to solve the equation 

Tp^p = 0, or ^p = gp, 
where ^ is a scalar unknowu. 

[This vector equation is eqaivalent to three simple equations, and 
contains only three unknown quantitiee ; viz, two for the directioM 
of p (the tensor does not enter, or, rather, is a factor of each side), 
and the unknown g.'] 

We have seen that every such equation leads to a cubic in g 
which may be written 

g^—m2g^ + mjg—m = 0, 
where ta^, nt,, m are scalars depending in a known manner on the 
constant vectors involved in ^. This must have one real root, and 
may have three. 

861.] For simplicity let us assume that a, j3, y form a rectangular 
system, then we may operate by ^.a, S.fi, and S.y, and thus at 
once obtain the equation for g, in the form 

ISaa^-ig, So/S,, 5ay, I = (1) 

Sfia^, 5^ft+i?, S(3y, 

Sya^, SyPi, 5yy,+^| 
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To rednoe tliis we have 

ISaoj, Safi-t, SayA 
Sffa,, Sfi^, SfiyA 
Syoj, 5y3„ 5yy,l 

^ J^ 1 5»oa, + 5*^tt, + S'ya, , 2 Soo, &j3, , S 5oo, 5ayj | 

I *y«i. Syp„ Syy, \ 

which, if the mass be rigid, becomes successively 

Thus the equation becomes 

or (y-l)>H^{l+5<M., + 5;8^i + :Syyi)+l) =0. 

362.] If we take Tp =C we coosider a portion of the mass 
initially spherical. This becomes of course 

an ellipsoid, in the strained state of the body. 

Or if we consider a portion which is spherical after the strain, i. e 
rpi = C, 
its initial form was Tifp = C, 

another ellipsoid. The relation between these ellipsoids is obvious 
&om their equations. (See § 311.) 

In either case the axes of the ellipsoid correspond to a rectangular 
set of three diameters of the sphere (§ 257). Bat we must care- 
fully separate the cases in which these corresponding lines in the 
two snr&ces are, and are not, coincident. For, in the former case 
there is jmre strain, in the latter the strain is accompanied by ro- 
tation. Here we have at once the distinction pointed out by 
Stok^* and Helmholtzf between the cases of fluid motion in 
which there is, or is not, a velocity-potential. In ordinary fluid 
motion the distortion is of the nature of a pure strain, i.e. is differ- 
entially non-rotational ; while in vortex motion it is CBsentially ac- 
companied by rotation. But the resultant of two pure strains is 
generally a strain accompanied by rotation. The question before us 
beautifully illustrates the properties of the linear and vector function. 

e leST. 
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863.] To find the crilerion of a pure ii^ain, l^e a, ^, y now as 
unit-vectors parallel to the axes of the strain-ellipsoid, they become 
after tlie strain do, h^,py. 

Hence p^ = if,p = —aaSap—ifiS^p—eySyp. 

And we have, for the criterion of a pure strain, the property of the 
function <p, that it is self-conjugate, i. e. 
Spi^iT = Sa^p. 

864.3 ^^ jJUTf Btraint, in tuccetsion, generallg give a itrain ac- 
companied by rotation. For if ^, ^ represent the strains, since thej 
are pure we have spiptr = Saiftp, \ 

5p^ff = &n^p.J ^^\ 

But for the compound strain we have 

and we have not generally 

Spxa = &rxp- 

For Sp^ifHT = Satft^p, 

by (1), and yjt<f) is not generally the same as 0^. (See Ex, 7 to 
Chapter V.) 

865.] The simplicity of this view of the question leads ua to 
suppose that we may easily separate the pure strain from the rotali<m 
in any case, and exhibit the corresponding functions. 

When the linear and vector function expressing a strain is self- 
conjugate the strwn is pure. When not self-coiyagate, it may be * 
broken up into pure and rotational partA in various ways (analogous 
to the separation of a quaternion into the sum of a scalar and a 
vector part, or into the product of a tensor and a versor part), of 
which two are particularly noticeable. Denoting by a bar a self- 
conjugate function, we have thus either 

* = ?*( )^"^ or * = «!.?( )r'. 

where e is a vector, and q a quaternion (which may obviously be 
regarded as a mere versor). 

That this is possible is seen from the fact that ^ involves nine 
independent constants, while ^ and # each involve six, and c and q 
each three. If ^' be the function conjugate to 0, we have 

0'=t-r..( ), 

so that 2if' = ^ + 4>', 

and 2V.t{ ) = <t>—4>\ 

which completely determine the first decompositioD. Tliia ia, of 
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course, perfeoti/ well known in qnatemions, bnt it does not seem 
to have been noticed a8 a theorem in the kiuematics of sttalne that 
there ie always one, and hut one, mode of resolving a strain into the 
geometrical composition of the separate effects of ■(I) a pure strain, 
and (2) a rotation accompanied by uniform dilatation perpendicalar 
to its axis, the dilatation being measured by (sec.ff— 1) where is 
the angle of rotation. 

In the second form (whose solution does not appear to have been 
attempted), we have 

where tlie pure strain precedes the rotation, and from this 

*'=^-r'( )?. 

or in the conjugate strain the rotation (reversed) is followed by the 
pure strain. From these 

^> = ».j-»{j5( )?-')? 

and w is to be fonnd by the solution of a biquadratic equation *. 
It is evident, indeed, &om the identical equation 

S.a(t,'4>p = 8.p4.'<P(T 
that the operator ^'^ is self-conjugate. 
In the same way 

<H>'i )=?«'(?-'( )?)rs 
or r^{**V)2 = *^c?"*p?) = *'*{rW). 

which shew the relations between ^', 0'0, and y. 
To determine q we have 

<l>P-q = i&P 

* Sapposa the cabio in v to be , 

write w for p'f in Uia given eqoatioD, and by its help this io»y be written m 

EUmiiuting ir, ne Inve 

This mint igree with tbe (known) cubic in w, 

■1* + m«^ + itiiw + m, =^ 0, 
■oppoTC, SO that by comparisan of coeffioiente we have 

2ff,-ff' = m, ff,'-2p?, = m,, j,'-_oi,; 
■0 that g, la known, and j=. ^' ""^ . 

where 3g, = m-^^''"'"''^'- 
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whatever be p, so that 

S.rq(<l>~^)p = 0, 

or S.p{4>'-m)rq = o, 

which gives • {^'~ ^) ^^ = 0, 

The former equation ^ves evidently 

Vg\\r.{4>-S)a{<i>-m)^ 
whatever be a and ^ ; and the rest of the solution follows at once. 
A similar process gives us the splution when the rotation precedes 
the pnre strain. 

866.] In general, if 

ft = .^p = —a^Sap—^iS^p—yiSyp, 
the angle between any two lines, say p and tr, becomes in tlie 
altered state of the body 

coB-^i-S.UippUituT). 
The plane SCp = becomes (with the notation of § 144) 

SCpi = = SC4,p = Sp<f,'C 
Hence the angle between the planes S^ = 0, and ^i;^ = 0, whicli 
is cQe-^{—S.U(U7J), becomes 

The locui of lines equally elongated is, of course, 
T.t,Up = e, 
or T4>p = eTp, 

a cone of the second order. 

367.] In the case of a Simple SAear, we have, obviously. 
Pi = <t>p = p-¥PSap, 
where Sa^ = 0. 

The vectors which are unaltered in length are given by 
• ' Tp,= Tp, 

or 2SffpSap + 0Wap = O, 

which breaks up into S.ap ^ 0, 

and 5p(2/3 + y9»a) = 0. 

The intersection of this plane with the plane of a, j3 is perpen- 
dicular to 2^ + (3'a. Let it be a+mp, then 

i.e. 2«-!=0. 

Hence the intersection required is 
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• For the axes of the etrsin, one is of course aj3, and tfie others 
are found by making T^Up a maximom and minimum. 
I»et p = a + mp, 

then pi= ifip = a + xfi—^, 

, Tpy . 

and ~ = max. or min., 

gives ic^-x+-^^0, 

from which the values of x are found. 
AIbo, as a verificatioD, 

5'.{a+«,^)(a+iC2j3) =-l+^2«,a^. 
and should be = 0. It is so, since, by the equation. 



Again 

5{a + («i-l)^}{a + («2-t)^} =-l+j3«{a!,;ra-{a.i+a.J+l}, 
which ought also to be zero. And, in fiict, ar, + aj^ = 1 by the equa- 
tion ; so that this also is verified. 

36S.3 We regret that our limits do not allow us to enter &rther 
upon this very beautiful application. 

But it may be interesting here, especially for the consideration 
of an.}/ continnoiis displacements of the particles of a mass, to in- 
troduce another of the extraordinary instruments of analysis which 
Hamilton has invented. Part of what is now to be given has been 
anticipated in last Chapter, but for continuity we commence afresh. 

If Fp = C (1) 

be'the equation of one of a system of surfaces, and if the differential 

of (1) be 8vdp = 0, (2) 

V is a vector perpendicular to the surface, and lis length is inversely 
proportional to the normal distance between iwo consecutive surfaces. 
In fact (2) shews that v is perpendicular to dp, which is any tangent 
vector, thus proving the first assertion. Also, since in passing to a 
proximate surface we may write 

Svip = sc, 

we see that F{p + v~^SC) = C+bC. 

This proves the latter assertion. 

It is evident from the above that if (1) be an equipotential, or an 
isothermal, surface, —e represents in direction and magnitude the force 
at any point or thefiux of heat. And we have seen ($ 317) that if 



^_-d_ .d_ d 
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giving V' = -^-^,-^, 

then p = VFp. 

This is dne to Hamiltoa [Leciuret o* Qyaiernuna, p. 61 1). 

869.] Prom this it follows that the effect of the vector operation 
V, upon any scalar fanction of the vector of a point, is to produce 
tie vector which rqmsenlt i» magnitude and direction the most rapid 
chaise in tie value of tie /unction. 

Ijet us next coneider the effect of V apon a vector frmction as 

<r = i£+Jii + iC- 
We have at once 

and in this semi-Carteoan form it is easy to see that : — 

If (T represent a small vector displacement of a point situated at 
the extremity of the vector p (drawn from the origin) 

SV<r represents the consequent cnbical compression of the group 
of points in the vicinity of that considered, and 

FVo- represents twice the vector axis of rotation of the same 
group of points. 

Si.,il„lj S,7=-(f^+,|+4)=-i,., 

or is equivalent to total differentiation in virtne of onr having 
passed from one end to the other of the vector <r. 

370.] Suppose we 6z our attention upon a group of points which 
originally filled a small sphere about the extremity of p as centre, 
whose equation referred to that point is 

r« = e (1) 

Aftor displacement p becomes p+rr, and, by last section, p+» 
becomes p + tt + iT—(SiaV)<r. Hence the vector of the new sarfaoe 
which encloses the group of points (drawn from the extremity of 

p + o) is <-, = «.-(S-V)o- (2) 

Hence u is a homogeneous linear and vector function of a>i ; or . 

and therefore, by (1), 2*^ = e, 

the equation of the new surface, which is evidently a central snr&cs 

of the second order, and therefore, of course, an ellipsoid. . 

We may solve (2) with great ease by approximation, if we re- 
member that T>r is very small, and therefore that in the small term 
we may put o, for oi ; i. e. omit squares of small quantities ; thus 
«, = »j+(5«iV)<r. 
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871,] ythe tmall difplacement of each point of a medium i» in the 
direction of, and proportional to, tie attraction eiterted at that point 
6y any syttcm tf material matiei, the ditplacement it effected miiout 
rotation. 

For if J'p = C be the potential eurfece, we have Sirdp a complete 
differential ; i. e. in Cartesian coordinates 
^dx + ridy + Cde 
ie a differential of three independent Tariables. Hence the vector 
axis of rotation ^^ ^^ 



'(f-£)-^-. 



Tanishes by the vanishing of each of its constituente, or 
r.Vff = 0. 

Convereely, ^ there he no rotation, the displacements are in the 
direction of, and proportional to, the normal vectors to a series of 
surfaces. 

For 0=V.dpr.V<r = {Sdp'^)<r-V8adp, 

where, in the last term, V acta on d- alone. 

Now, of the two terms on the right, the firgt is a complete differ- 
ential, since it may be written —Dt^a, and therefore the remaining 
term most be so. 

Thiui, in a distorted system, there is no compression if 
57<r = 0, 
and no rotation if V.Va = ; 

and evidently merely transference if 7 = a = a constant vector, 
which is one case of Vo- = 0. 

In the important case of o = eVFp 
tiiere is evidently no rotation, since 

Vo = eV'Fp 
is evidently a scalar. la this case, then, there are only translation 
and compression, and the latter is at each point proportional to the 
density of a distribation of matter, which would give the potential 
Pp. For if r be such density, we have at once 
V^Fp = i-itr*. 

872.] The Moment *f Inertia of a body abont a unit vector a aa 
axis is evidently MJ^ = -l,m{Fapf, 

where p is the vector of the portion m of the mass, and the origin 
of p is in the axis. 

• Proc. n. 8. E., 1862-8. 

DoUrrlbyGOOglC 



218 QUATERNIONS. [372. 

Hence if we take &Ta=e^, we have, as locne of the extremity of a, 
Me* = — 2*a(Fa/))* = M8a<f>a (suppose), 
the momenta! ellipsoid. 

If w be the vector of the centre of inertia, a the vector of m with 
respect to it, we have p = w + tr ; 

therefore J«« = - 2 m { ( rasr)» + ( ra<rf } 

Now, for principal axes, i is max., min,, or niax.-min., with the 
condition ai = — 1 . 

Thna we have Sa'{wF'am—<l>ia) =J3, 

Sa'a = ; 
therefore — (^o + wfow = pa = Fo (by operating by Sa). 

Hence (^, + i^+w')a = +wi^aBr, (1) 

determines the values of a, P being found from the equation 

8ia{4>+P + ^')'''isr = 1 (2) 

Now the normal to 8<r{tp + i'^ + m^)-'^<T = 1, (3) 

at the point tris {<f>+P + w^)-^<r. 

Biit (3) passes through — w, by (2), and tiere the normal is 

which, by (1), is parallel to one of the required values of a. Thus 
we prove Binet's theorem that He principal axes at any point are 
normals to the three surfaces, confocal v>ith the momental ellipsoid, 

whichpass through thaipoint. 



EXAMPLES TO CHAPTER X. 

1. Form, from kinematical principles, the equation of the cycloid ; 
and employ it to prove the well-known elementary properties of the 
arc, tangent, radius of curvature, and evolute, of the curve. 

2. Interpret, kinematical ly, the equation 

p = aU{^t-p), 
where /3 is a given vector, and a a given scalar. 

Shew that it represents a plane curve ; and give it in an in- 
tegrated form independent of t. 
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3. If we write w = pt—p, 
the equation in (2) becomes 

p-w = atTar. . 
Interpret this kinematically ; and find an integal. 

What is the nature of the step we.liave taken in transforming 
from the eqtmtion of (2) to that of the present question ? 

4. The motion of a point in a plane being given, refer it to 
(a.) Fixed rectangular vcetors in the place. 

(5.) Rectangular vectors in the plane, revolving uniformly 
abont a fixed point. 
_ (c.) Vectors, in the plane, revolving with difierent, but uni- 
form, angular velocities. 

{d.) The vector radius of a fixed circle, drawn to the point of 
contact of a tangent from the moving point. 

In each case translate the result into Cartesian coordinates. 

5. Auy point of a line of given length, whose extremities move 
in fixed lines in a given plane, describes an ellipse. 

Shew how to find the centre, and axes, of this ellipse ; and 
the angular velocity about the centre of the eUipse of the tracing 
point when the describing line rotates uniformly. 

TrauBform this construction so aa to shew that the ellipse is a 
hypotrochoid. 

6. A point, A, moves uniformly round one circular section of 
a cone' find the angular velocity of the point, a, in which the 
generating line passing through A meets a subcontrary section 
abont the centre of that section. 

7. Solve, generally, the problem of finding the path by which a 
point will pass in the least time lirom one given point to another, 
the velocity at the point of space whose vector is p being expressed 
by the given scalar function /p. 

Take also the following particular eases : — 
(a.) fy — a while 5ap> 1, 

fp = h while 8ap<\. , 

(a.) fp = Sap. 
(c.) fp = —p". (Tait, TVaM. Jt. 3. E., 1865.) 

8. If, in the preceding que8tion,yj) be such a function of Tp that 
any one swiftest path is a circle, every other such path is a circle, 
and all paths diverging from one point converge accnrat«ly in 
another. (Maxwell, Cam. and Dub. MatA. Journal, IX. p. 9.) 
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9. Interpret, as TCsults of the compoaitioD of snccessive conical 
rotationB, the apparent traisms 

and °il -1^=1. 

(Hamilton, Lecturer, p. 334.) 

10. Interpret, in the same way, the quaternion operatom 

} = («.-')l(.r>)»(f!-')», 

•-1 !r = ©'©'(,-)'(|)'(f)' (««•) 

1 1 . Find the axis and angle of lotatioD hy which one given lect- 
angnlar set of onit-Tectors a, j3, y is changed into another given 
Bet oi, fit, y,. 

1 2. Shew that, if 4>p = p+ Vtp, 

the linear and vector operation (p denotes rotation about the vector e, 
tc^ther with oniform expansion in all directions perpendicalar 
to it. 

Prove this also hy forming the operator which produces the 
expansion without the rotation, and tiiat producing the rotation 
without the expansion ; and finding their joint effect. 

13. Express hj quaternions the motion of a side of one right 
cone rolling uniformly upon another which is fixed, the vertices of 
the two being coincident. 

14. Glvet) the simultaneous angular velocities of a body about 
the principal axes through its centre of inertia, find the position 
of these axes in space at auy assigned instant. 

15. Find the linear and vector function, and also the quaternion 
operator, by which we may pass, in any simple crystal of the 
cnbical system, from the normal to one given iace to that to an- 
other. How can we use them to distinguish a series of &ces be- 
longing to the same zone ? 

16a Classify the simple forms of the cubical system by the 
properties of the linear and vector function, or of the quaternion » 
operator. 

17. Find the vector normal of a &ce which truncates symmetri- 
cally the edge formed by the intersection of two given &ce8. 
* 18. Find the normals of a pair of faces symmetrically truncating 
the ^ven edge. 
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19. Find tlie normal of s face which is equally inclined to three 
given faces. 

20. Shew that the rhombic dodecahedron may be derived from 
the cube, or from the octahedron, by truDCsUoo of the edges. 

2 1 . Find the form whose faces replace, symmetrically, the edges 
of the rhombic dodecahedron. . 

22. Shew how the two kinds of hemihedral forms are indicated 
by the quaternion expressions. 

23. Shew that the cube may be produced by truncating the edges 
of the regular tetrahedron. 

24. Point out the modifications in the auxiliary vector function 
required in passing to the pyramidal and prismatic systems re- 
spectively. 

26, In the rhombobedral system the auxiliary quaternion operator 
assumes a singnlarly simple form. Give this form, and point out 
the results indicated by it, 

26. Shew that if the hodograph be a oirole, and the acceleration 
be directed to a fixed point; the orbit must be a conic section, 
which is limited to being a circle if the acceleration follow any other 
hiw than that of gravity. 

27. In the hodograph corresponding to acceleration /(i>) directed 
towards a fixed centre, the curvature is inversely as I)^/{D). 

28. If two circular hodographs, having a common chord, which 
passes through, or tends towardsj a common centre of force, be cut 
by any two common orthogonals, the sum of the two times of hodo- 
graphically describing the two intercepted arcs (small or large) will 
be the eame for the two hodographs. (Hamilton, Elements, p. 725.) 

29. Employ the last theorem to prove, after Lambert, that the 
time of describing any arc of an elliptic orbit may be expressed in 
terms of the chord of the arc and the extreme radii vectores. 

30. If j( )5~^ be the operator which turns one set of rect- 
augolar unit- vectors a, j3, y into another set oi, ^i, fi, shew that 
there are three equations of the form 
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378.] Wb propose to conclude the work bj giving a few in- 
atances of the ready applicability of quaternions to questions of 
matbematical physics, upon which, even more tban on the Geo- 
metrical or Kinematical applicationsj the real usefulness of the 
Calculus must mainly depend — except, of course, in the eyes of that 
section of mathematicians for whom Traueversals and Anharmonic 
Pencils, &c. have a to us incomprehensible charm. Of course we 
cannot attempt to give examples in all branches of physics, nor 
even to carry very far our investigations in any one branch : this 
Chapter is not intended to teach Physics, but merely to shew by 
a few examples how expressly and naturally quaternions seem to be 
fitted for attacking the problems it presents. 

We commence with a few general theorems in Dynamics — the 
formation of the equations of equilibrium and motion of a rigid 
system, some properties of the central axis, and Uie motion of a solid 
about its centre of inertia. 

874.] When any forces act on a rigid body, the force ^ at the 
point whose vector is a, &c., then, if the body be slightly displaced, 
so that a becomes a -f Ba, the whole work done is 

This must vanish if the forces are such as to maintain equilibrium. 
Hence tie condilion o/equiUbrium of a rigid body is 

SS0ta = O. 
For a displacement of translation Sa is any constant vector, hence 

2^ = (1) 

For a rotation-displacement, we have by § 360, c being the axis, 
and Tf being indcfiaitely small, , 

8a = Fia, 
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and 2S.^rfa = ^S.fVa^ = S.f-S.{,Va0) = 0, 

viateverhe e, hence S.Ta^ = (2) 

These equations, (1) and (2), are equivalent to the ordinary eix 
equations of equilibrium. 

375.] In general, for any set of forces, let 
2^ = ^1, 
S.ra^ = a,, 
it ia required to find the poinU for tohtch the couple a, hat its orij 
coincident milh the resultant Jvrce 0^ . Let y be the v.ecfcor of such a 
point. 

Then for it the axis of the couple is 

and by condition wfii = oi — ^y/3, . 

Operate by S^i ; therefore 

and ^)'^l = oj -^r^'^iA = -^i^^i^'K 

or y = ^"i/3r^+i'A. 

a straight line (the Central Axis) parallel to the resultant force. 
376.] To find thepointt aiout which the couple m lea»t. 
Here r{o,— Fy^i) = minimum. 

Therefore *-(ii- y'yffi)^0i/= 0, 

where y' is any vector whatever. It is .useless to try y'= ^,, but 
we may put it in successioa equal to a, and Foipi- Thus 
S.yF.0^rai0i=O. 
"^ {FaiP^'-0lS.yFa^p^=O. 

Hence y = icFoj^^+^^i, 

and by operating with S-Fa^^i, we get 

■~{Fc,0,r=s{Fa,0,)', 
or y=:Fa,0r^+y0t. 

the same locus as in last section. 
877.] The couple vanishes if 

This necessitates -SaijSi = 0, 

or the force must be in the plane of the couple. If this be the case, 

still the central axis. 
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878.] To aeeign the values of forces (, ^,, to act at c, (j_, and be 
equivalent to the given system. 

f+ft = A, 

Hence r(f+ re,(^,-f) = oj, 

and f = («-ei)-'(%-'^<i/9i) + «'(<-tiJ. 

Similarly for f,. The indefinite terms may be omitted, as tJiey 
muEt evidently be equal and opposite. In &ct they are any equal 
luid opposite forces wbatever acting in the line joining the given 
points. 

379.] For the motion of a rigid system, we have of course 

by the general equation of Lagrange. 

Suppose the displacements ba to correspond to a mere (ramlattm, 
then 8a is anj/ constant vector, hence 

2(i»a-)3) = 0, 
OT, if a-i be the vector of the centre of inertia, and therefore 

o^Sn = £fl>a, 
we have at once o^Sm— £;3 = 0, 

and the centre of inertia moves as if the whole nutss were concen- 
trated in it, and acted upon by all the applied forces. 

880.] Again, let tlie displacements it a correspond to a rotation 
about an axis c, passing through the origin, then 

* 8a = Vta, 
it being assumed that Tt is indefinitely small. 

Hence .-S.S.tVa{ma-pt) = 0, 

for all values of t, and therefore 

2.Fa{ma-^) = 0, 
which contains the three remaining ordinary equations of motion. 

Transfer the origin to the centre of inertia, i.e. put a = Oi+tr, 
then our equation becomes 

lF{a,+a){miii + mw-fi) = 0. 
Or, since 2ffi«r = 0, 

S,Fa{mw~fi)+ rai{di2m-2^) = 0. 
But a,S«— S/3 = 0, hence our equation is simply 

SFa(m^-0)= 0. 
Now SFvr^ is the couple, about tie centre of inertia, produced 
by the applied forces ; call it <f>, then 

2»»?ww = '. (!) 
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881.] Integrating once, 

'SmF-erm = y+/tftd(. (2) 

Again, ae the motion considered is relative to the centre of inertia, 
jt must be of the nature of rotation about some axis, in general 
variable. Let t denote at once the direction of, and the angular 
velocity abont, this ads. Then, evidently, 
A = Teor. 
Hence, the last equation may be written 
l.m3sVi-a = y+/<l>dl. 
Operating by S.t, we get 

2M(rtor)* = S;y + S(/(t>di (3) 

Bat, by operating directly by 2/8fdt upon the equation (1), we get 

ImiTfisf =—h^ ^-i/Sf^dl (4) 

(2) and (4) contain the usual four int^rals of the first order. 

382,] When no forces act on the body, we have ^ = 0, and 

therefore 'S.mJsVfa = y, (5) 

2mw* = 2ffl(r«sT)* = -A«, (6) 

and, from (5) and (fi), Siy =— A' (7) 

One interpretation of (6) is, that the kinetic energy of rotation 
remains unchanged : another is, that the vector « terminates in an 
ellipsoid whose centre is the origin, and which therefore assigns 
the angular velocity when the direction of the axis is ^ven; (7) 
shews that the extremity of the instantaneous axis is always in 
a plane fixed in space. 

Also, by (5), (7) is the equation of the tangent plane to (6) at 
the extremity of the vector t. Hence the ellipsoid (6) rolls on the 
plane (7). 

From (S) and (6), we have at once, as an equation which t must 
satisfy, y-^-S..m{7tmf=-k^{^.fR^n^f. 

This belongs to a cone of the second degree fixed in the body. Thus 
all the ordinary results regarding the motion of a rigid body under 
the action of no forces, the centre of inertia being fixed, are deduced 
almost intuitively : and the only difficulties to be met with in more 
complex properties of such motion are those of integration, which 
are inherent to the subject, and appear whatever analytical method 
is employed. (Hamilton, Ptoc. R. I, A. 1848.) 

883.] Let a be the initial position of sr, q the quaternion by 
which the body can be at one step transferred from its initial posi- 
. tdon to its position at time t. Then 
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and Hamilton's equation (5) of last section becomes 

or '2.mq {aS.aq~^fq—q~^(qa^}q~^ = y. 

Let ^p = 2.ni{a5ap— a»p), (1> 

where ^ is a self-conjugate linear and vector (iiBction, whose con- 
stituent vectors are fixed in the body in its initial position. Then 
the previous equation may be written 

or *(?''•?) = rv?- 

For simplicity let as write 

r\^i = ^;\ (2) 

Then Hamilton's dynamical equation becomes simply 

'h = f- (3) 

384.] It is easy to see what the new vectors q and f represent. 
For we may write (2) in the form 

'=7";'{ (2-) 

y = qCq^;) 

from which it is obvious that -q is that vector in the initial position 
of the body which, at time t, becomes the instantaneous axis in the 
moving body. When no forces act, y is constant, and ^ is the 
initial position of the vector which, at time t, is perpendicular to 
the invariable plane. 

385.] The complete solution of the problem is contained in equa- 
tions (2), (3) above, and (4) of § 366 *■ Writing them again, we 
have 

^=H, (*) 

W = ?C (2) 

*-? = (■• (3) 

We have only to eliminate f and 7, and we get 

2? = ?*-'(r'y?). (5) 

in which q is now the only tmknown ; y, if variable, being anppoeed 
known in terms of q and t. It is hardly conceivable that any 
simpler, or more easily interpretable, equation for q can be presented 

• To these it i« unneceewry Co odd 

Tq - conatwit. 
■a thla conrtimcy of Tj ia proTeil bj the form of (4). For, hwl Tq been rarinble, there 
mait htiTe been a qu»t«nuon in the place of the vector 1;. In &ct. 
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□□til eymbols are devised far more comprebensiTe in their meaning 
than any we yet have. 

886.] Before entering into considerations as to ihe iotegratioD 
of this equation, we may investigate some other consequences of 
tiie group of equations in § 385. Thus, for instance, differentiating 
(S), we have 

and, eliminating ^ by means of (4), 

whence ^ = Ffij + q~^ yq ; 

"which gives, in the case when no forces act, the forms 

t^n^K (6) 

and ' (as f = ^ij) 

,f,^=-F.f,<t,7, (7) 

To each of these the term q'^yq, or q~^^q, must be added on the 
right, if forces act. 

387.] It is now desirable to examine the formation of the func- 
tion <^. By its definition (1) we have 

ipp = S.m (aSap—a'p), 

3s—2.maVap. 
Hence -Sp<pp = S.m{Trap)', 

so that —Spipp is the moment of inertia of the body about the 
vector p, multiplied by the square of the tensor of p. Thus the 
equation Sp4>p^-&\ 

evidently belongs to an ellipsoid, of which the radii-vectores are 
inversely as the square roots of the moments of inertia about them ; 
so that, if i,j, k be taken as unit-vectors in the directjons of its 
axes respectively, we have 

Siipi = —A, J 

SJ4,J=-S, (8) 

A, B, 0, being the principal moments of inertia. Consequently 

^p = — {Ai&p-\-Bj^p-\-C^8kp'\ (9) 

Thus the equation (7) for i\ breaks up^ if we pnt 

into the three following scalar equations 

^ij+(C_5)t02(l)s= 0, \ 
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which are the same as those of Euler. Only, it is to be uoderstood 
that the equatioDB just written are not primarily to be considered 
as equations of rotation. They rather express, with reference to 
fixed axes in the initial poBition of the body, the motion of the 
extremity, o),, id,, cdj, of the vector correepoDdiii^ to tbe instan- 
taneous axis in the moving body. If, however, we consider w, , ot^, i»j 
as standing for their values in terms of w, x,y, z(^39l below), or 
any other coordinates employed to refer the body to fixed axee, they 
are the equations of motion. 

Similar remarks apply to the equation which determines f, for if 

(6) may be reduced to three scalar equations of the form 

388.] Euler's equations in their usual form are easily deduced 
from what precedes^ For, let 

whatever be p; that is, let 4 represent with reference to the moving 
principal axes what <^ represents with reference to the principal 
axes in the initial position of the body, and we have 

which is the required expression. 

But perhaps the simplest mode of obtaining this equation is to 
start with Hamilton's unintegrated equation, which for the case 
of no forces is simply 

But from in- = Vtvr 

we deduoe w = Vtv + Vk-a 

BO that S.m{VtwStm-ia^ + iaSijst) = 0. 

If we look at equation (1), and remember that ^ differs from ^ 
simply in having m substituted for a, we see that this may be 
^™"«" r«+« + +( = 0, 
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the equation before obtained. The first mode of arriving at it haa 
been given becanse it leads to an interesting eet of tranaformationB, 
for which reason we append other two. 

By (2) r = ?&-'. 

therefore = jj-'.jf^-' + jf^-^— jCy^jS"', 

or jC?"' = zr.yrjj-' 

Bnt, by the beginning of this section, and hj (S) of ^ 382, this 
is again the equation lately proved. 

Perhaps, however, the following is neater. It occurs in Hami]> 
* ton's Eiemenis. 

By (5) of ^ 382 ^t = y. 
Hence ^ =— i< = ~S.m{orFea-+vrFtw) 

= — F.tS.mfffSfw 

Fitc. 

S89.] However ihey are obtained, Buch eqoationB ae those of 
§ 387 were shewn long ago by Euler to be integrable aa followB. 

we have J,^,' =Aa,'+(,S-C)t, 

with other two equations of the same form. Hence 
, _ dt 

so that i is known in terms of » by an elliptic integral. Thus, 
finally, i or f may be expressed in terms of ^; and in some of the 
sncceeding investigations for j we shall suppose this to have been 
done. It is with this integration, or an equivalent one, that most 
writers on the farther development of the subject have commenced 
their investigations. 

890.] By § 381, y is evidently the vector moment of momentum 
of theTigid body ; and the kinetic energy is 
-il:.mw'=-\Sey. 
. But Sry = S.q-'^tq^^y^ = SijC 

80 that when no forces act 

But, by (2), we have also 

Ti=:Ty, or T<l>Jt = Ty, 
so that we have, for the aquations of the cones described in the 
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initial podtion of the body by 17 and (, that is, for the conee de- 
scribed in the moving body by the instaiitaneoaB axis and by the 
perpendicular to the invariable plane, 

kH^y + y^Svh^fi- 
This is on the supposition that y and A are constants. If forces act, 
these quantities are functions of t, and the equations of the cones 
then described in the body must be found by eliminating i betw^eec 
the respective equations. The final results to which such a process 
will lead must, of course, depend entirely upon the way in which t 
is involved in these equations, and therefore no general statement - 
on the subject can be made. 

391.] Becnrring to our equations for the determination of q, and 
taking first the case of no forces, we see that, if we assume if to 
have been found (as in § 389) by means of elliptic int^^rals, we have 
to solve the equation „ .» 

that is, we have to int^rate a system of four other differential 
equations harder than the first. 

Putting, as in 4 3 8 7, ,, — iio^ +ja>^ + ka, , 
where wj, w^, o>s are supposed to be known functions of i, and 

q = oj + ix-\-Jy+iz, 
this system is -d; = ^ = -^ = ^ = -^, 



■ To get An idea of the oUare of lUa equatioii, let ua intefrrate it on the mppcMJ- 
tion that qua emulant vector. By diflerenti&tion aoA iutntilatioti, we got 

Substitating in the giren eqoation we have 

n(-«..»ai.a«.a.)-(a™a,»a.i.a,j,. 

Hence IV- & - ftf. 

whioh ore rirtaaU; the H»me eqaation, and thiu 

And the mterpretation of g ( ) j~' will obvionily then be n TotatdOD aboDt f thnngh 
the angle tTtj, together with any other arbitiaiy rotaHon whateror. TbiU Miy por- 
tion whatever may^ be taken aa the inititd one of the body, and Q, ( ) %~' bm^i it 
to it* Teqoired pontion at time (« 0. 
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where »' = — w,aj— w^j^— 01^2, 

F= ai^tti + wjZ—a^a!, 

or, as suggested by Cayley to briog out the skew symmetry, 
X= . (kijy—a>a« + <.),», 

W = —lOiX—at^y—a^z . 
Here, of course, one integral is 

w^+aj* +^+2* = constant. 
It may suffice thus to have alluded to a possible mode of solutioD, 
which, except for very simple values of ij, involves very great diffi- 
culties. The qnatemion solution, when 1; is of constant length and 
revolves miiformly in a right cone, will be given later. 

392.] If, on the other hand, we eliminate t), we have to inte- 
grate j^'Ms^'y?) = 2y, 

so that one integration theoretically suffices. But, in consequence 
of the present imperfect development of the quaternion calculus, the 
only known method of effecting this is to reduce the qoatemioD 
equation to a set of four ordinary differentifd equations of the first 
order. It may be interesting to form these equations. 
Put q = 10+01 + Jy-i-iz, 

y = ia +jb + &e, 
then, by ordinary quaternion multiplication, we easily reduce the 
given equation to the following set : 

Hi die ^dx _diy _di 

where 

^= — jra-y»— 2« or J= . y<S,—z'>a+V)% 

Z= wS+j^e— rB T = -x'S. . +2a + »B, 

r= »B + za— ad, Z= icB—ya . +«€, 

2t= wC+arM-^« W= — x'St-yV—z«. . , 

and' 

% = -jla{w'—x'—y^-z'') + 2x{ax+iy + cz) + 2v(6e--<y)'], 

»= -^I6{v>'—ti!'—y'—e') + 2y(aw + t>y+ez) + 2vi{ae—ai)'}, 

(E = --^[<;(w'-a!*— J/*— z^} + 2«(a« + ^ + «) + 2»(ay— i»)], 
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y, J, F, ^ are thus komog&neout functions of to, x, y, z of the Uurd 
degree. • 

Perhaps the simplest way of obtaining these equations is to trans- 
late the group of § 385 into v>, x, y, z at once, instead of using the 
equation from which ^and >j are eliminated. 

We thns Bee that ^ ^ ia+>» + ie. 

One obvious integral of these equations ought to be 
k'+x' +y* + 2* = constant, 
which has been assumed all along. In fact, we see at once that 

Kir+xl+3/T+zZ=0 
identically, which leads to the above integral. 

These equations appear to be worthy of attention, partly becaase 
of the homogeneity of the denominators W, X, T, Z, but particularly 
as they afford (what does not appear to have been sou^t) the means 
of solving this celebrated problem at one Hep, that is, without the 
previous integration of Euler'a equations (^ 387). 

A set of equations identical with these, but not in a homogeneous 
form (being expressed, in lact, in terms of k, X, f«, f of § 359, instead 
of w, 3!, y, z), is given by Cayley {Camb. and Dui. Malk. Journal, 
vol. i. 1846), and completely integrated (in the sense of being re- 
duced to quadratures) by assuming Euler's equations to have been 
previously integrated. (Compare § 391.) 

Cayley's method may be even more easily applied to the above 
equations than to his own ; and I therefore leave this part of the 
development to the reader, who will at once see (as in § 391) tiiat 
%, IS, Z correspond to w,, wj, w, of the >f ty^, ^367. 

398.J It may be well to notice, in connection with the formula^ 
for direction cosines in § 359 above, that we may write 

a=— [ffl(w»+3;S_j<a-z2) + 26(aa/ + wz) + 2c(a>s-«y)], 
l&=-^l2a{xs-m)-ib{w^-x^+f-z^) + 2e{yz + wa!)-], 

IS. = -^{2a{xz + tDy) + 2b{gz-«x) + e{K* -x^ -y* ^-z^yi. 

These expressions may be considerably simplified by the usual 
assumption, that one of the fixed unit-vectors (i suppose) is perpen- 
dicular to the invariable plane, which amounts to assigning de6- 
nitely the initial position of one Hue in the body ; and which gives 
the relations A — o c — 
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394.] Wbea foroes act, y is variable, tad the qnantitiee a, b, c 
will in general involve all the variables to, x, g, z,t, so that the 
equations of last section become much more complicated. The type, 
however, remains the same if y involves t only ; if it involve q we 
must differentiate the equation, put in the form 

and we thus easily obtain the differential equation of the eecoud 

order ^ = *y-q^{q-^q)q-^ + iq<^{y.q-^)i-^ ; 

if we recollect that, because q-^q is a vector, we have 

S.q-^q = (r^qY- 
Though remarkably simple, this formula, in the present stat« of 
the development of quaternions, must be looked on as intractable, 
except in certain very particular cases, 

895.] Another mode of attackiag the problem, at first sight 
entirely different irom that in § 383, but in reality identical with 
it, is to seek the linear and vector function which expresses the 
Homogeneoug Strain which the body most undergo .to pass from its 
initial position to its position at time t. 

Let ^ w = \a, 

a being (as in § 383) the initial position of a vector of the body, 
ST its position at time t. In this case x ^ '^ linear and vector 
function. (See § 360.) 

l^en, obviously, we have, w^ being the vector of some otlier point, 
which had initially the value a,, 

iSonr, = S.)^a\ai = Saa^, 
(a partictdar case of which is 

IW = Tx" = ^o) 
and Vvm^ = ^-xox"! = X^'^'h- 

These are necessary properties of the Btrain-functioD x> depending 
on the &ct that in the present application the system is rigid. 

896.] The kinematical equation 

« = Vfni 
becomes X" = ^-'X** 

(the fdnction x being formed from x by the differentiation of its 
constituents with respect to t). 

Hamilton's kinetic equation 

^.mwV€vi = y, 
becomes S.mx^'^'X'* ~. 7- 
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This may be written 

S.«i(xoS-<x<*— «>*) = 7i 
or 2.«(a5.ax'f-x"*'<-<'*) = X~^Y, 

where \' is the conjugate of x- , 

But, because S-X'^K^ = ^a'^i 

we have Saa^ = S.axx'^ii 

whatever be a and a^, so that 

X'= X"'- 

Hence 2.wt(aS.ax~*<— x~'*-o*) = X'^V' 

or, by §383, 0x'^< = X"'y- 

897.] Thtui we have, as the analogues of the equations in 
» 383, 384, ^-,, ^ ,_ 







x-V=C 






and the former result 


Xa = Ktxa 










X0=r.xijxa = X 


Fna. 




This is 


our equation to determine x 


t] being supposed 


known 


To find ij 


we may remark that 










H = C 






and 




C = Py. 


■ 




But 




XX~'« = a. 






so that 




XX"'« + XX'''» = 


0. 




Hence 


c= 


-x"*xx~V 







= _r.,x-v=>"C»=^.f*-'C, 

or <t^= — f^v^- 

These are the equations we obtained before. Having found ij 
fix>m the last we have to find x from the condition 
X-^Xa=Ft,a. 
898.] We might, however, have eliminated i; so as to obtain an 
equation containing x alone, and corresponding to that of § 38S. 
For this purpose we have 

') = *"'<■= *"'x"V» 
BO that, finally, x'^X" = ^■^'^X'^V't 

or X"'a = '^-X""W~'x'"'y. 

which may easily be formed from the preceding equation by patting 

X~'a for a, and attending to the value of x~* given in last section. 
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899.] We have given this process, though really a disguised form 
of that in ^ 383, 385, and though the final equations to which 
it leads are not qnite so easily attacked in the way of integration as 
tiiose there arrived at, mainly to shew how free a nse we can make 
of symbolic functional operators in quaternions without risk of 
error. It would be very intereetiog, however, to h|fe the problem 
worked out afresh from this point of view by the help of the old 
analytical methods : as several new forms of long-known equations, 
and some useful transformations, would certainly he obtained. 

400.] As a verification, let us now try to pass from the final 
equation, in x alone, of § 398 to that of ^ 385 in q alone. 

"We have, obviously, 

w = qaq-'^ = xa, 
which gives the relation between q taid \. 

[It shews, for instance, that, aa 

S.^)^a = 8.ax% 
while ^-jSxo = S.^qaq-^ = S.aq-'^0q, 

we have x'fi = q~^^, 

and therefore that xx'(3 = ?(?~V?)f ' = /3. 

or' x' = X~'> ™ above.] 

Differentiating, we have 

ia^'^-qoq'Hcr'^ = Xa. 
Hence X'^X* = q~^qa~aq-^q 

= 2F.risr^)a. 
Also ^-' x"V = *"' (?"' W). 

so that the equation of § 398 becomes 

or, as a may have any value whatever, 

iV.q-^ = ^-\q-^yq), 
■ which, if we put Tq = constant 

as was originally assumed, may be written 

as in $ 385. 

401.] To form the eqttationfor Preceinon and Nutation. Let "■ 
be the vector, from the centre of inertia of the earth, to a particle 
» of ita mass : and let p be the vector of the disturbing body, whose 
mass is M. The vector-couple produced is evidently 
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''^■•'^-TH^) 






tf(p— ) 
2"(/>- 



mVup 



O + TV + ri^ 

no farther terms being necessaiy, since ;=p is always smalt in tbe 

actual cases presented in nature. But, because v is measnred from 

the centre of inertia, 'S..ma = 0. 

Also, as in §383, ^p = ^.miaSap—a^p). , 

Thus tbe vector-couple required is 

ys- r.p^p- 

Referred ta coordinates moving with tbe body, becomes ^ as in 
§ 388, and § 388 gives 

• Simplifying the value of 4 by assuming that the earth has two 
principal axes of equal moment of inertia, we have 

B€-{A—B)a8aM = vector-constant + 3M{A—B)j X> " <<^- 
This gives Sat = const. = Q, 

whence c =—ila + ad, • 

BO that, finally, 

BFaa-AOd = ^{d-£)FapSap. 
'■ P 

Tbe moat striking peculiarity of this equation is that fbe/om of 
the solution is entirely changed, not modified as in ordinary cases 
of disturbed motion, according to the nature of the value of p. 

Thus, when the right-hand side vanishes, we have an equation 
which, in the case of the earth, would represent the rolling of a 
cone fixed in the earth on one iixed in space, the angles of doU 
being exceedingly small. 

If p be finite, but constant, we have a case nearly the same as 
that of a top, the axis on tbe whole revolving conically about p. 
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But if we assume the expression 

p = r {J COB mi +iBia tat), 
(which represents a eircular orbit described with unifonn velocity,) 
a revolves on the whole conically about the vector i, perpendicular 
to the plane in which p lies. (7Van«. B. S. £., 1868-9.) 

402.] To form He epilation of motion of a timple pendulum, 
taking account of the eartWt rotation. Let a be the vector (from 
the e&rth's centre) of the point of Buspension, A its inclination to 
the plane of the equator, a the earth's radius drawn to that point ; 
and let the unit- vectors i,j, h he fixed in space, so that i is parallel 
to the earth's axis of rotation ; then, if u> be the angular velocity 
of that rotation * 

a = ft [t sin A -f (y COB w2 + £ sin b)^ cos X] (1 ) ' 

This gives a = am(— ^sinw^-l-iicosai^GosX 

=.u>no. (2) 

Similarly d = « Via = — a' [a.~a\ sin A) (3) 

408.] Let p be the vector of the bob nt referred to the point of 
Buspension, R the tension of the string, then if d, be the direction 

of pure gravity m{a + p) =-mffUai-BUp, (4) 

which may be written 

Fpa+rif=J^Fa,p (5) 

To this must be added, since r (the length of the string) is constant, 

Tp = r, (6), 

and the equations of motion are complete. 

404.] TheBe two equations (5) and (6) contain every possible case 
of the motion, from the most infinitesimal oscillations to the most 
rapid rotation about the point of Buspension, so that it is necessary 
to adapt different processes for their Bolution in different cases. 
We take here only the ordinary Foucault case, to the degree of* 
approximation usually given. 

405.] Here we neglect terms involving &>^. Thus we write 
0=0, 
and we write a for Oi, as the difference depends upon the ellipticity 
of the earth. Also, attending to this, we have 

P ^a + w, (7) 

where by (by (6)) Saw = 0, (8) 

and terms of the order «f^ are neglected. 
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With (7), (5) becomea 

a a 
BO tbat, if we write - s= n', ._. (9) 

we have Fa{ii -t-n^m) = (10) 

Now, the two vectors at— osinX and Fia 

liave, as is easily seen, equal tensors ; the first is parallel to the line 
drawn horizontally northwardt from the point of saspension, the 
second horizontally eattwardt. 

Let, therefore, w = x{m—ami\)+yria, (U) 

which {x and g being very small) is consistent with (6). 

From this we have (employing (2) and (3), and omitting' w') 
VI = i(fli—aia:aX)-\-yVia—xttB\akVia~yt^{a—aisaik), 
a = x{ai—aBinK)+yVia~~2x<iiBin\Via—2jio[a—tasinK}. 
With this (10) becomes 
Val£{ai—aaD\) + jfria—2!iitu6iakFia—2yoi(a—aimaX) 

+ «*af(a»— asinX) + i»*yrw]= 0, 
or, if we note that V.aVia = a(ai— asiaA), 
(— £ — 2j?«8inX— «'ar)a?^«i + (y— 2iC»sin\ + M'y)a(a»— asinX)= 0. 
This gives at once §+n'x+2<afBiD.\ = 0,} 

y-f«*y— 2«iBin\ = 0, J '^ ' 

which are the equations usually obtuned ; and of which the solution 
is as follows : — 

If we transform to a set of axes revolving in the horizontal plane 
at the point of suspension, tlie direction of motion being from the 
positive (northward) axis of di to the positive (eastward) axis of y, 
with angular velocity U, so that 

ft = i eoB Q.i— 7} eia Q,t, l 

ysfsinCi + ijoofliii!, ) ^ ^ 

and omit the terms in Q' and in ul2 (a process justified by the 

results, see equation (15)), we have 

{£+n^$)coBQ,i— (ij + n^il) mn at- 2y{a—u,^n\) = 0, J 

(^+«*f)sinIlf + (i7+«'l)co8i2<+2i(il— »BinA)= O.f ' ' 

So that, if we put I2 = »BinA, (15) 

we have simply f + «*f = 0, ) 

tj+x'ri = 0,3 : '' ' 

the usual equations of elliptic motion about a centre of force in the 
centre of the ellipse. {Proc. R. S. E., 1 869.) 
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* 406.] To cotutruet a receding lurface Jrovt loiick rayt, emitted 
from a point, shall after reflection diverge itniformly, but korizonlaUy. 
Using the oidinaiy property of a reflecting* snr&ce, we easily 
obtwn the eqoatioD 

By Hamilton's grand Theory of Systems of Says, we at once write 
down the second form 

Tp^Tifi+aVap) = constant. 

The connection between these is easily shewn thus. Let tr and 
r be any two vectors whose tensors are equal, then 

f±^)''=I + 2«.r-'+(«r-T 
= 2arT-'{l+:Swr-'), 
whence, to a scalar factor prh, we bare 



0*-~ 



Hence, putting « = E/(/9 + a^ap) and T=Up, we have from the first 
equation above 

3.dpll/p+U{0-i-arapy] = O. 
But d(p + aVap) = aradp=—dp—aSadp, 

and 8.a(fi + aFap) = 0, 

»o that we have finally 

S.dpUp-S.d(^ + arapW(fi-i-aFap) = 0, 
which is the difierential of the second equation above. A carious 
paridcular case is a parabolic cylinder, as may be easily seen geo- 
metrically. The general surface has a parabolic section in the plane 
of a, ^ ; and a hyperbolic section tn the plane of /9, a0. 

It is easy to see that this is but a single case of a large class of 
int^^ble scalar functions, whose general type is 

S.dp(^^*p = 0, 
^ p •' 

the equation of the reflecting surface ; while 

8{a-p)do- = 

is the equation of the surface of the reflected wave : the integral of 

the former being, by the help of the latter, at once obtained in the 

fo"™ Tp ± T{a—p) = constant*. 

407.] We next take Fresnel's TAeory of DoMe Sefraetion, but 
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merely for the purpose of ahewing how quaternions EunpliQr th^ 
proceencg required, and in no waj to discuss the plausibility of the 
physical assumptions. 

Let iw be the vector displaoement of a portion of the ether, jrith 

the condition ^t = — 1 1 (1 ) 

the force of reetitutioo, on Fresuel's assumption, is 

osiDg the notation of Chapter V. Here the function 4> i^ obviously 
self-conjugate, a*, b*, c* are optical coDstauts depending 00 the 
crystalline medium, and on the colour of the light, and may be 
considered as given. 

Fresnel's second assumption is that the ether is incompreefiible, 
or that vibrations normal to a wave front are inadmissible. If, then, 
a be the unit normal to a plane wave in the crystal, we*have of 

"'"^'^ - o«=-l, (2) 

and 5ao- = 0; (3) • 

but, and in addition, we have 

w~' ?flr0ffl II a, 

or 8.amf>w= (4) 

This equation (4) is the embodiment of Freenel's second assumption, 
but it may evidently be read as meaning, tie normal to tkefnmt, the 
direction, of vibration, and that of the force of restitution are in one 
plane. 

408.] Equations (3) and (4), if satisfied by ia, are also satisfied 
by wo, so that the plane (3) intersect* the cone (4) in two lines 
at right angles to each other. That is, Jbr any given wavejhmt 
there are tioo directions <f vibration, and they are perpendicular to each 
other. 

409.] The square of the normal velocity of propagation of a plane 
wave is proportional to the ratio of the resolved part of the force of 
restitution in the direction of vibration, to the amount of displace- 
ment, hence ^ = Sa^. 
Hence Fresnel's Wave-mrface is the envelop of the plane 

Sap = '/SmifyV, (5) 

with the conditions vi' = — i, (1) 

«»=-!, (2) 

Saw =0, (3) 

S.awjtm =0 (4) 

„. ..^ ,C.ooglc 
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Formidable as this problem appears, it is easy enough. From (3) 
and (4) we get at once, 

HencCj operating hy S.w, 

—as = —Sw<fiw = — w'. 
Therefore ' {'j>+v')m = ~aSatt>v, 

and 5.o(<^ + P^)-»a= .' (6) 

In passing, we may remark that (Alt equation give* ike normal velo~ 
eitiet of Ike two rags wkote fronts are perpendicular to a. la Cartesian 
coordinates it is the well-known equation 
I' m* a^ 

By this elimination of m, our equations are reduced to 

5.a(0 + fV=O. (6) 

V =-Sap, (5) 

«'=-! (2) 

They give at once, by § 309, 

(^ + p^)-'o+rpiSa(^ + l'*)-'a = ia. 
Operating by S.a we have 

V^Sa{<f> + v')-^a = i. 
Substituting for i, and remarking that 

3a(,,j> + V^y^a = - T^{<l> + V^)-> a, 
because (ft is self-conjugate, we have 

This gives at once, by rearrangement. 

Hence (0_p<)->/. = "^, ■ 

Operating by S.p on this equation we have 

5p(^_p«)-V = -l, (7) 

which is the required equation. 

[It will be a good exercise for the student to translate the last 
ten formulae into Cartesian coordinates. He will thus reproduce 
almost exactly the steps by which Archibald Smith * first arrived 
at a simple and symmetrical mode of effecting the elimination. Yet, 
as we shall presently see, the above process is far from being the 
shortest and easiest to which quaternions conduct us.] 
* Cambrid-jt Pha. Trant., 1836. 
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410.] The Cartesian form of the equation (7) is not the usual 
one. It ia, of course, 

g' /' ^ 

But write (7) in the form 

or 5.0— -~p = 0, 

V—P 
and we have the usual expreseioQ 

This last quaternion equation can also be put into either of the new 
forms j.( * )*p = 0, 

or r(p-«-0-i)-*p = 0. 

411.] By applying the results of §§ 171, 172 we may introduce 
a multitude of new forms. We must confine ourselves to the most 
simple ; but the student may easily investigate others by a process 
precisely similar to that which follows. 

Writing the equation of the wave as 

where we have g = —fT^, 

we see that it may be changed to 

if mSfxftp = gkp^ = —A. 

Thus the new form is 

Sp{<f>-^-mSp<pp)-^p = 0.' (1) 

Here "^^ ^^, -Sp^P = a'a-' + SV+c'^^. 
and the equation of the wave in Cartesian coordinates is, patting . 

413.] By means of equation (1) of last section we may easily 
prove Fliicker's Theorem. Tie W^ave-Surface ia itt oten recijtrocal inik 
respect io tie elliptoid wAoae equation ia 

DinLt/rrlbyGOOglC 
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The equation of the plane of contact of tangents to this surface fnim 
the point whose vector is pia 

The reciprocal of this plane, with respect to the unit-sphere abont 
the origin, has therefore a vector tr where 



Hence p = —j— A itr, 



1 
■ ^/«t 

and when this is substituted in the equation of the wave we have 
for the reciprocal (with respect to the unit-Bphere) of the reciprocal 
of the wave with respect to the above ellipsoid, 

This differs from the equation (I) of last section solely in having 
^~* instead of <p, and (consistently with this) — instead of m. Henoe 

it represents the index-surface. The required reciprocal of the wave 
with reference to the ellipsoid is therefore the wave itself.* 

413.3 Hamilton has given a remarkably simpls investigation of 
the form of the equation of the wave-sarface, in his ElemenU, p. 736, 
which the reader may consult with advantI^^. The following is 
essentially the same, but several steps of the process, which a skilled 
analyst would not reqoire to write down, are retained for the benefit 
of the learner. 

Let %>= — 1 (1) 

be the equation of any tangent plane to the wave, i.e. of any wave- 
front, 'Hien fj. is the vector of wave-slowness, and the normal 

velocity of propagation is therefore ^=- , Hence, if v be the vector 

direction of displacement, pr^v is the effective component of tbe 
force of restitution. Hence, ^tv densting the whole force of re- 
stitution, we have ifra—pr'v || ji, 

or w II (^— /*-*)-V 

and, as tr is in the plane of the wave-front, 

Sfj.w = 0, ^ 

or 5;i(0-^-*)-V = (2) 

This is, in reality, equation (6) of § 409, It appears here, how- 
ever, as tbe equation of the Index-Sutface, 4he polar reciprocal of 
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the wave with respect to a unit-sphere about the origin. Of course 
the optical part of the problem is now solved, all that reniains being 
the geometrical process of § 3 1 1 . 

414-3 Equation (2) of last eection may he at once transformed, 
by the process of § 410, into 

Let us employ an auxiliary vector 

T = {}!.' -<f>-^)'^li, 

whence ii = (jx^—i}r^)r (1) 

The equation now becomes 

S^T=l, (2) 

or, by(l), ij.^t'-8t<I>-^t = 1 (3) 

Differentiating (3), subtract its half from the result obtained by 
operating with S.r on the differential of (1). The remainder is 

T^Sidti-Srdii = 0. 
But we have also (§311) Spd^ = 0, 
and therefore xp = ^r*— r, 

where ar is a scalar. 

This equation, with (2), shews that 

Stp=:0 (4) 

Hence, operating on it by S.p, we have by (1) of last, section 

Xp^ = — T^, 

and therefore p~^ =— ji + r-^ 

This gives p~' = li^—T-^. 

Substituting fcpm these equations in (1) above, it becomes 
T-i-p-i = (/>-« +t-*—^'»)t, 
or T = {(l,-^-p-')-^p-\ 
Finally, we have for the reqtiired equation, by (4), 

or; by a transformation already employed, 
5p(<^->)-V=-l. 
415.] It may assist the student in the practice of quatemion 
analysis, which is our main object, if we give a few of these invest- 
igations by a somewhat varied process. 
Thus, in § 407, let us write as in § 1 68, 

We have, by the same processes as in § 407, 

S,vra)fSi/& + S.'-aofx' SK'w = 0. 

i,.Googlc_ 



4 1 7-] 



PHYSICAL APPLICATIONS. 



245 



This may be written, »o far as tie geiteratinff lines «e require are 
, concerned, 

since ma is a vector. 



(1) 



Or we may write 

S.fi'V.-aX'vta = = S.i/vrX'wa. 
Equations (1) denote two cones of the second order which pass 
through the intersections of (3) and (4) of § 407. Hence their in- 
tersections are the directions of vibration. 

416.] By (1) we have 

AwX'wofi'^ 0. 
Hence wX'w, a, fi' are coplanar; and, ae or is perpendicular to a, it 
is equally inclined to Vk'a and Vfia. 

For, i£ L, 31, A he the projections of X', j*', a on the unit 
sphere, £C the great circle whose 
pole is A, we are to find for the 
projections of the values of w on 
the sphere points P and P', such 
that if LP be produced till 

PQ = £P, 
Q may lie on the great circle AM. 
Hence, evidently, 

CP = PB, 
and eT'=P^B; 
which proves the proposition, since 
the projections of Tx'a and Ff/a on the sphere are points 6 and 
in £C, distant by quadrants from C and S respectively. 
417.] Or thus, Ss^a = 0, 

S.orr.a\'OTfA'=0, 
therefore ma = F.aV.aX'^it, 

zs — r.K'vtu'—aSaF.X'miJ.'. 
Hence (SKY-x) w = {X' + aSak') S/m + (m'+ a^V) 5\'«r. 
Operate by SX, and we have 

(x + S\'aSix'a)S\'tT = l\''a^-S^K'a']Sts:iiy 
= Sii'-aT^rX'a. 
Hence by symmetry, 

5/« Tiir,'^ _ *^ Tsr/o, 
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and &B Swa = 0, 

m^u{ur\'axury:<x). 

418.] The optical interpretation of the common result of the 
last two sections is that the planei of polarization of the two raft 
whose wave-/ront» are parallel, bisect the angles contained by planet 
patiing through the normal to the wave-front and the vectors (optic 
axes) \', ft'. 

419.] As in § 409, the normal velocity is given by 
p» = 5ar^ = 2 SK'aSfi'a-p'vr' 
- S'.Kya 

-P +^T+S).r\'aF^'a' 
[This transformation, effected by means of the value of w in 
§ 4 1 7, is left to the reader.] 

Hence, if v-^ , v^ be the velocities of the two waves wboee normal 
is a, fl-vl = 2T.FK'ar^t'a 

oc sinX'aeinfi'a, 
That is, the difference of the tquaret of tie velocities of the two wacea 
varies at the product of the sines of the angles between the normal to 
the wave-front and the optic axes (A', f/). 
420.] We have, obviously, 

[T'-S^Fx'aV^'a = T'f. F\'aF/a = 5.«AV'a. 
Hence v^=p' + (7*+ 5). Ta'o T/a. 

The equation of the index surface, for which 

istherefore 1 =:-/p^:^i{T±S).Fk'pFp.'p. 

This will, of course, become the equation of the reciprocal of the 

index-surface, i.e, the wave-surface, if we put for the function ^ its 

reciprooal : i. e, if in the values of A', p.', p' we put - j ^ j - for 

a, b, c respectively. We have then, and indeed it might have been 
deduced even more simply as a transformation of § 409 (7), 

1 = -pp'TiT±8).FKpFtip, 
as another form of the equation of Frcenel's wave. 
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If we employ the i, k tranefomation of § 121, thismay be writteo, 
aa the student may easily prove, in the form 

(«■-.-)■ = F(,-.)pMTrip + TF,pi'. 

421.] We may now, in furtherance of our object, which is to 
give varied examples of quaternions, not complete treatment of any 
one subject, proceed to deduce some of the properties of the wave- 
surface from the different forms of its equation which we have 
given. 

422.] FregneVs eonstruction of tie wave iy points. 

From § 273 (4) we see at once that the lengths of the principal 
semidiameters of the central section of the ellipsoid 

Sp<p-^p = 1, 
by the plane Sap = 0, 

are determined by the equation 

If these lengths be laid off along a, the central perpendicular to the 
cutting plane, their extremities lie on a surface for which a = Up, 
and Tp has values determined by the equation. 
Hence the equation of the locus is 

Of course the index-snrface is derived from the reciprocal ellip- 
soid Sp^p = 1 
by the same construction. 

423.] Again, in the equation 

l=-pp' + iT±S).VXprM>, 
suppose F\p = 0, or f^V = Of 

we obviously have 

= +Z^ or =+-^. 
~ -/^ ~ 'v'i' 

and there are therefore four singular points. 

To find the nature of the surface near these points put 
U\ 

where Tvr is very small, and reject terms above the first order in 
Tot. The equation of the wave becomes, in the neighbourhood of 
the singular point, 

2p8\w+s.i!fr.\F\n=±T.rKar\n, 

which belongs to a cone of the second order. 

424.] From the similarity of its equation to that of the wave, it 
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ia obvious that tbe indes-Borface also has four conical cosps. As 
an infinite nomber of tangent planes can be drawn at sacb a point, 
the reciprocal surface must be capable of being touched by a plane 
at an inEaite number of points ; bo that the wave-sarface has four 
tangent planes which touch it along ridges. 

To find their form, let us employ the last fonn of equation of the 
wave in § 420. If we put 

Trip=TFKp, (I) 

we have the equation of a cone of the second degree. It meets the 
ware at its intersections with the planes 

«(.-«)C = ±(<'— ") (2) 

Now the wave-surface is touched by these planes, because we cannot 
have the quantity on the first side of this equation greater in abso- 
lute magnitude than that on the second, so long as p satisfies the 
equation of the wave. 

That the curves of contact are circles appears at once from (1) 
and (2), for they give in combination 

P« = +5(. + «)p, (3) 

the equations of two spheres on which the curves, in question are 
situated. 

The diameter of this circular ridge is 

[Simple as these processes are, the student will End on trial that 
the equation 5p(^~'— p~^)~'p = 0, 

gives the results quite as simply. For we have only to examine 
the cases in which — p~^ has the value of one of the roots of the 
symbolical cubic in ^~*. In the pres^ent case Tp=b is the only one 
which requires to be studied.] 

425.] By § 413, we see that the auxiliary vector of the succeed- 
ing section, viz. 

r = (^i'-^-')-v = (^-'—p-'rv. 

is parallel to the direction of the force of restitution, ^. Hence, 
as Hamilton has shewn, the equation of the wave, in the form 

8tp = 0, 
(4) of § 4H, indicates that the direcilon of the force of restitution it 
perpendicjilar to the ray. 

Again, as for any one versor of a vector of the wave there are two 
values of the tensor, which are found from the equation 
■ S.Up{<f>-'-p-'')-'Up = 0, 
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we Bee by § 422 that tie lines of vihration for a given plane fr/mi 
are parallel to the axes of any teclion of ike ellipsoid 

S.p4,-^P =1 
made by a plane parallel to the front ; or to the tangents to the lines 
of curvature ai a point where the tangent plane is parallel to the ware- 
front. 

426.] Again, a curve which is drawn on the wave-surface so as to 
touch at each point the corresponding line of vibration has 

^rfp II (.^-1 -p-*)-V' 

Hence S^pdp = 0, or Sfx^ = C, 

so that Bucli curves are the intersections of the wave with a series 
of ellipsoids concentric with it. 

427.] For curves cutting at right angles the lines of viiration we 
have' rfpl|rp^-'(r'-rVp 

lirp(.^-p*)-V. 

Hence Spdp = 0, or Tp = C, 

so that the curves in qnestion lie on concentric spheres. 
They are als^ spherical conies, because where 
Tp = C 
■ the equation of the wave becomes 

s.pi<i>-'+o-*)-^p = o, 

the equation of a cyclic cone, whose vertex is at the common centre 
of the sphere and the wave-surface, and which cuts them ia their 
carve of intersection. (Quarterly Ma/A, Journal, 1859.) 

428.] As another example we take the case of the action of 
electric currents on one another or on magnets ; and the mutual 
action of permanent m^nets. 

■ A comparison between the processes we employ and those of 
Amp6re (Tkeorie des Ph^nomenes Electrodynamiques, SfC, many of 
which are well g^ven by Murphy in his Electricity) will at oncfe 
shew how much is gained in simplicity and directness by the use of 
quaternions. 

The s«ne gain in simplicity will be noticed in the investigations 
of the mutual effects of permanent magnets, where the resultant 
forces and couples are at once introduced in their most natural and 
direct forms. 

429.] Ampere's experimental laws may be stated as follows ; 

I. Equal and opposite currents in the same conductor produce 
equal and opposite effects on other conductors: whence it follows 
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that an element of one current has no effect on an element of an- 
other which lies in the plane bisecting the former at rig;ht angles. 

II. The effect of a conductor bent or twisted in any manner is 
equivalent to that of a straight one, provided that the two are 
traversed hj equal currents, and the former UAir^ -coincides with 
the Utter. 

III. No closed circnit can set in motion an element of a circular 
conductor about an axis through the centre of the circle and per* 
pendicular to its plane. 

IV. In similar systems traversed by eqoid currents the forces are 
equal. 

To these we add the assumption that the action between two 
elements of currents is in the straight line joining them : and two 
others, viz. that the effect of any element of a current on another is 
directly as the product of the strengths of the currents, and of the 
lengths of the elements. 

430.] Let there be two closed currents whose strengths are a 
and Hj ; let a', Oj he elements of these, a being the vector joining 
their middle points. Then the effect of a on oi must, when resolved 
along Hj , be a complete differential with respect to o (i.e. with respect 
to the three independent variables involved in a), since the total 
resolved effect of the closed circuit of which a is an element is zero 
by III. 

Also by I, II, the effect is a function of Ta, Saa', Soo,, and Sa'o,, 
since these are sufficient to resolve a', and aj into elements parallel 
and perpendicular to each other and to a. Hence the mutual effect 
is aaiUa/{Ta, 8a</, 5ao„ 5a'a,), 

and the resolved effect parallel to Oj is 

Also, tbat action and reaction may be equal in absolute magnitude, 
ymust be symmetrical in Saa' and Saa-^. Again, a (as differential 
of a) can enter only io the first power, and mtut appear in each term 
of/. 

■. Hence f=JSa'ai + BSaa'Saa^. 

But, by IV, this mnefc be independent of the dimensions of the 
system. Hence ^ ia of — 2 and J? of — 4 dimensions in To. There- 

f^'® 1- {ASaa^Sa'a^ + BSao-'S^aOy} 

is a complete differential, with respect to o, if da = a'. Let 

-^- 
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where C is a constaDt depending on the units employed, therefore 



and the resolved effect 

The factor in hrackets is evidently proportional in the ordinary 
notation to sin^sind'cosDi)— (cosffcos^. 

431.] 'Hius the whole force is 

2-Sao, Ta" ~ 2Saa' ' TaP ' 
as we should expect, dia being = Oj. [This may easily be trans- 
formed into 2Caa,Ua 

which is the quaternion expression for Ampere's well-known form.] 
432.] The whole effect on a^ of the closed circuit, of which a' is 
an element, is therefore 

Oia, f a (Saa,)^ 

_ Caoi ( aSaa, _. fVaa' 1 

~ 2 I Ta' ""V To^ J 

between proper limits. As the integrated part is the same at both 
limits, the effect is 

and depends on the form of the closed circnit- 

433.] This vector ^, which is of great importance in the whole 
theory of the effects of closed or indefinitely extended cireuits, cor- 
responds to the line which is called by Ampere " directrice de faction 
electrodi/namigue" It has a definite value at each point of space, 
independent of the existence of any other current. 

Consider the circuit a polygon whose sides are indefinitely small ; 
join its angular pointa with any assnmed point, erect at the latter, 
perpendicular to the plane of each elementary triangle ho formed, a 

vector whose length is - > where w is the vertical angle of the tri- 
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angrle and r the length of one of the conUining sides ; the sum of 
Buch vectors is the " directrice" at the assumed point. 

434.3 ^^ mereybrm of the result of § 432 shews at once that 
^ihe element a.^ he turned about its middle point, the direction t^tAe 
remllant action is confined to the plane whoee normal it j9. 

Suppose that the element a, is forced to remjun perpendicular to 
some given vector 8, we have 

Sa^h = 0, 
and the whole action in its plane of motion is proportional to 
TV.bVa^p. 

But r.i,ra^{i = -a^s^i. 

Henoe the action is evidently constant for all possible positions 
■ of oij or 

Tke effect of any si/stem of closed currents on an element of a eon- 
ductor mhich is restricted to a given plane is {in tiat plane) independent 
of the direction of the element. 

435.] Let the closed current be plane and very small. Let c 
(where Jls = l) be its normal, and let y be the vector of any point 
within it (as the centre of inertia of its area) ; the middle point of 
a, being the origin of vectors. 

Let a = y+p; therefore a'= p, 



and 



a _ !M - fny+py 

'^ J Ta' J fiy+f)' 



to a BuiScient approximation. 

Now (between limits) J'F'pp'= 2Ae, 
where A is the area of the closed circuit. 
Also generally 

/Fyp'Syp = kiSypVyp + yV.y/Fpp') 
= (between limits) AyVyt. 
Hence for this case 

^{,.^y^yi\ 

436.] If, instead of one small plane closed current, there be a 
series of such, of equal area, disposed regularly in a tubular form, 
let X be the distance between two consecutive currents measured 
along the axis of the tube; then, putting y'=ic(,' we have for the 
whole effect of such a set of currents on a. 
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SjSn 



-hi?- 



iySyy\ 



CJaa, Fa,y ,, , v ■. , 

= — — ' —-■ (betweeD proper mmte). 

If the axis of the tubular arrangement be 4 closed carve this will 
evidently vanish. Hence a closed solenoid exertt no influence on an 
element of a conductor. The tame is evidently true if the solenoid he 
indefinite in both directiom. 

If the axis extend to infinity in one direction, and y^ he the 
vector of the other extremity, the effect is 

2x l>y% ' 
and is therefore perpendicular to the element and to the line joining it 
loith the extremity of the solenoid. It it evidently inversely at Ty% 
and directly as the sine of the angle contained between the direction of 
the element and that of the line joining the latter with the extremity of 
tie solenoid. It is also inversely as x, and therefore directly at the 
number <f currents in a unit of the axis of the solenoid. 

437.3 '^'^ ^'"l ^^ effect of the whole circuit whose element is o^ 
on the extremity of the solenoid, we must change the sign of the 
above and put a^ = y^'i therefore the effect is 
_ CAaa, CVy^y^ 
2x J Ty% ' 
an int^ral of the species considered in § 432 whose value is easHy 
assigned in particular cases. 

438.] Suppose the conductor to he straight, and indefinitely extended 
in both directiont. 

. Let hS be the vector perpendicular to it from the extremity of 
the canal, and let the conductor be || ij, where JW = I^ = 1, 
, Therefore y^ = h$+y>f (where y is a scalar), 

J'yo'yo = ¥f"t^> 

and the integral in § 436 is 

/ 



''^'Cn 



-jr^e. 



^Vr,e, 



The whole effect is therefore 

_ ^f£i V 

xh 

and is thus perpendicular to the plane passing through the conductor 
and the extremity of the canal, and varies inversely at the distance of 
the latter from the conductor. 
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Tbis is exactly the observed effect of an indefinite etraig'lit enrreDt 
on a magnetic pole, or particle of free magnetism. 

439.] Suppote He conductor to be circular, and ike pole nearly in Us 

Let EPJ) be tbe oondactor, AB its axis, and C the pole; .fiC 
perpendicular to AB, ^nd email in comparison witb AE = i the 
radius of the circle. 




Let ABhe Oji, BC=bk, AP = A (Jx + ky) 

where ") ^ f^'} lEAP ^ ('!'} 6. 

Then CP = y=a^i->thk-h{Jx-\-ky). 

And the effect on 0<k\^ , 

J («? + a« + A8-2%)» 
where the int«gTftl extends to the whole circuit. 

440.] Suppose in particular £7 to be one pole of a small magnet 
or solenoid CC' whose length ib 2l, and whose middle point is at 
and distant a from the centre of the conductor. 
Let ICGB = a. Then evidently 

a^ = a + lcoa&,' 
i = ^ sin A. 
Also the effect on C becomes, iia\+b'+A'^ = A\ 

Ti» , . SS'i Sa,ii 15 i'l'i 
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since for tlie whole circuit 

. /fly -M = 0, 
/^xs* = 0. 
If we suppose the centre of the magnet fixed, the vector axis of 
the couple produced by the action of the current 6n C is 

/^.(icoflA + iaini)^"-^ 

11 A* I Bin A .( 36^ 15 AH^ 3B,ficMA 1 

■ If A, &c. be now developed in powers of I, this at once becomes 
vA^lBJaA .( GalcoeA ISa'^ooa'A . 3l^ 
ia» + A')i-^\ a' + i^ + («« + AY ~^N^ 

_ St^BJa'A IS^^^dn^ (a + /co8A);cosA , BalcoBA-.} 

Putting —ttoil and changing the sign of the whole to get that 
for pole C, we have for the vector axis of the complete couple 
4wA^/siiiA.( ,;3(4a"— A»)(4-5ein*A) „ ) 

-ia^^^^n'-^^ — (?T"^Y — ""^^r 

which is almost exactly proportional to sin A if 2a = ^ and / be 
small. 

On this depends a modification of the tangent galvanometer. 
(Bravus, Aan. de Ckimie, xxxviii. 309.) 

441.] As before, the effect of an indefinite solenoid on % is 
CJaOy Voyy 

Now stippose a^ to be an element of a small plane circuit, 5 the 
vector, of the centre of inertia of its area, the pole of the solenoid 
being origin. 

Let y = 5 + p, then a^ = p'. 

The whole effect is therefore 

CAaa^ r V{b-irp)p' 
23} J T(6+pf 

where Ay and «j are, for the new circuit, what A and c were for the 
former. 

Let the new circuit also belong to an indefinite aolenoid, and 
let % be the vector joining the poles of the two solenoids. Then 
the mutual effect is 
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1 Ira' iif > 



_ C^^,<M| 8„ J/8^ 

which is exactly ^^ mutual effect of two pta^nelte poles. Jiw Jinite 
tolenoidt, therefore, aei on each other exactly as ttco magnets, and the 
pole of an indefinite solenoid acts as a particle of free magnetism. 

443.] The mutual attraction of two indefinitely small place closed 
circuits, whose normab are e and f^, may evidently he deduced by 

twice dilferentiating the expression -^^-^ for the mutual action of 

the poles of two indefinite solenoids, making dt in one diffeteotiatioD 
II t and in the other || cj. 

But it may also he calculated directly by a process which will 
give us in addition the couple impressed on one of the circuits by 
the other, supposing for simplicity the first to be dreaUtr. 




Let A and ^ he the centres of inertia of the areas of A and B, 
( and <! vectors normal to their planes, a any vector radius of B, 
AB^^. 

Then whole effect on </, by §§ 432, 435, 

But between proper limits, 

fVi/r)S$<T =-AJ'.yir9€i, 
for generally fVa'r, 80,T = -k{ TjioSaa +V.7,F. BfY^^y 

Hence, after a reduction or two, we find that the whole force 
exerted by A on the centre of inertia of the area of B 
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This, as already observed, may be at once found by twice differ- 
entiating -=^. In tie same way the vector moment, due to A, 
about the centre of iaertia of S, 

These expreaaions for the whole force of one small magnet on the 
centre of inertia of another, and the couple about the latter, seem 
to be the simplest that can be given. It is easy to deduce from 
them the ordinary forma. For instance, the whole resultant couple 
on the second magiiet 



T^ 

m&j easily be shewn to coincide with that given by Ellis {Cavd. 
Maih. Journal, iv. 95), though it seems to lose in simplicity and 
capability of interpretation by such modifications. 

443.] The above formulae shew that the whole force exerted by 
one small magnet M, on the centre of inertia of another m, conaists 
of four terms which are, in order, 

1 st. In lie line joining the magnets, and proportional io tke cosine 
of their mutual inclination. 

2nd. In the same line, and pn^orliimal to five times the product of 
the cosines of their respective inclinations to this line. 

3rd and 4th. Parallel f^ i^^ and proportional to the cosine of Ike 
inclination of \^ ^ to the Joining line. 

All these forces are, in addition, iovereely as the fourth power of 
the diatance between the magnets. 

For the couples about the centre of inertia of m we have 

let. A couple whose axis is perpendicular to each magnet, and which 
is as the sine of their mutual inclination. 

2nd. A couple whose axis is perpendicular to m and to tke line 
Joining the magnets, and whose moment is as three times tke product of 
the sine of tke inclination ofm, and the cosine of the inclination ifM, 
to the Joining line. 

In addition these couples vary inversely as the third power of the 
distance between the magnets. 



, Google 



258 QUATESNIOHS. [444. 

[These results afford a good example of what has been called the 
inlemal nature of the methods of quatemioDs, reducing, as they do 
at once, the forces and couples to others independent of any lines of 
reference, other than those necessarily belonging to the system 
under consideration. To shew their ready applicability, let us take 
a Theorem due to Qauee.] 

444.] 1/ tico small magnett be at right angle* to each otier, tie 
moment t^ rotation of the first is approieimately tioice as great when tie 
axis of the second passes through the centre of the first, as xhen the 
axis (^ the first passes through the centre of the second. 

In the first case c 1| ^X<t ; 

''>(..,-3...) = ?^r..,. 

In the second c, || jSXe ; ' 

therefore moment = -jsj^Tft,. Hence the theorem. 

445.] Again, we may easily reproduce the results of § 412, if for 
the two small circuits we suppose two small magnets perpendicular 
to their planes to be substituted. ^ is then the vector joining the 
middle points of these magnets, and by changing the tensors we 
may take 2< and 2(, as the vector lengths of the magnets. 

Heuce evidently the mutual effect 
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which is easily reducible to 












12 


{^(&,,+ 




-)+< 


S^< + 


.«*■}■ 



as before, if smaller terms be omitted. 

If we operate with V. «, on the two first terms of the unrednced 
expression, and take the difference between this result and the same 
with the sign of i^ changed, we have the whole vector axis of the 
couple on the magnet 2e,, which is therefore, as before, seen to be 
proportional to 

446.] We might apply the foregoing formulae with great ease 
to other cases treated by Ampdre, De Montferraud, Sec. — or to two 
finite circular conductors as in Weber's Dynamometer — but in 
general the only difficulty is in the int^ration, which even in some 
of the simplest cases involves elliptic functions, &C., &c. {QtMrlerly 
Math. Journal, 18G0.) 
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447.] Let F{y) be the potential of any Eastern upon a unit 
particle at the extremity of y. 

F{y) = C (1) 

is the equation of a level surface. 

Let the differential of (1) be 

Svdy=0, (2) 

then v is a vector normal to (1), and is therefore the direction of the 
force. 

But, passing to a proximate level surface, we have Svhy = hC. 

Make ay =xv, then —xTi^ = hC, 

Hence v expresses the force in magnitude also. (§ 368.) 
Now by § 435 we have for the vector force exerted by a small 
plane closed circuit on a particle of free magnetism the expression 

A ( j.h^\ 
fyiV^ Tyi J' 

omitting the factors depeoding on the strength of the current and 

the strength of magnetism of the particle. 

Hence the potential, by (2) and (l)j 

area of circuit projected perpendicular to y 

a ] - 5y 7- 

ocspherical opening subtended by circuit. 
The constaut is omitted in the integration, as the potential must 
evidently vanish for infinite values of Ty. 

By means of Ampere's idea of breaking up a finite circuit into 
an indefinite number of indefinitely small ones, it is evident that 
the above result may be at once ex- 
tended to the case of such a finite closed 
circuit. 

448.] Quaternions give a simple me- 
thod of deducing the well-known pro- 
perty of the Magnetic Cune». 

Let A, £ be two equal magnetic 
poles, whose vector distance, 2 a, is bi- 
sected in 0, QQ' an indefinitely small 

magnet whose length is 2/, where ^= OP. Then evidently, taking 
moments, 
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>"(p4-a)p' _ r(p-a)f - 
?(, + «)•-*!■(,-.)"" 
wlLere the upper or lower eigu is to be taken according as the poles 
are like or unlike. 
Operate by S. Fop, 

Sap'ip^ar-Saip+a)SAp + a)^:^ {^e with -a}, 

or S.ar(-^)U(p + a) = + (same with -a), 

i.e. • SadUlp + a) = ± SadU{p-a), 

8a{U{p+a) +U{p-a)) = const., 
or coa AOAP ± coslOA'P = Qomk., 

the property referred to. 

If the poles be unequal, one of the terms to the left must be 
multiplied by the ratio of their strengihs. 

449.] If the rector of any point be denoted by 

p = ix-\-jy-\-kz, {1) 

there are many physically interesting and important transformations 
depending upon the effects of the quaternion operator 

^ ^-'li*jT,^4- • <^' 

on various functions of p. When the function of p is a scalar, the 
effect of V ia to give the vector of most rapid increase. Its effect 
on a vector function is indicated briefly in § 369. 

460.] We commence with one or two simple examples, which 
are not only interesting, but very useful in transformations. 

Vp=(i^+&C.)Cw + &c.) = -3, (3) 

v(i),)- = ,(2H-'vr, = »(rrt-V; (5) 

«nd,ofcoars., VpL_ = -^-^: (5)' 

whence, '^=-5^ = -^ W 

and, of conne, V>i = -v|S- = o (6)' 

Also, Vp = -^ = TpVUp+VTp.Up = TpVTJp—l^ 

■■■■ ""'—K (') 
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451.] By the help of the above results, of which (6) is especially 
useiul (though obvious on other grounds), and (4) and (7) very 
remarkable, we may easily find the effect of V upon more complex 
functions. 

Thus, V Sap =-V (ax + &£.) = -a, (1) 

Vfap = —VFpa = ~V(pa-Sap) = 3a-a= Za (2) 

Hence 

-.^"■9 _ 2a_3prop_ 2 gp^ 4- 3p Yap _ ap^ — 3pSap 

f^^W ~W~~ T(^ ~ Tpfi ^^' 

Hence 

This is a very useful transformation in various physical applica- 
tions. By (6) it can be put in the sometimes more convenient form 

«,V^ = S«.a7l (5) 

And it is worthy of remark that, as may easily be seen, —S may be 
put for F in the lefl-hand member of the equation. 
452.] We have also 

Vr.0py = V{^SYP-pS^y-i-yS^p] =-y0 + 3S0y~0y = S0y. (l) 
Hence, if be any linear and vector function of the'form 

^p = a+^r.^py+mp, (2) 

i.e. a Belf-conjugate tnnction with a coDBtant vector added, then 

V<Pp = ^Siiy-Sm = scalar (3) 

Hence, an integral of 

V<r = scalar constant, is o- = ^p (4) 

If the constant value of V<t contain a vector part, there will be 
terms of the form Ftp in the expression for <r, which will then ex- 
press a distortion accompanied by rotation. (§ 371.) 

Also, a solution otVq = a (where y and a are quaternions) is 

g = S^+rfp+4,p. 
It may be remarked also, as of considerable importance in phy- 
sical applications, that, by (1] and (2) of § 451, 

V (S + ir)ap =: 0, 
bnt we cannot here enter into details on this point. 

453.] It would he easy to give many more of these transforma- 
tions, which really present no difficulty ; bnt it is sufficient to shew 
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the ready applicability to physical qaestions of one or two of thoee 
already obtained ; a property of great importance, as extensions of 
.matbematical pbyracs are far more valaable than mere analytical or 
geometrical theorems. 

Thus, if <r be the Tector-displacement of that point of a homo- 
geneoos elastic solid whose vector is p, we have, p being liie con- 
sequent pressare produced, 

V^ + VV = 0, (1) 

whence 58pV^ir= —SipVp = 8;>, a complete differential (2) 

Also, generally, p = JtSVtr, 

and if the solid be incompressible 

SV<i = (3) 

Thomson has shewn (Garni, and Dub, Malh. Journal, ii. p. 62], 
that the forces produced by given distributions of matter, electricity, 
magnetism, or galvanic currents, can be represented at every point 
by displacemente of such a solid producible by external forces. It 
may be oseful to give his analysis, with some additions, in a qoa- 
temion form, to shew the insight gained by the simplicity of the 
present method. 

454.] Thus, if Sa^p ^h -,-,yte may write each equal to 

This gives a = —V j=- 1 

the vector-force exerted by one particle of matter or free electricity 
on another. This value of a evidently satisfies (2) and (3). 

Again, if 5.8pV<r = d =-3 > either is equal to 

S.hpV^ by (4) of §451. 

■ Here a particular case is 

_ Vap 
*" - Tp^' 
which is the vector-force exerted by an element a of a cairent upon 
a particle of magnetism at p. (§ 436.) 
455.] Also, by §461 (3), 

Vap _ op* — ZpSap 

^w- — w ' 
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and we Bee by §§ 435, 436 that this is the vector-force exerted by a 
small plane current at the origin (its plane being perpendicular to a) 
upon a magnetic particle, or pole of a solenoid, at p. This espree- 
sion, being a pure vector, denotes an elementary rotation caused by 
the distortion of the solid, and it is evident that tbe above value of 
a satisfies the equations (2), (3), and the distortion is therefore pro- 
ducible by external forces. Thus the effect of an element of a 
current on a magnetic particle is expressed directly by tbe displace- 
ment, while that of a small closed current or magnet is represented 
by the vector-axis of the rotation cnused by the displacement. 

456.] Again, let iSBpW ^ 6 J^ • 

It is evident that a satisfies (2), and that the right-hand side of the 
above equation may be written 

Hence a particular case is 

and this satisfies (3) also. 

Hence the corresponding dieplacement is producible by external 
forces, and V<t is the rotation axis of tbe element at p, and is seen 
as before to represent the vector-force exerted on a particle of mag- 
netism at p by an element a of a current at the origin. 

457.] It is interesting to observe that a particular value of o- in 
this case is „ 

„ = -\VSaVp--^^, 

as may easily be proved by substitution. 

Again, if 58p<7= — B sry' 

we have evidently w = V ^pj ■ 



on a particle of free magnetism at p, <t is the resultant magnetic 
force, and represents also a possible distortion of the elastic solid 
by external forces, since V<t = V^a = 0, and thus (2) and (3) are 
both satisfied. 

468.] We conclude with some examples of quaternion integrn- 
tion of the kinds specially required for many important physical 
problems. 
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It may perhaps be useful to commence with a ditferent form 
of definition of the operator V, as we shall thus, if we desire it, 
entirely avoid the use of ordinary Carteeian coordinates. For this 
pnrpose we writ* 

S.aV = —d,, 
where a is any nnit-vector, the meaning of the right-hand operator 
(neglecting its sign) being the rate of change of the furtction to wiieA 
it it applied per unit of length in the direction of the unit-vector a. 
If a be not a unit-vector we may treat it ae a vector-velocity, and 
then the right-hand operator means the rate of change per unit <f 
time due to the change of position. 

Let a, j8, y be any rectangnlar system of unit-vectors, then by a 
fundamental quaternion transformation 

V = —aSaV —fiS^ — ySfV = adt+ ^p+ydy, 
which is identical with Hamilton's form bo often given above. 
{Lectures, § 620.) 

459.] This mode of viewing the sahject enables us to see at once 
that the effect of applying V to any scalar function of the position 
of a point is to give its vector of most rapid increase. Hence, when 
it is applied to a potential u, we have 

Vw = vector-force at p. 

If u be a velocity-pot«ntial, we obtain the velocity of the fluid 
element at p ; and if u be the temperature of a conducting solid we 
ohtun the flux of heat. Finally, whatever scries of surfaces is repre- 
sented by K = C, 

the vector Vu is the normal at the point p, and its length is inversely 
as the normal distance at that point between two consecutive sur- 
faces of the series. 

Hence it is evident that ' 

8.dpVu = ~dtt, 
or, as it may be written, 

—S.dpV=d; 
the left-hand member therefore expresses total differentiation in 
virtue of any arbitrary, but small, displacement dp. 

460.] To interpret the operator F.aV let us apply it to a poten- 
tial Ainction u. Then we easily see that u may be tak^ under 
the vector sign, and the expression 

r{aV)v=F.aVu 
denotes the vector-couple due to the force at p about a point whose 
relative vector is a. 

n,g,t7cdb/G00gIc 



462.] PHYSICAL APPLICATIONS. 265 

Again, if w be any vector function of p, we have by ordinary 
quaternion operations 

F{aV).T = S.arVc + aSVa-VSa<T. 
The meaning of the third term (in which it is of coarse understood 
that V operates ou a alone) is obvious from what precedes. It 
^mains that we explain the other tenns. 

461,] These involve the very important quantities (not operatort 
such as the expressions we have been hitherto considering), 

S.Va and V.Va, 
wbich form the basis of our investigations. Let us look upon a as 
the displacement, or as the velocity, of a point situated at p, and 
consider the group of poiuts situated near to that at p, as the quan- 
tities to be interpreted have reference to the deformation of the 
group. 

462.] Let r be the vector of one of the group relative to that 
situated at p. Then after a small interval of time t, the actual 
coordinates become p-Vt" 

and p + T+i((r— S(TV)ff) 

by the de6nition of Vin § 456. Hence, if i^ be the linear and vector 
fiinction representing the deformation of the group, we have 

i^ = T-tS{rV)iT. 
The {artlier solution is rendered very simple by the fact that we 
may assume ^ to be so small that its square and higher powers 
may be neglected. 

If ^' be the function conjugate to 0, we have 
^'r = r-^V5rcr. 
Hence ^ = K* + *')'"+i(*-*')*' 

= r_^[5(TV)<r+V5ra]-|r.rFV<r. 

The first three terms form a self-conjugate linear and vector thnc- 
tion of T, which we may denote for a moment by wr. Hence 

^T = wT—^-r.rWa, 
or, omitting t^ as above, 

^T = WT— - V.vrVVa. 

Hence the deformation may be decomposed into — ( 1 ) the pure strain 
w, (2) the rotation* t j^ 

Thus the vector-axis of rotation of the group is 
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If we were coateat to avail onrselvee of the ordinary reeulte of 
Cartesian investigations, we might at once have reached this ood- 
clnsion by noticing that 

^'=K|-£)^/(f-g)-*(S-|). 

and rememberi&g as in (§ 362} the formulae of Stokes and Helmboltz' 
463.] Id the same way, ae 

dx dy de 
we recognise the cubical eomprcMion of the group of points considered. 
It would be easy to ^ve this a more strictly qoatemionic form by 
employing the definition of § 438. But, working with qaat«mions, 
we ought to obtain all onr results by their help alone ; so that we 
proceed to prove tiie above result by finding the volume of the 
ellipsoid into which an originally spherical group of points has been 
. distorted in time t. 

For this purpose, we refer again to the equation of deformation 

and form the cubic in <^ according to Hamilton's exquisite process. 
We easily obtain, remembering that ^' is to bo neglected*, 

or = (^-i)2{,^— 1 +iSVo). 

The roots of this equation are the ratios of the diameters of the 
ellipsoid whose directions are unchanged to that of the sphere. 
Hence the volume is increased by the factor 

1 —tSVa, 
from which the truth of the preceding statement is manifest. 

* ThuR, in Hitmilton's Dotation, X, fi, r being kbj thre« non-copUn&r vecton, kod 
m, m,. m, the ooefSrienta of the cubic, 

=S.CX-fvSXo)Cf-(VSjiff)(»-(VSrff) 

'^S.Kiir—tlB.iirVSXa-irS.P'LVSiia-t-S.kiiVSra'] 
= S.X,ii'-iS.i;*S.|irT + jiS.rXV + rS.>.f.V]ff 
•'8.\ii)--tS.kiivSvv. 

m,5.X/t>— S.X^>/r + S.i"p'rif.'X. + S.r^'A/p 

= 8.^lir-tS.KiiVSr/r-l8.rXVSii9*k<i. • 
-3S.A/tr-2(SV(ig.X,ii'. 
—m,8.\iir'S.kiitt,'r + 8.iirif>'y + 6.r>i^'li 
•=8.Klll'-t8.KnV8riF ♦ ftO. 
^ZS.Kitv—tSVaS.X/ir 
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464.3 ^ ^^^ process in last aectioD depends essentially on the 
use of a non-conjugate vector function, with which the reader is less 
likely to be acquainted than with the more ueually employed forms, 
I add another investigation. 

Let «r = ^ = T-i5(r7)<r. 

Then t = *-'«■ = w + iS(iaV)tT. 

Hence since if, before distortion, the group formed a sphere of radius 
.1, we have Tt = I, 

the equation of the ellipsoid is 

r{w + ^(«rV)(r)= I, 
or «r^ + 2 {SmVSmv = - 1 . 

This may be written 

8.WXW = S.w (w + i VSwff + tS (w V) <r)=-l, 
where x is now self-conj agate. 

Hamilton ha« shewn that the reciprocal of the product of the 
squares of the semiazes is 

whatever rectangular system of unit-vectors is denoted by i,J, I. 
Substituting the value of x, we have 

—8.(i + (^Si<r+iS{iV)ff)(J + &c.)(k + Stc.) 

= —S.(i + f^Si(r + tS{iV)<i){i+2tiSV<T-(S0^)a-'tV8iT) 

= 1 + 2iSViT. 

The ratio of volumes of the ellipsoid and sphere is therefore, as- 

before, 1 

- V - = I —ISVCT. 

^/l^-2iiSV<r 
465.] In what follows we have constantly to deal with integrals 
extended over a closed surface, compared with others taken through 
the space enclosed by such a surface ; or with integrals over a 
limited surface, compared with others taken round its bounding 
curve. The notation employed is as follows. If Q per unit of 
length, of surface, or of volume, at the point p, Q being any qua- 
ternion, be the quantity to be summed, these sums will be denoted 
by //Qd» and J//Qdi, 

when comparing integrals over a closed surface with others through 
the enclosed space ; and by 

//Qds and /QTdp, 
when comparing integrals over an unclosed surface with others round 
its boundary. No ambiguity is likely to arise from the double use of 
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for its meaning in any case will be obvious from the iategral with 
which it ie compared. ^ 

466.] We have just shewn that, if tr be the vector displacement 
of a point originally situated at 

p = h+jjf + kz, 
then 8.V<T 

expresses the increase of density of aggregation of the points of the 
system caused by the displacement. 

467.} Suppose, now, space to be uniformly filled with points, and 
a closed surface S to be drawn, through which the points can freely 
move when displaced. 

Then it is clear that the increase of number of points within the 
space 2, caosed by a displacement, may be obtained by either of two 
processes — ^by taking account of the increase of density at all points 
within 2, or by estimating the excess of those which pass inwards 
through the surface over those which pass outwards. These are 
the principles usually employed (for a mere element of volnme) in 
forming the so-called ' Equation of Continuity.' 

Let V be the normal to Z at the point p, drawn outwards, then 
we have at once (by equating the two different expressions of the 
same quantity above explained) the equation 

which ie our fundamental equation so long as we deal with triple 
integrals. 

4<68.] As a first and very simple example of its nae, suppose <r 
to represent the vector force exerted upon a unit particle at p (of 
ordinary matter, electricity, or magnetism) by any distribution of 
attracting matter, electricity, or magnetism partly outside, partly 
inside 2, Then, if P be the potential at p, 

and if 7- be the density of the attracting matter, &c., at p, 

Va=V^P = iter 
by Foisson's extension of Laplace's equation. 

Substituting in the fundamental equation, we have 
4Tt///rds = ii[M=//S.VPUi>th, 
where M denotes the whole quantity of matter, &c., inside S. This 
is a well-known theorem. 

469.] Let P and P, be any scalar functions of p, we can of course 
find the distribution of matter, &c., requisite to make either of them 

Coogic 
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the potential at p ; for, if the neceBsary densities he r and r, re- 
spectively, we have as before 

7«P = 4jrr, V^Pi = 4wr,. 

Now 7(PVP,) =VP7i'i + PV2i',, 

Hence, if in tlie above formula we pat 
ff =PVP,, 
we obtain 

///S.VPVP^ds = -///PVP^ds-\-//PS.VPJJvdt, 
= -///PiV^Pds-\-//P,S.VPU„da, 
which are the common forms of Green's Theorem. Sir W. Thomson's 
extension of it follows at once from the same proof. 

470-3 If -Pi be a many-valued function, but VP^ single- valued, 
and if 2 be a multiply-connected* space, the above expressions 
require a modification which was first shewn to be necessary by 
Helmholtz, and first supplied by Thomson. For simplicity, suppose 
£ to be douhly-connected (as a ring or endless rod, whether knotted 
or not). Then if it he cut through by a surface i, it will become 
simply-connected, .hut the sur&ce-integrals have to be increased by 
terms depending upon the portions thus added to the whole surface. 
In the first form of Green's Theorem, just given, the only term 
altered is the last: and it is obvious that if^i be the increase of P, 
after a complete circuit of the ring, the portion to be added to the 
right-hand side of the equation is 

P,//S.VPUvds, 
iakeu over the cutting surface only. Similar modifications are 
easily seen to he produced by each additional complexity in the 
space S. 

471.3 '^^ immediate consequences of Green's theorem are well 
known, so that I take only one instance. 

Let P and Pj he the potentials of one and the same distribution 
of matter, and let none of it be within S. Then we have 

///{^P)^ds =//PS.VPUvdt, 
so that if VP is zero all over the surface of 2, it is zero all through 
the interior, i.e., the potential is constant inside 2. If P be the 
velocity-potential in the irrotational motion of an incompressible 
fluid, this equation shews that there can be no such motion of the 

■ Called by Helmbolti, after lUemuin, mtJirfach aaammenhangrnd. In tmuUting 
Holmbolta'a paper (Phil. Mag. 1867) I uaed Iba above H ui Eoc^iah equivalent. Sir 
W.Tbonuon in his great paper on Vorttx Motion {Tra-at. R. S. E, 1SS8) uies the ex- 
pression "multiply-oontinuoiM." 
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fluid unless there is a normal motion at some part of the bounding 
Buriace, bo long at least as £ is simply-connected. 

Again, if S is an eqaipotential auriace, 

///{VFfd, = Pf/S.VPUpd$ = P/XpT^Pdi 
Ly tlie fundamental theorem. But there is by hypotiieeis no matter 
inside 2, so this shews that the potential is constant tbronghoat 
the interior. Thus there can be no equipotential BarEace, not in- 
cluding some of the attracting matter, within which the potential 
can change. Thus it cannot have a maximum or minimum value 
at points unoccupied by matter. 

472.} If, in the fundamental theorem, we suppose 
<T =Vt, - 
which imposes the condition that 

S.ViT = 0, 
i.e., that the tr displacement is effected without condensation, it 
becomes f/S-VrUeds =///S.VHdi = 0. 

Suppose any closed curve to be traced on the surface S, dividing 
it into two parts. This equation shews that the surface-integral is 
the same for both parts, the difference of sign being due to the fact 
that the normal is drawn in opposite directions on the two parts. 
Hence we see that, with the above limitation of the value of ir, the 
double integral is the same for all surfaces bounded by a given 
closed Curve. It must therefore be expressible by a single integral 
taken round the curve. The value of this integral will presently 
be determined. 

473.] TTie theorem of $467 may be written 

fffV^Pd% =ffS.VvVPd» =ffS{VvV)Pd4. 
From this we conclude at once that if 

^ = iP^jP^-^hP^, 
(which may, of course, represent any vector whatever) we have 

fffV'ad^=ffS{UvV),Td», 
or, if V'ff = T, 

This gives us the meane of representing, by a surface-int^ral, a 
vector-integral taken through a definite space. We have already 
Been how to do the same for a scalar-integral — so that we can now 
expresB in this way, subject, however, to an ambiguity presently 
to be mentioned, the general integral 

f/fq'h. 
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where q is any quatemion whatever. It ie evident that it is only 
in certain clasaee of cases that we can exoect a perfectly definite 
expression of such a volume-integral in terms of a surface-integral. 
474.] In the above formula for a vector^integral there may 
present itself an ambiguity introduced by the inverse operation 

to which we must devote a few words. The assumption 

W = T 

is taDtamooot to saying that, as the constituents of a are the 
potentials of certain distributions of matter, &c., tho^ of r are the 
corresponding densities each multiplied by 4 11. 

If, therefore, r be given throughout the space enclosed by S, 
ir is given by this equation 10 Jar onli/ as it depends upon the 
distribution within 2, and must be completed by an arbitrary vector 
depending on three potentials of mutually independent distributions 
exterior to 2. 

But, if (T be given, r is perfectly definite ; and as 
Vu = V'^T, 
the value of V~* is also completely defined. These remarks must 
be cttcefiilly attended to in using the theorem above : since they 
involve as particular cases of their application many curious theorems 
in Fluid Motion, &c. 

475.] As a particular case, the equation 

rv(T = 

of course gives V <r = », a scalar. 

Now, if r be the potential of a distribution whose density is «, we 
have V*D = 4itk. 

We know that this equation gives one, and but ohe, definite value 
for V, 80 that there is no ambiguity in 
v= iitV~% 

and therefore a = ~-Vv is also detenninate. 

4lT 

476.] This shews the nature of the arbitrary term which must 
be introduced into the solution of the equation 

rv<T = r. 

To solve this equation is (§ 462) to find the displacement of any 
one of a group of points when the consequent rotation is given. 

Here SVt = S.VVVa =:= SV^a = 0; 

so that, omitting the arbitrary term (§475), we have 

■ W = Vr. 
and each constituent of <r is, as above, determinate. 
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Thomson * haa put the solution in a form which may he writt«i 

a = i/FrOp+Vu, 

if we understand hy J'{ )dp integrating the t«rm in dz as if jr 

and g were constants, Sec. Bearing this in mind, we have as 

Terification, 



= i{2r + 2/£d.+ 2/dP^ig| 



477.] We now come to relations between the results of integra- 
tion extended over a non-closed surface and round its boimdaiy. 

Let a be any vector function of tbe position of a point. The 
line-integral whose value we seek as a fundamental theorem is 

/S.cdr, 
where r is the vector of any point in a small closed curve, dmwn 
from a point within it, and in its plane. 

Let <T(, be the value of <r at the origin of r, then 

BO that /S.<rdT =/S.(<r^-8(TV)ao)dT. 

Bat fdr = 0, 

because the curve is closed; aud (Tait on ElectTo-Dgnamtct, § 13, 

Quarterly Math. Journal, Jan, 1860) we have generally 

fS.TVS.u^dr = iS.V{TS<r„r-<Tj-F.rdr). 
Here the integrated part vanishes for a closed circuit, and 

i/F.Tdj = d^Uv, 
where d^ is tbe area of tbe small closed curve, and Up is a unit- 
vector perpendicular to it« pluie. Hence 

/S.a^dr = S.Va^UvM. 
Now, any finite portion of a surface may be broken up into small 
elements such ss we have just treated, and the sign only of tbe 
integral along each portion of a bounding curve is changed when 
we go round it in the opposite direction. Hence, just as Ampere 
did with electric currents, substituting for a finite closed circuit 
a network of an infinite number of infinitely small ones, in each 
contiguous pair of which the common boundary is described by 
equal currents in opposite directions, we have for a finite unclosed 
surface /8.adp = jyS.VaUv.ds. 

There is no diflSculty in extending this result to cases in which the 

• SUetTOUalia and MagnelUm, J 521, or PhU. TrWil.. 1853. 
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bounding curve consista of detached ovale, or poseesaes multiple 
pointe. This tlieoreni seems to have heen firat given hy Stokes 
{Smiti't Prize Exam. 1854), in the form 

=//K'(|-g)-(£-£)-(g-|))- 

It solves the problem suggested by the result of § 472 above. 

478.] If <r represent the vector force acting on a particle of 
matter at p, —S.adp repreBents the work done while the particle is 
displaced idong dp, so that the single iutegral 

/S.adp 
of last section, taken with a negative sign, represents the work 
done during a complete cycle. When' tiiis integral vanishes it ia 
evident that, if the path be divided into any two parts, the work 
spent during the particle's motion through one part ia equal to that 
gained in the other. Hence the system of forces must be con- 
servative, i. e., must do the same amount of work for all paths 
having the same extremities. 

But the equivalent double integral must also vanish. Hence a 
conservative system is such that 

//dt8,V<TUv = 0, 
. whatever be tiie form of the finite portion of anrface of which dt is 
an element. Hence, as V<r has a fixed value at each point of space, 
while Uv may be altered at will, we must have 

rv<r = 0, 

or V(r = scalar. 

If we call X, 7, Z the component forces parallel to rectangular 
axes, this extremely simple equation is equivalent to the well-known 
conditions 

^_^-0 — -'^- = —- — = 
dy dx ~ ' dz dy ' da> dz 

Returning to the quaternion form, as far leaa complex, we see that 

V<r = scalar = 4wr, suppose, 

implies that <r = VP, 

where P is a scalar such that 

V->'P=4ir?-; 

that is, P is the potential of a distribution of matter, magnetiam, ot 

statical electricity, of volume-density r. 
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Hence, for a non-cioeed path, under conservative forces 
-/S.,dp = -/S.VPdf 
^-fSl.dfV)P 
•= fd^r^fdF 

= -P.-P.. 
depending solely on the values of T at the, extremities of the path. 

479.] A vector theorem, which ib of great nse, and which cor- 
responde to the Scalar theorem of § 473, may easily be obtained. 
Thus, with the notation already employed, 

= -fS{iV)Y.a^dr. 
Now V{V.Vr.jif')a^=-S{TV')V.<,^dT—S{ATV)Vjtt^, 
and rf(5(rr)r<r„T) = 5(Tr)r.<T„rfr + S(drV)r(i(,r. 

Subtracting, and omitting the term which is the earae at both 
limita, we have /Kadr = — V'.{r.UvV)a-gdt. 
Extended as above to any closed cnrve, this takes at once the form 
fF.<Tdp=:-//dsr.{r.Ui>V)>r. 

Of conrse, in many cases of the attempted representation of a 
quaternion sarface-integral by another taken round its bounding 
carve, we are met by ambiguities as in the case of the siwice- 
integralj § 474 : but their origin, both analytically and physically, 
is in general obvious. 

480.] If P be any scalar function of p, we have (by the process 
of § 477, above) 

fPdr =/{P,-5(rV)P,)rfr 

= -/S.TVP„.dT. 

But r.Vr.rrfr = dTS.jV—rS.drV, 

and rf{rSrV) = rfrS.TV + T5.rfr7. 

These give 

/Pdr = -\{TSTV-r.FTdTV)P„ = dtr.Vvvp^, 

Hence, for a closed curve of any form, we have 

fP'ip =f/dtr.UvVP, 
from which the theorems of §$ 477, 479 may easily be deduced. 
481.] Commencing afresh with the fundamental integral 
/f/SV<Tdi^//S.<rUvd», 

put ff = llfi, 

and we have /f/S^Vudi = f/uS.fiUvih; 
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from which at once ///V udi = //uUvds, (1) 

or . ///VTdi=//Uv.Tds (2) 

Putting Mir for t, Qnd taking the scalar, we have 

whence ///{S(TV)^ + <tS.VT)ds =//<TSTUpd» (3) 

483.] As one example of the important results derived from these 
simple formulae, take" the following, viz. : — 

/S7.{r<jVp)Tds ^ ffa8xh\-d«-fJUv8^rda, 
where by (3) and (1) we see that the right-hand member may be 
written =//7(5(TV)(r+<7-SVr-V5ar)rfs 

= -f//V.r(y^)rds (4) 

This, and similar formulae] are easily applied to find the potential 
and vector-force due to various distributions of magnetism. To 
shew how this is introduced, we briefly sketch the mode of expressing 
the potential of a distribution. 

483.] Le1»CT be the vector expressing the direction and intensity 
of magnetisatioD, per unit of volume, at the element rfs. Then if 
the magnet be placed in a field of magnetic force whose potential 
is M, we have for its potential energy 
E = - ///SaVuds 

= ///u8V<Tds-//uS<.Uvd». 
This shews at once that the magnetism may be resolved into a 
volume-density 5{V(»), and a surface-density —StrUp. Hence, for a 
solenoidal distribution^ S.Va = 0. 

What Thomson has called a lamellar distribution {PMl. Trans. 
1852), obviously requires that 

8 a dp 
be integrable without a factor ; i. e., that 

rviT = 0. 

A complex IsmelUr distribution requires that the same expression 
be integrable by the aid of a factor. If this be u, we have at once 

rv{uo) = 0, 

or S.aVa-O. 

With these preliminaries we see at once that (4) may be written 

//F.{Vffm)rdM=-f//r.rrV,rds-///r.<,VTds+///ScV.Tdi. 

Now, if T = V(-)« 

where r is the distance between any external point and the element 
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ds, the last term on the right is the vector-force exerted by the 
magnet on a unit-pole pUced at the point. The eecond, tenn on 
the right YaniaheB by Laplace's equation, and the first vanishea aa 
above if the distribntion of magnetism be lamellar, thus giving 
Thomson's resnlt in the form of a surface integral. 

484.] An application may be made of similar transformations to 
Amp^ns's Lirectrice de faction ^ctrodt/namique, which, § 432 above, 
is the vector-int^ral CVpdp 

where <fp is an element of a closed circait, and the int^^tion 
extends round the circuit. This may be written 

-fr.idpv)'-.. 

SO that its value as a surhce integral is 

jjs{VvV)V i dt-JJUvV J rf». 

Of thb the last term vanishes, unless the origin is in, or infinitely . 
near to, the surface over which the double integration extends. 
The value of the first term is seen (by what precedes) to be the 
vector-force due to nniform normal magnetisation of the G&me 
surface. 

485.] Also, since VUp = — -=ri 

WQ obtain at once 

whence, by differentiation, or by putting p + a for p, and expanding 
in ascending powers of Ta (both of which tacitly assume that the 
origin is external to the space integrated through, i.e., that Tp 
nowhere vanishes), we have 

and this, again, involves 

486.] The interpretation of these, and of more complex formulae 
of a simiUr kind, leads to many cunoue theorems in attraction and 
in potentials. Thus, &om (1) of § 481, we have 
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which gives the attraction of a mass of density t in terms of the 
poteotials of volume distributiooa and surface dtstributioDs. Puttdog 

this becomes 

By putting " = P, and taking the scalar, we recover a formula 
given above ; and by taking the vector we hare 

T/fUvVpd» = 0. 
This may be easily verified from the formula 
fPdp = YffVv.VPdi, 
by remembering that VTp = Up. 

Again if, in the fundamental integral, we put 

ff = iUp, 

487.] As another application, let us consider briefly the Strets- 
fanction in an elastic solid. 

At any point of a Btrained body let A be the vector stress per 
unit of area perpendicular to t, f/. and v the same for planes per> 
pendicular to^ and k respectively. 

Then, by considering an indefinitely small tetrahedron, we bare 
for the stress per unit of area perpendicular to a unit-vector at the 
expression X^iw + jiS/a + i-Sio) =-0<o, 

80 that the stress across any plane is represented by a linear and 
rector function of the unit normal to the plane. 

But if we consider the equilibriam, as regards rotation, of an 
infinitely small parallelepiped whose edges are parallel to i, j, k 
respectively, we have (supposing there are no molecutat couples) 
V{i\+jn + kv) = 0, 
or 2ri<(>i = 0, 

or V.V^ = 0. 

This shews (§ 173) that in this case <p is telf-cottjugate, or, in other 
words, involves not nine distinct constants but only six. 

488.3 Consider next the equilibrium, as regards translation, of 
any portion of the solid filling a simply-connected closed space. 
Let tt he the potential of the external forces. Then the condition 
is obviously //<P{Uv)d»+///dsVu = 0, 

where v is the normal vector of the element of surface d«. Here 
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the double iDtegral exteDds over the whole boundary of the closed 
space, and the triple int^ral throughout the whole interior. 

To reduce this to a form to which the method of § 467 is directly 
applicable, .operate by S.a where o is any constant vector whatever, 
asd we have //S,^aUvdt + ///^iSaVu = 
by taking advantage of the self-conjugateness of <^. This may be 
written ///dt{S.V.^ + 5.oV«) = 0, 

and, OS the limits of integratton may be any whatever, 

S.VitM + S.aVu = (1) 

This is the required equation, the iDdeterminatenees of a rendering 
it equivalent to Uree scaUr conditions. 

There are various modes of expressing this without the a. Thus, 
if A be used for V when the constituents of ^ are considered, we 
may write Vb = ~8VA.<f>p. 

In int^rating this expression through a given space, we must 
remark that V and p are merely artificial symbols of construction, 
and therefore are not to be looked on as variables in the integral. 

489.] As a verification, it may be well to shew that from this 
equation we can get the condition of equilibrium, as regards rotation, 
of a simply connected portion of the body, which can be written 
by inspection ae 

//r.p4,{Uv)ds+///r.pVudi = 0. 

This is easily done as follows : (1) gives 

S.V<p<r + S.(rVu = 0, 
if, and only if, «■ satisfy the condition 
S.<t,{V)(r = 0. 
Now this conditfc>n is satisfied if 

a =Fap 
where o is any constant vector. For 

S.(t,{V)rap = ~S.ar<i>(V)p 
= S.arV(t>p = 0. 
Hence f//di{S.Vit>Fap+8.apVu) = 0, 

or //dsS.ap<f,Up+///dsS.apVu = 0. 

Multiplying by a, and adding the results obtained by making a in 
succession each of three rectangular vectors, we obtain the required 
equation. 

490.] Suppose <r to be the displacement of a point originaJly at 
p, then the work done by the stress on any simply connected portion 
of the solid is obviously 
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because i^(t'i') is the vector force overcome per unit of area on the 
element dg. This iB easily transformed to 
)F=///S.V<pads. 
491.] In this case obviouslj' the stratn^Junction is 

xM-»-«.('»v)r. 

Now if the strain be a mere lotation, in which case 

S.\w)(T — S.vn ^ 0, 
whatever he the vectors vt and r, no work is done by the stress. 
Hence the expression for the work done by the atreas must vanish 
if these conditions are fulfilled. 

A^in, it is easily seen that when the atrain is infinitely small 
the work must be a homogeneous fonction of the second degree of 
these critical quaatitiea; for, if it exist, it is essentially positive. 
Hence, even when finite, the work on unit-volume may be ex- ' 
pressed as „ = S.(5.x*x«'-5«')(5-xiX'!'-'Sii'Jj 
where «, «', tj, tf', which are in general functions of <t, become con- 
st'ant vectors if the stress is indefinitely small. When this is the 
case it is easy to see that, whatever he the number of terms under 
£, w involves twenty-one separate and independent constants only ; 
viz. the coefficientfl of the homogeneous products of the second order 
of the six values of form 

for the values [)_/, i of xn or t. 

Supposing the strain to be indefinitely small, we have for the 
variation of w, the expression 

+ 2(5.x«x*'-5"')(«-fiXTO'?'+'5-»Xl'x'))- 
Now, by the first equation, we have 

Hence, writing the result for one of the factors only, the variation 
of the whole work done by straining a mass is 
8 r = B///wrfs =ff/^ ds 

= -s///d,{S.xiKi'-Snv) {S.xt'S.{,v)b^+S.KtS(t'V)b<ri. 

Now, if we have at the limits 

6.7= 0, 
i.e. if the surface of the mass is altered in a i/iven way, we have 
obviously, 

///ds S.aSitV) Bit = -///dsS.taS{tV) w. 
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Henoe 
JiW=S///dsS.balS{tV){x*'{S.xriKv'-Syp,')} 

+5(.'v){x«C5.xtcV-Si-?')}]. 

Now any arbitrary chaDge in a will in general increate tlie amoiuit 
of work done, so that we have 

= S[5(<V){x*'(S.X'JXl'-'S'?l')}+5(*'V){x«(5-X'»xV-*n')}]. 
which is our equation for the determination of (t, as the constants 
c, <', t}, I)' are dependent solely on the elastic properties of the sob- 
stance distorted, and may therefore be considered as known ; while 
X essentially involves rr. 

492.] Since the algebraic operator 



when applied to any function of ^, simply changes x into s+i, it 
• is obvious that if <r be a vector not acted on by 
„ .d .d ,d 

we have .-^'VC/.) =/(p + <r), 

whatever function^ may be. From this it is easy to deduce Taylor's 

theorem in one important quaternion form. 

If A bear to the constituents of a the same relation as V beats to 
those off), and if^and Fbe any two functions which satisfy the 
commutative law in multiplication, this theorem takes the curious 
form ,-■»'/(,) f M =/(, + A) FW = f (, + V VM ■, 
of which a particular case is 

.i^/M F{,) =/{, + ±)F(i,) = r(,+ ^)/M. 

The modifications which the general expression undergoes, when 
yand ^are not commutative, are easily seen. 

If one of these be an inverse function, snch as, for instance, may 
occur in the solution of a linear differential equation, these theorems 
of course do not give the arbitrary part of the integral, but they 
often materially aid in the determination of the rest. 

Other theorems, involving operators such aa <*', «*••*', &c., &c. 
are easily deduced, and all have numerous apph'cations. 

493.] Bat there are among them results which appear startling 
from the excessively free use made of the separation of symbols. Of 
these one is quite sufficient to shew their general nature. 

Let P be any scalar function of p. It is required to find tbe 
difference between the value of P at p, and its mean value throughout 
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a very small sphere, of radiue r and volume v, which has the ex- 
tremity of p as centre. 

From what is said above, it is easy to see that we have the fol- 
lowing expression for the required result : — 



^///< 



where <r is the vector joining the centre of the sphere with the ele- 
ment of volume ds, and the integration (which relates to <r and ds 
alone) extends through the whole volume of the sphere. Expanding 
the exponential, we may write this expression in the form 

= -^S.VpffJ.ydi+-^j'JJ(S<rVfPdf-&C., 

higher terms being omitted on account of the snmllQess of r, the 
limit of Tv. 

Now, symmetry shews at once that 

///<Td, = 0. 

Also, whatever constant vector be denoted by a, 
///{Sa^ydi =-a^///{S,sUaydi. 

Since the integration extends throughout a sphere, it is obvious 
that the integral on the right is half of what we may call the 
moment of inertia of the volume about a diameter. Henc« 



//> 



'Uafd, = 



If we now write V for a, (M the integration does not refer to V, 
we have by the foregoing results (neglecting higher- powers of r) 

i///c.— -.)i'*=-f;v.p, 

which ia the expression given by Clerk-Maxwell*. Althongh, for 
dmpHcity, P has here been supposed a scalar, it is obvious that in 
the result above it may at once be written as a quaternion. 

494.] If p be the vector of the element d», where the surface 
density is^, the potential at a is 

//d>/pFT(p-<r), 
.f being the potential function, which may have any form whatever. 

By the preceding, § 492, this may be transformed into 

• ZoWoniToiA. Sm. ProcTol.iii, no. 31, 1871. _ ' 
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or, far more conveniently for the integratioD, into 

where A dependa oa the constituents of a in the same manner as V 
depends on those of p. 

A still farther simplilication may be introduced by using a vector 
(Tq, which is finally to be made zero, along with its corresponding 
operator \, for the above expression then beoomes 

where p appears in a comparatively manageable form. It is obvions 
that, so far, our formnla^might be mode applicable to any distriba- 
tion. We now restrict them to a superficial one. 

495.] Integration of this last form can always be easily effected 
in the case of a suriace of revolution, the origin being a point in 
the axis. For the expression, so far as the integration is concerned, 
can in that case be exhibited as a single integral 

Jp 
where ^ may be any scalar function, and x depends on the cosine of 
the inclination of p to the axis. And 



,{''*•*"" = *(e)-'-V^ 



As the interpretation of the general results is a little troublesome, 
let us take the case of a spherical shell, the origin being the centre 
and the density unity, which, while simple, sufficiently illustrates 
the proposed mode of treating the subject. 

We easily see that in the above simple cose, a being any constant 
vector whatever, and a being the radius of the sphere. 

Now, it appears that Ke are ai lUterty to treat ^ at a iatjntt been, 
treated. It is necessary, therefore, to find the efiects of such opera- 
tors as 7'A, c°^^, &c., which seem to be novel, upon a scalar function 
of Ta; or E, as we may for the present call it. 

2F' 

Now {Tii.fF = - C^F = J"' + -^ , 

whence it is easy to guess at a particular form of T^. To be sure 
that it is the only on^, assume 
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Tphcre iff and ^ are scalar fuoctioos of IS to be found. This givee 
(Tif/'=(*^+V)(*/"'+'/'^) 

CompanDg, we have 

2 

tt>^'+^' = 0. 
From the first, ^ = + 1. 

whence the second gives V' == ± jr i 

the signs of ^ and i^ being alike. The third is satisfied identically. 

d 1 
That is -^^~li,'*"K' 

Also, an easy induction shews that 



if''^)- =(»)■+ Id 



Hence we have at once 






bj the help of which we easily arrive at the well-known results. 
This we leave to the student*. 

496.] As an elementary example of the use of V in connection 
with the Calculns of Variations, let us consider the expression 

A ^/QTdp, 
where Tdp is an element of a finite arc along which the integration 
extends, and Q is in general a scalar iunction of p and constants. 
We have 6A =/{bQTdp+ QbTdp) 

=/{bQTdp-QSMdpdbp) 
= ~[Q3Udpip^+/(iQTdp+S.bpd(QUdp)), 
where the portion in square brackets refers to the limits only, and 
gives the terminal conditions. The remaining portion may easily 
be put in the form 

S/6pidiQUdp)~VQ.Tdp). 



• Proc.S.S.E.,Un-2. 
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If the curve ia to be determined bj the condition that the vuift- 
tion of A shftll vanish, we must have, as hp may have any directioD, 

d{qUdp)-vq.Tdp=i% 
or, with the notation of Chap. IX, 

^(«p',_V« = 0. 

This simple equation shews that 

(1) The osculating plane of the sought curve contains the 
vector 7Q. 

(2) The curvature at any point is inversely as Q, and directly as 
the component of VQ parallel to the mdius of absolute curvatnre. 

497.] As a first application, suppose A to represent the action of 
a particle moving freely under a system of forces which have a 
potential ; so that Q ^ Tp, 

aud p* = 2(P-E), 

where P is the potential, H the energy constant. 
These give TpVTp = QVQ = —VP, 

and Qp'= p, 

80 that the equation above becomes simply 

p + VP = 0, 
which is obviously true. 

498.] If we look to the superior limit only, the first expression 
for ZA becomes in the present case 

-{TpSUdplp} = -Spbp. 
If we suppose a variation of the constant H, we get the following 
term from the unintegrated part 

tnH. 

Hence we have at once Hamilton's equations of varying action in 
the forms V^ — a 

and ^ = t. 

The first of these gives, by the help of the condition above, 
{Vjtf = 2 (P-H), 
the well-known partial difierenttal equation of the first order and 
second degree. 

499.] To shew that, if A be any solution whatever of this equa- 
tion, the vector VA represents the velocity in a free path capable of 
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being described under the action of the given system of forces, we 

= —S(VA.V)VA. 
But ii''^-^= -S(^V)VA. 

A comparison shews at once that the equality 

is consistent with each of these vector equations. 
500.^ Again, if J refer to the constantB only, 
i ^iVA)" = S.VAhVA = ~})H 
by the differential equation. 

But we have also jTw" ^> 

which gives -y2{}iA) = -S{pV)iA = hll. 

These two expressions for iff again agree in giving . 

VA = p, 
and thus shew that the differential coefficients of A with regard to 
the two constants of integration must, themselves, be constants. 
We thus have the equations of two surfaces whiMe intersection 
determines the path. 

501.3 ^^ ^^ suppose next that A represents the time of passage, 
BO that the hraohietochrone is required. Here we have 

the other condition being as in ^ 497, and we have 



Ti^ 



-p-^VF = 0, 



which may be reduced to the symmetrical form 

p-i-p-^VPp = 0. 
It is very instructive to compare this equation with that of the free 
path as above, § 497. 

The application of Hamilton's' method may be easily made, as in 
the preceding example. (Tait, Tyant. R. S. E., 1865.) 

502.] As a particular case, let us suppose gravity to be the only 
force, then VP = a, 

a constant vector, so that 
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The foTiD of this equfttioo suggests the asEumptiou 

pr^ = p — p^^j^qt, 
where jv and q are scalars and 

5o/3= 0. 
Substituting, we get 

— ^yeec*ji + (— /3'— p^o'tan*^^ = 0, 
which gives pq = T*^ = j^T^a. , 

■ Now let p ^'o = y ; 

this must he a unit-vector perpendicular to a and j3, so that 



whence p = cosy/(coeji+ysiny/)^' 

(which may be verified at once by multiplication). 

Finally, taking the origin so that the constant of iot^Tation 
may vanish, we have 

2p^= i+ ~-{am.2qt—yam2q{), 
2q 

which is obviously the equation of a cycloid referred to its vertex. 

The tangent at the vertex is parallel to j3, and the axis of symmetij 

to a. 

503.] In the case of a chain hanging under the action of given 
forces Q = Pr, 

where P is the potential, r the mass of unit-length. 

Here we have also, of course, 

/Tdp = I, 
the length of the chain being given, ' ' 

It is easy to see that this leads, by the usual methods, to the 

equation j- {{Pr+u)p'}—rVP= 0, 

where « is a scalar multiplier. 

504.] As a simple case, suppose the chain to be uniform. -Then 

r may be merged in it. Suppose farther that gravity is the only 

force, then P - Sap, VP=-a, 

d 
and -^ {{Sap+ti)p'} +a = 0. 

Differentiating, and operating by Sp', we find 

which shews that w is constant, and may therefore he allowed for 
by ehange of origin. 
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Tbe curve lies obviously in a, plane parallel to a, and its equation 
is (5ap)"+an^ = const., 

which is a well-known form of tbe equation of the catenary. 

When the qnantity Q of § 496 is a vector or a quaternion, we 
have simply an equation like that there given for each of the con- 
stituents. 

505.] Suppose P and the constituents of it to be functions which 
vanish at the bounding surface of a simply-connected space 2, or 
such at least that either P or the constituents vanish there, the 
others (or other) not becoming infinite. 

Tben, by §467, 

ffJd^S.V {Pa) =//(hP8aUv = 0, 
if the integrals be taken through and over 2. 

Thus ///dsS.ffVP = —///diPS.Va. 

By the help of this expression we may easily prove a very re- 
markable proposition of Thomson {Cam. and Dub. Math, Journal, 
Jan. 1848, or Reprint of Paper* on EleeirotlaHci, § 206.) 

To iketD that there is one, and but one, tolution of tie equation 
S.V{e^Vii)= ivr 
where r vanishes at an infnile distance, and e is any real scalar what- 
ever, continuous or discontinuous. 

Let V be the potential of a distribution of density r, so that 
VH=^-nr, 
and consider the integral 

q = ~jjj ds (eVn- ^ Vp)' • 

That Q may be a minimum as depending on the value of « (whicb 
is obviously possible since it cannot be negative, and since it may 
have any positive value, hbwever large, if only greater than this 
minimum), we must have 

= iiQ =-///dsS.{e^Vti—Vv)'^bH 
= ///diUS.V{e^Vn—Vv), 
by the lemma g^ven above, 

=fJ/dsU {8.V («2Va)-47rr}. 
Thus any value of u which satisfies the given equation is such as to 
make Q a minimum. 

But -there is only one value of h which makes Q a minimum ; 
for, let Q, be the value of Q when 

«i = w + </> 
is substituted for this value of a, and we have 
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Q,= -Jjj d^ ('!V(u+^)~^Vvf 



- Q- 2///dtS{e^Vu - Vv) V^ -///die^(y<t>)*. 
The middle term of this expresBion may, bj the proposition at the 
beginDiDg of this sectios, be written 

and therefore vatiishes. The last term is essentially podtiye. Thus 
if w, anywhere differ from u (except, of course, by a constant quan- 
tity) it cannot make Q a minimum ; and therefore » is a unique 
Bolation 



MISCELLANEOUS EXAMPLES. 

1. The expression 

denotes a vector. What vector ? 

2. If two surfaces intersect along a common line of curvature, 
they meet at a constaot angle, 

3. By the help of the quaternion formulae of rotation, translate 
into a new form the solution (given in § 234) of the problem of 
inscribing in a sphere a closed polygon the directions of whose sides 
are given. 

4. Express, iu terms of the masses, upd geocentric vectors of the 
sun and moon, the sun's vector disturbing force on the moon, and 
expand it to terms of the second order; pointing out the mag- 
nitudes and directions of the separate components. 

(Hamilton, ieciuret, p. 615.) 

5. If J = r*, shew that 

2dq=. 2rf/-* = \(dr+Kqdrgr^)Sq-^ = \{dr + q-^drKq)Sq-^ 
= {dTq + Kq^)q-^(s + Kq)-^ = {drq+Kqdr){r + Tr)-^ 
_ dr+ Uq-^drUq-^ _ drUq + U q-^dr _ g-^{Uqdr+drl7q"^) 
~ TqiUq+Uq-^) ~ 'qiUq + Uq-^) ~ Uq+Uq-^ 

_ q-'^{qdr + Trdrq-^) _ drZTq-^- Uq-^dr _ drKq-^+q-^dr 

~ Tq( Vq+ Uq-') " Tq{l + Ur) ~ I + Uf 
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[f-" = j*-r.r*-,j 






^ - ^yy-. ^i = ~-y-y'-sq~' 



and give geometrical interpretations of these varied expressions for 
the same qnantity. {Ihid. p. 628.) 

6. Shew that the equation of motion of a homogfeneons solid of 
revelation about a point in ita axis, which is not its centre of 
gravity, is BVpf-AQ-p = Vpy, 

where Q is a constant. {Tram. S. S. E., 1869.) 

7. Integrate the differential equations : 



w §+*(>*" = »^ 

where a and b are given quaternions, and ^ and ^ given linear and 
vector functions. (Tait, Proc E.S.E., 1870-1.) 

8. Derive (4) of §92 directly from (3) of §91. 

9. Find the successive values of the continued fraction 

where i and j have their quaternion signiEcations, and x has the 
values 1, 2, 3, &c. (Hamilton, Leciurea, p. 646.) 



10. If we have 






where p is a given quaternion, find the succenive vaJnes. 

For what values of c does « become coaetsnt ? {Ilnd. p. 6S3.) 

1 1. Prove that the moment of hydrostatic pressures on the faces 
of any polyhedron is zero, (a.) when the fluid pressure is the same 
throughout, (J.) when it is due to Miy set of forces which have a 
potential. 

12. What vector is given, in terms of two known vectors, by the 
relation p-> = | (a"' +^"'}? 

Shew that the origin lies on the circle which passes through the 
extremities of these three vectors. 
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13. Tait, Tram, and Proc. R.S.E., 1870-3. 
With the Dotation of $§ 467, 477, prove 

(■»■) ///S{aV)Tds =//T8aUvdi. 
(A.) If 5(pV)r = -Mr, 

(» + 3)///Trfs = -f/rSp Uvd>. 
(c.) With the additional restriction V'r = 0, 

{d.) Express the value of the last integral over a non- 
closed snr&ce by a line-int^fral. 

{e.) -/Tdp=//dBS.mv<T, 

if (T = Udp all Tonud the curve. 

{/.) For any portion of surface whose bounding edge lies 
wholly on a sphere with the origin as centre 

f/dtS.{UpUvV).T = 0, 
whatever be the vector a. 

{g.)/rdf>V.a =//dt[UvV'-S(UvV)V)<r, 
, whatever be <r. 

14. Tait, Trant. S. 8. E., 1873. 
Interpret the equation 

da = uqdpq-^, 
and shew that it leads to the following results 
V^<T = qVitf\ 
V.uq-^ = 0, 
V^w* = 0. 
Hence shew that the only sets of surfaces which, together, cat 
space into cubes are planes and their electric images. 

1 5. What problem has its conditions stated in the following six 
eqoations, &om which f , i^, ^ i^i^ *^ ^ determined as scalar fdnctions 
of w, y, z, or of p - w+^y+ijV 

V*f = 0, V*ij = 0, 7*C = 0, 

„ .i .d ,d 
where v = »t- + ?-^+#t-' 
dx ay as 

Shew that they give the &rther equations 
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Shew that (irith a change of origin) the geoera) Eolution of these 
equations may he put in the form 

where <f> ia a self-conjugate linear and vector function, and ^, i), C 
are to be found respectively from the three values of/ at any point 
by relations similar to those in Ex. 24 to Chapter IX. (See Lami, 
Journal de Malkemattques, 1843.) 

1 6. Shew that, if p he a planet's radius vector, the potential P of 
masses external to the solar system introduces into the equation of 
motion a term of the form S{pV)VP. 

Shew that this ie a self-conjugate linear and vector function 
of p, and that it involves only^i^c independent constants. 

Supposing the undisturbed motion to be circular, find the chief 
efiects which this disturbance can produce. 

17. In § 405 above, wc have the equations 

ra(w + n«w) = 0, 5ow = 0, a = ttFia, Ta=l, 
where w' is neglected. Shew that with the assumptions 

q = i', a = qfiq~^, r = 0' , vr = qrTr~^q~^, 
we have ^=0, 7*113=1, 5^r = 0, r^(f + B*r} = 0, 
provided laSia—i^i = 0. Hence deduce the behaviour of the Fou- 
cault pendulum without the x, y, and ^, i; transformations in the 
text. 

Apply analogous methods to the problems proposed at the end of 
§ 401 of the text. 

18. Hamilton, Bitkop Lato'B Premium Examination, 1862. 

{a.) If OABP be four points of space, whereof tbe three first are 
given, and not collinear ; if also oa = a, on = j3, of = p ; 
and if, iu the equation 

the characteristic of operation F be replaced by S, the 

locuB of p is a plane. What plane ? 
{b.) In the same general equation, if ^ be replaced by V, tbe 

locus is an indefinite right line. What line ? 
(c.) If F be changed to K, the locus of p is a point. What 

point f 
id.) IF F be made = U, the locus is an indefinite half-line, or 

ray. "What ray ? 
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(e.) IfFbe replaced by T, the locue ie a sphere. What sphere ? 

{/.) If F he changed to TF, the locus is a cylinder of revo- 
lution. What cylinder ? 

{ff.) If/'be made ri^t^j the locusis a coneof revolution. What 
cone? 

(&.) If SU be substituted for F, the locus ie one sheet of such a 
cone. Of what cone ? and which sheet ? 

(i.) If ^ be changed to VU, the locus is a pair of rays. Which 
pwr? 

19. Hamihoa, SisAop J^w'i Premium Examination, 1863. 
(a.) The equation Spp'+a' ^ 

expresses that p and p' are the vectors of two points 
p and p', which are conjugate with respect to the sphere 

p* + a* = 0; 
or of which one is on the polar plane of the other. 

{b.) Prove by quaternions that if the right line pp*, connecting 
two such points, intersect the sphere, it is cut har- 
monically thereby. 

(c.) If p' be a given external point, the cone of tangents dran-n 
from it is represented by the equation, 

(r„T = «'((>-(>')': 

and the orthogonal cone, concentric with the sphere, by 

(Spp7+flV = o. 

(d.) Prove and interpret the equation, 

T{np-a) = T{p-na), if Tp = Ta. 
(e.) Transform and interpret the equation of the ellipsoid, 

(/.) The equation 

expresses that p and p' are values of conjugate points, 
with respect to the same ellipsoid. 
(ff.) The equation of the ellipsoid may also be thus written, 

Sfp = 1, if («*— ti')i'j, = {i— k)«p + 2lSkp+2(i5ip. 
(A.) Ilie last equation gives also, 
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{i.) With the same significatioii of v, tlie differential equatioDS 
of the ellipsoid and its reciprocal become 
Svdp = 0, Spdp = 0. 

(J.) Eliminate p hetween the four Bcalar equations. 
Sap = a, S^p = hy Syp = e, Sfp = e. 
20, HauiiltoQ, Sisiop Law'i Premium £3ximinalion, 1864. 

(a.) Let AyB-i, A^B^, ... J^B^he any g^ven eyatem of posited 
right lines, the 2n points being all given; and let 
their vector sum, 

AS = A^Bi + J^B^+...+A,B„ 
be a line which does not vanish. Then a point 77, and 
a scalar i, can be determiaed, which shall satisfy the 
quaternion equation, 

ffA^.A^B^+.+HJ^.A^B, = k.AB ; 
namely by assuming any origin 0, and writing, 
^ OA,.A,B,+ .., + OA^.A,B^ 
A,B,+ ...+A,B, 
^^^OA AB,+ ... 
AiBi+... 
(b.) For any assumed point C, let 

Qc= CAi.AiBi+ ...-i-CA^.A^B,; 
then this quaternion sum may be transformed as follows, 

Qc= Qh + CH.AB = {A + CH).AB; 
and therefore its tensor is 

TQc = {i^ + CB^)^.AB, 
in which AB and C^ denote lengths. 
(c.) The least value of this tensor TQc is obtained by placing 
the point C at ff; if then a quaternion be said to be a 
minimum when its tensor is such, we may write 

min. Qc= Qa=A.AB; 
so that this minimum of Qc is a vector. 
(d.) The equation 

TQc = c = any scalar constant > TQ,{ 
expresses that the locus of the variable point C is a 
spheric surface, with its centre at the fixed point //, 
and with a radius r, or CH, such that 

r.AB^(TQc'-TQ„»)i = {c^-A^.AB')i; 
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80 that H, as being thus the common centre of a series 
of concentric Bpheree, determined by the given Bystem 
of ri^t lines, may be said to be the Central Point, or 
simply the Centre, of that system. 

{e.) The equation 

TVQc = Ci = any scalar constant > TQb 
represents a right cylinder, of which the radius 

divided by AB, and of which the axis of revolution is 
the line, yq^ = Q^ = h.AB; 

wherefore this last right line, as being the oommon 
axis of a series of such right cylinders, may be called 

the Cenlral AxU of the system. 

(/.) The equation 

SQc = <?2 = any scalar constant 
represents a plane ; and all such planes are parallel to 
the Central Plane, of which the equation is 
SQc = 0. 
(ff.) Prove that the central axis intersects the central plane 
perpendicularly, in the central point of the system. 

(L) When the n given vectors AiBi, ...A,B„ are parallel, and 
are therefore proportional to « scalars, ^i,...fi„ the 
scalar k and the vector Q^ vanish ; and the centre H is 
then determined by the equation 

b^.HA^+h^.HA^+,.. + b,.HA^= 0, 
or by the expression, 

*! + ■-■ +i, 

where is again an arbitrary origin. 
21. Hamilton, Bi»hop Law'i Premium Examination, 1860. 
(rt.) The normal at the end of the variable vector p, to the 
sur&ce of revolution of the sixth dimensiou, which is 
represented by the equation 

(p»-a')» = 27.>(p-o)', (.) 

or by the system of the two equations^ 

p'-a^=3;»a*, (p-af = ;»„«, {»') 
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and the tangent to the meridian ai that point, are 
respectively parallel to the two vectors, 

p = 2(p~a)-tp, 
and T= 2{l — 2i)(p—a) + i^p; 

80 that they intersect the axis a, in points of which the 
vectors are, respectively, 

2a , 2{l-2f)a 

2-i' ^ {2~ty-2' 
(b.) lidp he in the same meridian plane as p, then 

i{l-f)(i-£)dp=3Tdt, and S^ = ^-- 
(c.) Under the same condition, 

dp Z^ ' 
(d.) ^e vector of the centre of curvature of the meridian, at 
the end of the vector p, is, therefore. 
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dp' ~^ 2 1— i 2(1-^ 

(e.) The expressions in Example 38 give 

p^ = a^fH - i)', r» = aH\l ~l)* (i-f) ; 
hence (<r-pf = ^aH^, and dpi = ~^di'; 
the radius of curvature of the meridian is, therefore, 

and the length of an element of arc of that curve is 
ds = Tdp=3Ta(^~fdi. 
{/.) The same expressions give 

thus the auxiliary scalar t is confined between the limits 
and 4, and we may write t = 2 vers 6, where fl is a 
real angle, which varies continuously firom to 2ir ; the 
recent expression for the element of arc becomes, there- 
fore, dt=ZTa.td$, 
and gives by integration 

if the arc a be measured from the point, say F, for which 
p = a, and which is common to all the meridians ; and 
the total periphery of any one such curve is = 12x7*0. 
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(ff.) The value of a gives 

if, then, we eet aside the axis of revolatioo a, which is 
crotsed by all the normals to the eurface (a), the surface 
of centres of Gnrrature which ia toueied by all those 
normals is represented by the eq nation, 

4(ff2_„aj3 + 27a*(ra<7)» = (b) 

[h.) The point F is common to the two surfaces (a) and (b), 
aad is a singular point on each of them, bein^ a triple 
point on (a), and a double point on (It); there is also at 
it an infinitely sharp cusp on (b), which tends to coincide 
with the axis a, but a determined tangent plane to (a), 
which is perpendicular to that axis, and to that cusp ; 
and the point, say J", of which the vector =— a, is 
another and an exactly similar cusp on (b), bat does not 
belong' to (a). 

(i.) Besides the ihree universally coincident intersections of the 
Bur&ce (a), with any transversal, drawn through its 
triple point F, in any given direction j9, there are 
always three other real intersections, of which indeed one 
coincides with F if the transversal be perpendicular to 
the axis, and for which the following is a genera! 
formula : 

(_;',) The point, say V, of which the vector is p = 2 a, ie a 
double point of (a), near which that surface has a cuap^ 
which coincides nearly with its tangent cone at that 
point; and the semi-angle of this cone is = -- 

Auxiliary Equations : 

l25a(p_o) = «^^(3-i!}. 
( Svp=-aH{l-f){l — 2i), 
Us>>{p-a) = an'il-t). 
f SpT=a^i^{l-t)(4-t), 
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Plato : Theaetetua. with a revised Text and English Notes, by Lewis 

Campbell, M.A. i3£i. Svo, ctoA, 9>. 
Plato: The I>ial<%uea, translated into English, with Analyses and 

Introductions, by B. JowetC, M.A.. Master of Balliol College, and Rc^ns 

Professor of Greek. 4 vob. 1S71. Svo. eJod, 3I. &. 

Xenophon: Historia Graeca, ex recensione ct cimi annotationibus 
L. Dindotfii. Stcond Edition. 1851. Svo. cJbii, lot. 61JL 

Xenophon : Expeditio Cyri, ex rec et cum annotatL L. DindorfiL 

Sinmd EdiliOK. 1S55. SvQ. el<ab. I0t.6d. 

Xenophon: Institutio Cyri, ex rec. et cum annotatt. L. Dindorfii. i8S7- 

Svo. eloA, lOL 6d. 
Xenophon : Memorabilia Socratis, ex rec. et cum annotatt. L. Dindorfii. 

1S6]. Svo. daO', 71. 6d. 



THE HOLY SCBIFTUBSS, fto. 

The Holy Bible in the earliest English Vereions, made from the Latin 
' 'lis followers : edited by the Rev. J. Foishall and 
royal 410. i^Mfr. Prut rtdmetd from {J. 1^ 6d. 



Vulgate by John Wycliffe and his followert : edited by the Rev. J. Foishall and 
"ir P. Madden. 4 vols. iSgo. royal 410. tltA. PHf r t dm td fnm j! "- " 
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The Soly Bible : an exact reprint, page for page, of the Authorized 
Veraoa published in the yeai 1611, Dnny 4(0. bal/bcimd, ll. It. 

Vetufl Teetamentum Oraeoe secundum esemplar Vaticanum Roroae 
editum. Accedit potior vaiieus Codids Alexandrini. Tomi III. 184S. iimo. 

IToTuni TeBtamentiun Oraeoe. Accedunt parallela S. Scripturae loca, 

necnon vetus capitulonim Ootatio et canonea Eusebii. Edidit Csrolu* Lloyd, 
S.T.P.R.. necnon Episcopus OxonicDsis. 1S69. iSmo. cloli, ^s. 
The same on vriting paper, with large margin, small 4to. cIoiA, los. 6d. 



The same on writing paper, with large margin, small 4to. cio/A, 6s. 6d. 
SrangeliaBaora Oraeoe. 7^ Text of Mill. 1870. fcap. 8vo. imp, \s. 6d. 



IToTum TeBtamentum Qrseoe. Antiquissimonim Codicum Textus 

in ordine paralldo disposili, Accedit collatio Codids Sinaitld. Edidit E. H, 
HanscU. S.T.B. Tomi III. 1864. Svo. baifmm-oeco, il. 111. id, 

DistessarOD ; sive Historia Jesu Christi ex ipsis Evangelistanim verbis 
apte dispositis confecta. Ed. J. White. 1S36. iiroo. clotb,3s.6d. 

Caaon Haratorianns. The earliest Catalogue of the Books of the 

New Testament. Edited with Notes uid a F&csimile of the MS. in the Ambrosiwi 
Library at Milan, by S. P. Trf^lles. LKD. 1868. 4to. clolb, ios. 6d. 

H<n:ae Hebraioae et Talmiidicae, a J. Ligbtfoot A new Edition, by 
R. Ganddl, M.A. 4 vols. 1859- Svo. cliib. Fritt rtduetdfrom il. it. n U. 11. 



ECCZ^SIASTIGAL HIBTOBY, fto. 

Baedae Historia Eoolesiastioa. Edited, with English Notes, by 
G. H. Moberiy. M.A., Fellow of C.C.C., Orford. 1869. crown Svo. doA. lot. 6d. 

Bingham's Antiquities of the Christian Church, and other Works. 
10 vols. 1855. Svo. rfiut. Prit* rtdietdfrom si. 51. 10 3/. 31. 

Bnmet's History of the Beformation of the Church of England. 

A ntur EdiHon. Carefully revised, and the Records collated with the originals, 
by N. Pocock, M.A. With a Preface by the Editor. 7 vols. 1865. Svo. ttoib. 

Connoils and Eoolesiaatioal Doouments relating to Great Britain 
and Ireland. Edited, after Spelman and Wilkins, by A. W. Maddan, B.D., and 
WiUiam Stubbs, M.A. Vol. I. 1869. medium Svo. clolb, il. u. 
Vol II. Part I. medinnt Sro. clolb, 101. 6d. Jiui PuUubtd. 
Vol. III. medium Bvo. cloli, it. is. 

Beoords of the Befcrmation. The Divorce, 1527-1533. Mostly 
now for the first time printed from MSS. in the British Museum, and other 
Libraries. Collected and arranged by N. Pocock, M.A. 3 vols. Svo. doib, 
U. i6j. 
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Bnsebias' Ecclesiastioal History, according to tbe test of Burton. 
With u Intradnction hj niUum Bright. D.D. 187]. Crown Sto. clolk, 81. 6d. 

FoUar'B Cboroh History of Britain. Edited by J. S. Brewer, M.A. 

6 Tots. 1^45. Sto. elolh, U. 191. 
Hneaey'e Biae of the Fspal Power traced in three Lectures. Second 

Ediriai. 1863. flap. 8to. dalb. 41. W. 

tie Here'a Fasti Ecclesiae Anglicanae. Corrtcltd and cimlirmed from 

1715 M 1S53 bjT. Dnffus Hatdy, 3 vols. 1854. gvo. daib. Pria rtduetdfram 
I/. 17.. 6i/. (oli, U, 

Noelli (A.) CateGhismns sive prima institutio disciplinaque Pietatis 
Christiaaac Latine eiplicata. Editio nova cura GniL Jacobson, A.M. 1S44. Sto. 
d<nb. Si. 6rf. 

The Orationa of St. Athaossius against the Arisns. With an 
Account of his Life. By William Bright, D.D., Re^ns Professor of Ecdesiasticai 
History, Oxford. Crown Sto. clolk, gi. 

Patrom Apostoliooram, S. Clements Romani, S. Ignatii, S. Polycarpi, 
quae snpersunt. Edidit GiuT Jacobson, S.T.PJi. Tomi IL Fimrtb EdUkm. 1S63. 
8vo. clolb, I/. II. 

1851. 

Shnokford'a Sacred and Profane History connected (in continuation of 

Fridcaiu). a toIs. 1S48. Sto. clotb, lat. 

Beliqniae Saorae secundi tertiique saeculi. Recensuit M. J. Routh, 
S.T.P. Toml V. 1846-1848. Sto. dofi. PrKir4diiadfiim il.tu.io it. ^t. 

SorlptoFmn Eoolesiastioorum Opnsoula. Recensuit M. J. Ronth, 

ST .P. Tomi II. Tbird EiBliom. iSsS. 8yo. cIoOi. Fria nduetdjrom U.lo lot. 

Stabbs'B (W.) Begistnun Sacrum Anglicanum. An attempt to exhibit 
the Course of Episcopal SnccessioD in EngUnd. i S58. small 410. doA, Si. 6d. 



EnOIJSH THEOLOaY. 

Butler's Works, with an Index to the Analogy. 3 vols. 1849. 8vo. 
dolb.lTi. 

Qreawell's Harmonia Erangelioa. Fi/ih Edifion. 1856. 8vo. cloOi, 

gi.6d. 
Hall's (Bp.) Works. A new Edilion, by Philip Wynler, D.D. 10 vols. 

1S63, Sto. dolb. Pria nductdfritm 5!. 51. lo 3I. 31. 

Heurtley'e Collection of Creeds. 1858. 8vo. clolA,6s.6d. 

Homilies appointed to be read in Churches. Edited by J. Griffiths, 
M.A. 1859. Evo. doli. Pritt rtduttdfrom lot. 6if. to 71, fsd. 

Hooker's W<n'ks, with his Life by Walton, arranged by John Keble, 
M.A. 'FiPi Edilion. 1865. 3 vols. Sto. ehU, il. iit. 6d 

Hooker's Works ; the text as arranged by John Keble, M,A. a vols. 
1865. Sto. tlolb. III. 

Jackson's (Dr. Thomas) Works. 13 vols. 1844. 8vo. tlo/i, 3/. 6s. 



I, Google 



Books printed at the Clarendon Press. 5 

Jewel's Works. Edited by R. W. Jelf, D.D. 8 vols. 1847. 8vo. clolk. 

Priei nduadfrom ll. lot. lo )/. lOi. 

1859. 8vo. cioii. Price 

FearsoD's Exposition of the Creed. Revised and corrected by E. 
BurtoD, D.D. Fi/lb EdilUm. 1S64. Svo. dalh, los. 6d. 

Pearson's Minor Theological Works. Now first collected, with a 
Memoir of the Author, Notes, and Index, by Edward ChartoD, M.A. 1 vols. 
1844. Svo. clorb. Price reductdfi-om 141. lo lOs. 

Sanderson's Works, Edited by W. Jacobson, D.D. 6 vols. 1854. 

8vo. cloib. Prict rtdvudfrom \l. 191. la \l. loi. 

Soatb's Sermons. 5 vols. 1S43. Svo. elolh. Price reduced from 
3t. tot. 6d. la ll. lot. 

Stanhope's Paraphrase and Comment upon the Epistles and Gospels. 

A mm Edition. I vols. 1851. Svo. clolb. Prict ndacidfiTint iSs. to 10s. 

Wall's History of Infant Baptism, with Gale's Reflections, and Wall's 

Defence. A aaii EdiHon. hj Henry Cotton. H-CU » vols, 1S62. &vo. chlb.il.it. 

Waterland's Works, with Life, by Bp. Van Mildert. A new Edition, 
with copious Indexes. 6 vols. 1857. Svo. c/o/i, a(. IK. 

Waterland's Review of the Doctrine of the Eucharist, with a Preface by 

the present Bishop of London. 1868. crown 8vo. eivh, 61. 6rf. 

Wheatly's Illustration of the Book of Common Prayer. A new Edition, 
1846. Svo. elotb, ji. 

1871. 



ENGIiISH HI8TOBT. 

Two of the Saxon Chronicles paralle], with Supplementary Extracts 
from the Otheis. Edited, with Introduction, Notes, and a Glossorial Index, by 
J. Earle, M.A. 1865. %yts. clotb, xfn. 

Burnet's History of His Own Time, with the suppressed Passages and 
Notes. 6 vols. iSjj. 8vo. eto/i, il.ioi. 

Carte's Life of James Duke of Ormond. A new Edition, carefully com- 
pared with the original MSS. 6 vols. 1851. Svo. cloib. Prict rtductd from 
ll. 6>. 10 11. 5.. 

Clarendon's (Edw. Earl of) Histoir of the Rebellion and Civil Wars 

in England. To which are subjoined (he Notes of Bishop Warburton. 7 vols. 
1S49. medium Svo. tlolb, 1I. lot. 

Clarendon's (Edw. Earl of) History of the Rebellion and Civil Wars in 
England. 7 vols. 1839. lEmo. cloib, \l. is. 

Freeman's {B. A.) History of the Norman Conquest of England : its 
Causes and Kesulls. Vols. 1. and II. A new Edition, with Index. Svo. dolb, 
ll. 169. 

Vol. III. The Reign of Harold and the Interregnum. 1S69. Svo. cloib, it. u. 

Vol. IV. The Reign oT William. Svo. cloib, ll. 11. 
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Mfty'B History of the Long Parliament. 1854. 8vo. cloth, 6r. 6d. 

1 England, a.d. 1359-1400. 

Wbitelook's Memorials of English Affairs from 1635 to 1660, 4 voh. 

1S53. 8T0. ciMb, il. lot. 



PHILOSOFHICAI. WOBE8, AND OEITEBAI. 

LITERATTTBE. 

A Courae of Leoturea on Art, delivered before the University of 
Oxford in Hilary Term, 1870. By John Roskin. M.A., Slade Professor of Fine 
Art. Demy 8vo. cloib. 6t. 

A Critioal Aoooant of tbe Drawings by Hiohel Angelo and 
BiAello in the University Galleries, Oxford. By J. C. Kobinson, F.S.A. 
Crown Bvo, clolb, 41. 

Bacon's Novum Organum, edited, with English notes, by G.W. Kitchin, 
M.A. 1855. Svo, daib. 91. 6<l. 

Bacon's Novum Oi^anum, translated by G. W. Kitchin, M.A. 185s, 
8vo. doib, gi. 6d. 

Tlie Workfl of Qeorge Berkeley, D.D., formerly Bishop of Cloyne; 
including- many of his writinEs hitherto anpublished. With Pivbces, Annota- 
tions, and an Account of his Life and Fhilosophy. b]r Alexander Campbell 
Fraser, M.A. 4 vols. 1871. 8ro. clolb, jl. iSi, 

Also uparauly. The Works. 3 vols, elotb, 1/. u. 

The Life and Letters, &c. i vol. clolb, 161. 

BmiOi's Wealth of nations. A nrw Edition, with Notes, by J. E. 
Thorold Rogers, M.A. a vols. Svo. elaib, li. 11. 

The St^odent's Handbook to the University and Colleges of 
Ozfiird. Siamd Edition. Extra fcap. Svo. dnik, u. 6d. 



HATHSHATICS, FHY8ICAI. SGIEHCB, &o. 

Treatise on Inflnit«sinial Calculus. By Bartholomew Price, M.A., 
F.R.S., Professor otNaturai Philosophy, Oxford. 
Vol, 1. Differential Calculus. Sicond Edition. 1858. Svo. clolb, 141. W. 
Vol. II. Integral Calculus, Calculus of Variations, and Differential E<]natioDS. 

Steoad Edition. lS6f. Svo. dotb, iSi. 
Vol. III. Statics, including Attractions; Dynamics of a Material Particle. 

Second Edilion. 1868. Svo. clolb, 161. 
Vol. IV. Dynamics of Material Systems : together with a Chapter on Theo- 
retical Dynamics, by W. F, Donkin, M.A., F.ILS. iSfii, Svo. tlolb. i6fc 

I.A., F.R.S., Professor of Geology, 
Bigaud's Correspondanoe of Soientiflo Hen of the 17tli Century, 

with Indeic by A. dc Morgan. 1 vols. 1841-61. Bvo. tlolb, l8(. 6d. 
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The Delegates of the Clarendon Press having under- 
taken the publication of a series of works, chiefly edu- 
cational, and entitled the ffilareniron ^ress Sfries, have 
published, or have in preparation, the following. 

I^ose to which prices are attached are already published; the others are 

in preparation. 

I. GBEEE AND I.ATIH CI.A8SICS, &o. 

A Greek Primer in Engliab, for the use of beginners. By the Right 
R«v. Chailes Wordsworth, D.C.L., Bishop of St. Andrews. Sicond EdUion. 
Ext, fcap. 8vo. tlab. it. 6d. 

Qreek Verba, Irregular and DefBotire ; their forms, meaning, and 
quantity ; embrmcing all the Tenses used by Greek writers, with reference to the 
passages in which uiey are found. By W. Veitch. Ntw Edition. Crown 8vo. 
dolb. IM. «d. 

The Elements of G-reek Aooentnation (for Schools) : abridged from 
his lfl[^r work by H. W. Chandler, M.A., Waynflete Professor of Moral and 
Metaphysical Philosophy. Oxford. Ext. fcap. 6vo. eloih, 3S, 6d. 

The OrationB of Demoethenes and Aeschinea on the Crown. 
With Introductory Essays and Notes. By G. A. Simcox, M.A,.and W. H. Simcox, 
M.A., Fellows of Queen's College, Oxford. 8vo. cloib. 12s. 

Aristotle's Politios. By W. L. Newman, M.A., Fellow and Lecturer 
of Balliol College, and Reader in Andent History, Oxford. 

The Golden Treasury of Ancient Greek Poetry ; being a Collection of 
the finest passages in the Greek Classic Poets, with Introductory Notices and 
Notes. By R.S.WriBht,M.A.,Fellowof OrielCoUege,Oxford. Extra fcap. Sro. 
clalb, St. 6d. 

A Golden Treasury of Greek Prose, being a Collection of the finest 

passages in the principal Greek Prose Writers, with Introductory Notices and 
Notes. By R. S. Wright, M.A., Fellow of Oriel College, Oxford; and J. E. L. 
Shadwell, MA., Senior Student of Christ Church, Extra fcap. gvo. clotb. 41. 6d. 

Homer. Iliad. By D. B. Monro, M.A., Fellow and Tutor of Oriel 
Collie, Oxford. 

Alto a tmaa Edilioa fir ScMeeli. 

Homer. Odyssey, Books I-XII (for Schools). By W. W. Merry, 
M.A., Fellow and Lecturer of Lincoln College, Oxford. Third Edition. Extra 
fcap. Sto, tlolb, 41. 6d. 
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Hom«T. Odyssey, Books I-XH. By W.W. Merry, M.A., Fellow and 

Lecturer of Lincoln CoU^e, Oxford ; and the Ute James Eiddell, MA., Fellow 
of BalUol College, Oiford. 

Homer. Odyasey, Books XIII-XXIV. By Robinson EUis, M.A., FeUow 

of Trinity College, Oiford. 

Plato. Selections {for Schools). With Notes, by B. Jowett, M.A., Regius 
Professor of Greek ; and J. Purves, M.A., Fellow and Lecturer of Balliol College, 
Oiford. 

Sophocles. The Plays and Fragments. With English Notes and 

Introductions by Lewis Campbell, M.A., Prolessor of Greek. St. Andrews. 

Vol. I. Oedipus Tyiannus, Oedipus Coloneus, AnligoDe. 8vo. ctolb, 141^ 

Sophooloa. In Single Plays, with English Notes, &c. By Lewis 
Campbell. M.A., Professor of Greek, St. Andrews, and Erelyn Abbott, M.A, 
of Balliol Collf^e. 
Oedipus Tyiannus is now ready ; the othere will follow at intemi of sx 

Sophocles. The Greek Text of the Seven Plays. For the use of 
Students in the University of Oxford. By Lewis Campbell, M.A., Professor 
of Greek. St. Andrews. EiOra fcap. 8vo. riot*, 41. W. Jtat PubUtlud. 

Bophoolea. Oedipus Rex : Dindorf's Text, with Notes by the Ven. 

Archdeacon Basil Jones, M,A., formerly Fellow of University Collie, Oxford. 
Sieond Edition. Ext. fcap. 8vo. limp ctolb, is. 6d. 

Theooritoe (for Schools). With Notes, by H. Snow, M.A., Assistant 
Master at Eton College, formerly Fellow of St. John's College, Cambridge. 
Extra fcap. 8vo. clolb, 41. 6d. 

XenophoQ. Selections (for Schools). With Notes and Maps, by J. S. 
Pbillpoiis, B.C.L., Assistant Master in Rugby School, formerly Fellow of New 
College, Oxford. Second Edition. Extra fcap. 8vo. eloA, y. 6d. 
Part II. By the same Editor. 

Arrian. Selections (for Schools). By the same Editor. 

Caesar. The Commentaries (for Schools). Part I. The Gallic War, 

with Notes and Maps, by Charles E. Moberly, M.A., As^tant Master in Rugby 

School ; formerly Sdiolar of BalUol College, Oxford. Extrafcap. 8vo. clolb.^i. 6d. 

Part II. The Civil War: Bk. i. By the same Editor. Extra 

fcap, 8vo. clolh. Is. 

Cicero's Philippic Orations. With Notes, by J. R. King, M.A., 
formerly Fellow and Tutor of Merton College, Oxford. Demy 8vo. c/oib, toi. 6d. 

Cicero pro Cluentio. With Introduction and Notes. By W. Ramsay, 
M.A. Edited by G. G. Ramsay, M.A., Professor of Humanity, Glasgow. Extra 
fcap. Svo. clolb, 31. M. 

Cioero. Selection of interesting and descriptive passages. With Notes. 

By Henry Walford, M.A.. Wadham College, Oxford, Assistant Master at Hailey- 

bury College. In three Farts. Stcond Edition. Extra fcap. Svo. eloA, 41. 6d. 

Each Part separately, limp, 11. 6d. 

Part I. Anecdotes from Grecian and Roman History. 



15 and Dreams : Beauties of Nature- 
Part in. Rome's Rule of her Provinces. 
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Cioero. Select IJetters. With English Introductions, Notes, and 
Appendices. By Albot Watson, M.A., Fellow vai Tutor of Brasenose College, 
C^ord. 8to. cloib, iSs. 

Oioero. Selected Letters (for Schools). With Notes. By the late 
C. £. Prichard, M.A., fonnerly Fellow of Balliol College, Oxford, and E. R. 
Bernard. M.A,, Fellow of Magdalen College, Oxford. Extra fcap. 8vo. cloih, %t. 

Cioero de Oratore. With Introduction and Notes. By A. S. Wilkins, 
M.A., Professor of Latin, Owens College, Manchester. 

Comeliiu ITepos. With Notes, by Oscar Browning, M.A., Fellow of 
King's Coll^,Cainbiidge,MidAs9istant Master at Eton Collie. Extra fcap. 8to. 
doOi, It. 6d. 

Hraraoe. With Essays and Notes. By Edward C. Wickham, M. A., 
Head Master of Wellington College. In lit Pros. 
Also a small edition for Schools. 

Iiivy, Book I. By J. R. Sceley, M.A., Fellow of Christ's College, 
and Kegius Prolessor of Modem History, Cambridge. Bvo, clolb, 6i. 
Also a small edition for Schools. 

Idvy. Selections (for Schools), With Notes, by Henry Lee-Waraer, 
M.A., AsHslant Master' at Rugby School. In Para. 
Part II. Hannibal's Campaign in Italy. Extra fcap. Svo. clolh, is. 6d. 

Part L The Caudine Foriu. Part III. The Disaster of Pydna. 

Ovid. Selections for the use of Schools. With Introductions and 

Notes, and an Appendix on the Roman Calendar. By W. Ramsay, M.A. 

Edited by G. G. Ramsay, M.A., Professor of Humanity, Glasgow. Ext. ftip. Svo. 

tltub, 44. 6d. 
Persios. The Satires. With a Translation and Commentary. By 

John Conington, M.A., late Corpus Professor of Latin in the University of 

Oxford. Edited by Henry Nettleship, M,A., fonnerly Fellow of Ijncohi College, 

Oxford. Bvo, cloth, ^t. 6d. 
Fliny. Selected Letters (for Schools). By the late C. E. Prichard, M.A., 

formerly Fellow of BalUal Collie, Oxford, and E R. Bernard, M.A., Fellow of 

Magdalen College, Oxford, Extra fcap. Svo., clolh, y. 
Fragments and Specimens of Early Latda. With Introduction, 

Notes, and Illustrations. By John Wordsworth, M.A.. Fellow of Brasenose 

College, Oxfoid. In iht Prat. 

Selections ttava the less known Irfttdn Poets. By North Finder, 
M.A., formerly Fellow of Trinity Collq^. Oxford. Demy Svo. doA, 151. 

Passages for Translation into Iiatin. For the use of Passmen and 
others. Selected by J. V. Sargent, M.A,, Tutor, fonnerly Fellow, of Magdalen 
College, Oxford. Third Edition. Ext. fcap. Svo. cloOi, it. 6J. 

II. VLENTAL AND MOBAI. FHII.OS0PHT. 

The Elements of Deductive Logic, designed mainly for the use of 

Junior Students in the Universities. By T. Fowler, M.A.. Fellow and Tutor 
of Lincoln College, Oxford. Fifib Edition, with a Collection of Eiamplesh 
Extra fcap. Svo. clolb, 31. 6d. 
The Elements of InductiTe Logic, designed m^nly for the use of 
Students in the Univer^lies. By the same Author. Scetmd Edition. Extra 
fcap. Svo. clolb, 6>. 
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Frinciples of Honia. By J. M. Wilson, B.D., President of Corpas 
Christi CoU^e, Oxford, Mid T. Fowler, M^., Fellow and Tutor of Lmcola 
CoU^e, Oxford. Preparing. 

A. Hanoal of Political Xoonomy, for the use of Schools. By J. E. 

Tborold Kogers, H.A., fonnerly Professor of PoUtictl Eajoxanj. Oilord. SttatJ 

Edilitm. Extra fcsp. Svo. eUub, 41, M. 
The Iiogio of Hegel; being Part I. of the Encyclopaedia of the 

Philosophical Sciences. Translated by WiUiun Wallace, M.A.. Fellow and 

Tutor of Merton College. Juit ready. 

TIL. HATHEHATIC8, fto. 

AoooBtice. By W. F. Donkin, M.A., F.R.S., Savilian Professor of Astro- 
nomy, Oxford. Crown 8vo. doih, 7<. 6rf. 

An ElementaiT Treatise on QnAtemioos. By P.G. Tait, M.A., Pro- 
fessor of Natural Philosophy in the Univeisily of Ediobui^hj formerly Fellow of 
St. Peter's Collie, Cambridge. Demy 8vo. tio/i, iii. 6rf. 

Book-keeping. By R. G. C. Hamillon, Accountant to the Board 
of Trade, and John Ball (of the Firm of Messrs. Quilier, Ball, and Co.), Ei- 
amineis in Book-keeping for the Society of Arts' Examination. Tiird Bdaiim. 
Extra fcap. 8to. limp elolb, 11. 6rf. 

The Scholar's Aritlunetio. By Lewis Hensley, M.A., formerly Fellow 
and Assistant Tutor of Trinity College, Cambridge. Crown Sto. c^, 41. 6dL 

Figures made Easy; a first Arithmetic Book. (Introductory to 'The 
Scholar's Arithmetic,* by the same Author.) Crown 8vo. limp clotlt, ftd. 

Answers to the Examples in Figures made Easy, together with two 

thousand additional Examples, formed from the Tables b the same, with Answers. 
By the same Author. Crown Byo. claib, K. 

A Course of Iiooturea on Pure Qeometry. By Henry J. Stephen 

Smith, M.A., F.K.S., Fellow of Balliol CoUcge. and SaTilian Professor of Geometij 

in the Univcreity of Oxford. 
A Treatise on Bleotrioity and H^netism. By J. Clerk Maxwell, 

M.A., F.R.S., Professor of Experimental Physics va the University of Cambridge. 

In two volumes. Demy Svo. clolh, il. iii. M. 

A Seritt of EUmeittaTy Worii a Uing arranged, and will ibordy U atmavtetd. 



IV. HISTOBT. 

A Manual of Anoient History. By George Rawlinson, M.A., Camden 
Professor of Andent History, formerly Fellow of Ejieler CoU^e, Oxford. Demj 
Svo. cloth. 141. 

Select Chartera and other Illustrations of English Constitutional 

History ; from the Earliest Times to the Reign of Edward I. Arranged and edited 
by W. Stubbs, M.A,, Regius Professor of Modem Histoiy in the University of 
Oxford. Crown 8vo. clolb, 8s. 6rf. 

A Constitutional History of England. By the same Author. Nearly 

ready. 
A History of Prance, down to the year 1453. With Maps, Plans, 

and Tables. By G. W. Kitchin. M.A., formerly Cen»OT of Christ OiunJu 

Grown 8vo. clolk. loj. 6d. >j( PuhUthed. 
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A History of Qermany and of the Empire, down to the close of the 
Middle Ages. By J. Bryce, B.C.L.. Fellow of Oriel Collie, Oxford. 

A History of Oermany, from the Refonnation. By Adolpbus W. 
Ward. M.A., Fellow of St Peter's CoU^e, Cambridge, Professor of History, 
Owens College, Manchester. 

A History of British India. By S. J. Owen, M.A,, Lee's Reader in 
Law and History, Christ Church, and Teacher of Indian Law and History in the 
University of Oiiford. 

A History of Oreeoe. By E. A. Freeman, M.A., formerly FeUow of 
Trinity College, Oxford. 



Oaii Institutionum Juris Givilis Commentarii Qaatuor ; or, 

Elements of Roman Law by Gains. With a Translation and Commenlary. by 
Edward Poste, M.A., Banrister.a(-Law, and Fellow of .Oriel College, Oxford. 
8vo. dolb, i6i. 



of Iiaw, considered with reference to principles of General 

Jurisprudence. By William Markby, M.A..Judgeof the High Court of Juditature, 
Calcutta. Crown 8vo. elolb, 6(. 6d. 

The Elements of Jnrispnidenoe. By T. Erskine Holland, B.C.L., 
Barrisler-at-Law, and formerly Fellow of Exeter College, Oxford. 

The InatituteB of Justinian, edited as a recension of the Institutes of 

Gaius. By the same Editor. Eitia fcap. 8vo. claik. 51. 

Authorities Illustrative of the History of the English Law of 
B«al PTOp«rtr. By Kenelm E. Digby, M.A., Vinerian Reader in Law, formerly 

Fellow of Corpus Chrisli Collie, Oxford. 



VI. PHYSICAL SCIEITCE. 

Ifatural Philosophy. In four Volumes. By Sir W. Thomson, LL.D., 
D.C.L., F.R.S., Professor of Natural Philosophy, GUagow; and P. G. Tail, M.A., 
Professor of Natural Philosophy, Edinburgh: formerly Fellows of St. Peter's 
College, Cambridge. Vol. I. Svo, doib, \l. 5J. 

Moments of natural Philosophy. By the same Authors; being a 
smaller Work on the same subject, and forming a complete Introduction to it, so 
far as it can be carried out with Elementary Geometry and Algebra. Part 1. gvo. 

BescriptiTe Astronomy. A Handbooli for the General Reader, and 

also for Practical Observatory work. Witii 114 illustrations and numerous tables. 
By G. F. Chambers, F.K.A.S., Barrister-at-Law. Demy Svo. 656 pp., liolb, \l. it. 

Chemistry for Students. By A. W. Williamson, Phil. Doc, F.R.S., 

Professor of Chemistry. University College, London. A atw Edition, ailb Soiuliam. 
Extra fcap. Svo. elolh, 81. 6d. 

A Treatise on Heat, with numerous Woodcuts and Diaj^rams. By 
Balfour Stewart, LL.D., F.RS., Director of the Observatory at Kew. Setand 

EiSiion. Ext. fcap. Svo. eUiih, p. 6d. 
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Forma of Anima! Life. By G. RoUeston, M.D., F.R.S., Linacrc 
Professor of Physiology, Oxford. lUustraled by Desciiptioiis and Drawings of 

Dissections. Demy Svo. rio(i, l6i. 

Bxeroises in Practical Chemistry. By A. G. Vemon Harcourt, 
M.A.. F.R.S.. Senior Student of Christ Chorch, and Lee's Reader in Cberoutry ; 
and H. G. Madan, M.A.. Fellow of Queen's Collie, (Moid. 

Series I. Qualitative Eiereises. Crown 8vo. elmh. it. 6d. 

Series 11. Quantitative Exercises. 

Oeolog; of Oxford and the Valldy of the Thames. By John 
Phillips. M.A., F.R.S., Professor of Geology, Oxl'ord. Svo. cloib, a it. 

Goology. By J. Phillips, M.A., F.R.S., Professor of Geology, Oxford. 

Heohaniofl. By Bartholomew Price, M.A., F.R.S., Sedleian Professor 
of Natural Philosophy, Oxford. 

Optics. By R. B. Clifton, M.A., F.R.S., Professor of Experimental 
Philosophy. Oxford ; formerly Fellow of St. John's Collie, Cambridge. 

Electrioitr. By W. Esson, M.A., F.R.S., Fellow and Maihemaiical 

Lecturer of Merton College, Oiford. 

Crystallography. By M. H. N. Story- Maskelyne, M.A., Professor of 

Mineralogy, Oxford ; and Deputy Keeper in the Department of Minerals, British 
Museum. 
Mineralogy. By the same Author. 

Physiological Physics. By G. Griffith, M.A., Jesus College, Oxford, 
Assistant Secretary to the British Association, and Natural Science Master at 
Harrow School. 



-711. ENGLISH LANaUAGE AKD LITERATtmS. 

A First Beading Book. By Marie Eichens of Berlin; and edited 
by Anne J. Clough. Extra leap. Svo. aiffeovm, ^d. 

Oxford Beading Book, Part I. For Little Children. Extra fcap. 8vq. 

stiff tovtrs, 6d, 

Oxford Beading Book, Part II. For Junior Classes. Extra fcap. Svo. 

stiff cavrrs. 6rf. 

On the Principles of GrammaT. By E. Thring, M.A., Head Master 

of Uppingham School. Extra fcB.p, Svo. elaib, 41. 6d. 

Grammatical Analysis, designed to serve as an Exercise and Com- 
position Book in the English Language. By E. Thring. M.A., Head Uasler 
of Uppingham School. Extra fcap. Svo. tlolb, 39. tid. 

An English Grammar and Beading Book. For Lower Forms in 
Classical Schools. By O. W. Tnocock. M.A., Assistant Master of Sherborne 
School. Extra fcap. Svo. tlolh, 3.. 6rf. 

The Philology of the English Tongue. By J, Earle, M.A., formeriy 
Fellow of Oriel College, and Professor of Anglo-Saxon, Oxford. Siamd EJiSm. 

Extra fcap. Svo. claib, 71, 6d. 
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SpocimenB of Early English. A New and Revised Edition. With 
IntroductioD, Notes, and Glosssrial Index. By R. Morris, LL.D., and W. W. 

Skeat. M.A. 

Part I. In Ibt Press. 

Part II. From Robert of Gloucester loGower(A,D, iJ98toA.r. 1393). Extra 
fcap. Svo. tlaib, 7s. 61^. 

Speoimeng of English Literoture, from the ' Ploughmans Crede ' to 

the 'Shepheardes Calender' (a.d. 1394 to a.d. 1579). With Introduction, Notes, 
and Glossariallndex, byW.W.SIteat. M. A., formerly Fellow of Chrisfs College, 
Cambridge. Extra fcap. Svo, clolb, "js. fd. 

The Vision of William oonoeming Fiers the Flowmen, by 
William Langland. Ediled. with Notes, by W. W. Skeat, MA., fonrerly Fellow 
of Christ's Collie, Cambridge. Extra fcap. Svo. tlmb, 41. 6d. 

Milton. The Areopagitica, with Notes. By J. W. Hales, M.A., late 

Fellow of Christ's College, Cambridge. In ihi Press. 

Typical Seleotions from the best English Authors from the Sixteenth 

to the Nineteenth Centnry, (to serve as a higher Reading Book.) with Intro- 
ductory Notices and Notes, being a contribution towards a History of English 
Uterature. Extra fcap. Svo. tlolh, 41. 6d. 

Spedmens of the Soottash I>aiiguage ; being a Series of Annotated 
Extracts illustrative of the Ijterstare and Philoli^ of the Lowland Tongue from 
the Fourteenth to the Nineteenth CeDtniy. With Introduction and Glossary. 
By A. H. Burgess, M.A. 

See also XII. below /or other English Classics. 



VIII. FBENCH LANGUAaE AND LITEBATtTRE. 

An Etymol<^cal Dictionary of the French Language, with a 
Prefiice on the Principles of French Etymology. By A. Brachet. Translated 
by G. W. Kitchin, M.A., formerly Censor of Christ Church. Crown Svo. tloth, 
10s. 6d. Just PuMahtd. 

Brachet'a Historical QTammnr of the French Language. Trans- 
lated into English by G. W. Kitchin, M.A., formerly Censor of Christ Church. 
A nru/ Edition, with afuU Index. Extra fcap. Svo. dotb, 31. 6d. 

Comeille*B Cinna, and Holla's Les Fenunes Savantes. Edited, with 
Introduction and Notes, by Gustave Masson. Extra fcap. Svo. cUab, as. 6d. 

Baolne's Andromaque, and Comeille's Le Menteur. With Louis 
Radne't Life of hii Father. By the same Editor. Extra fcap. Svo. cloib, is. 6d. 

Holierd's Les Fourberies de Scapin, and Baoine's Athalie. With 
Voltaire's Life of Molibre. By the same Editor. Extra fcap. 8vo. elotb, as. 6d. 

Selections from the Correspondence of Uadame de S^Tign^ and 
her chief Contemporaries. Intended more espedally for Girls' Schools. By the 
same Editor. Extra fcap. Svo. ilolb, 31. 

Voyage autour de ma Chambre, by Xavier de Haistre ; Ourika, by 
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ZX. GEBUAIT IiAira-TJAGE AITD LITEBATUBE. 

Ooetlie's Egmont With a Life of Goethe, &c. By Dr. Buchhcim, 
Professor of Ihe German Language and Litera.ture in King's CoUege. London ; 
and Examiner in G«rDuui to the University of London. Extra, fcip. Svo. dolb, 31. 

SobiUor'fl Wilhelm Tell. With a Life of SchiDer ; an historical and 

critical Introduction, Ai^piments, and a complete CommcDlaiy. By the same 
Editor. Extra fcap. Svo, eloib, jj. 6d. 

TifmiiiTig'n Minna von Bamhebn, A Comedy. With a Life of Lessiog, 
Critical Analyses, &c. By the same Editor. Extra fcap. Svo. eloik, 31, W. 

X. ART, Ac. 

A Handbook of Pictorial Art. By R. St. J. Tyrwhitt, M.A., for- 
merly Student and Tator of Christ Church. Oxford. With coloured lUustia- 
tions. Photographs, and a chapter on Perspective by A. Macdooald. Swi. lnif 
moneeo, 1B1. 

A Unsio Frijner for the use of Schools. By J. Troutbeck, M.A., and 
R. F. Dale, M.A., B. Mus. Crown Svo. tloik. u. 6d. 

A Treatise on Hannon^. By Sir F. A. Gore Ouseley, Bart., MA., 
Mus. Doc,, Professor of Music in the University of Oxford, ^to. tlolb, lot. 

A. Treatise on Coanterpcdnt. Canon, and Fugue, based upon that 
of Cheiubioi, By the same Author, 410. cjoib, i6t. 

y John HuIIah. Croim 



XI. UISCKLLAIT&OUS. 

Outlines of Textual Criticiam applied to the New Testament. By 

C. E. Hammond, M,A,. FeUow and Tutor of Exeter College. Oxford. Extra 
fcap. Svo. cloib, 3i. 6d. 

A System of Fhysdoal Ednoation : Theoretical and Practical. By 

Archibald Maclaren, The Gymnasium, Oxford. Extra fcap. Svo. elolb, 71. 6d. 

The Hodem Gi^ek Iianguage in its relation to Ancient Greek. 
By E. M. Geldart, B,A„ formerly Scholar of Balliol Collie, Oilbrd. Eztia fcap. 
Svo. cloli, 4s, 6d. 

Xn. A SEBIE8 OF EITGLISH CI.A8SIC8. 

Designed to meet the wants of Students in English Literature : under 
Iht superintendence of the Rev. J. S. Bbeveb, M.A., of Queen's College, 
Oxford, and Professor of English Literature at King's College, Londm. 

It is also especially ht^d thai this Series may prove useful lo Ladie^ 
Schools and Middle Class Schools; in which English Likralure must 
always 6e a leading subject of instruction. 

A General Introdnotlon to the Series. By Professor Brewer, MA. 

1. Chauoer. The Prologue to the Canterbniy Tales ; The Knighies 
Tale: The Nonne Prestes Tale. Edited by R. Morris, Editor of • Specimou 
of Early EngtiBh,' Ac. &c. Third Edition. Extra fcap. Svo. tlalh, n. 6rf. 
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3. Spenser's "Bo/srs Queeae. Designed chiefly for the use of Schools. 
With Introduction, Notes, and Glossary. By G. W. Kilchin, M.A., formerly 
Censor of Christ Church. 

Book I. Fifth Edilion. Extra fcap. 8vo. cloik, 31. 6d. 
Book II. Siemd Edition. ExUa fcap. Svo, tlofb, is. 6d. 

3. Hooker. Ecclesiastical Polity, Book I. Edited by R. W. Church, 

M,A.; Dean of St. Paul's, formerly Fellow of Oriel College. Oxford. Second 
Edition. Extra fcap. Svo. tlotb, as, 

4. Shakespeare. Select Plays. Edited by W. G. Clark, M.A., Fellow 
of Trinity Collie. Cambridge; and W. Aldis Wright, M.A., Trinity Collie, 
Cambridge. 

I. The Merchanl of Venice. Extra fcap. 8vo. ttiffeavtn, is. 
II. Richard the Second. Extra fcap. Svo. stiff coutrs. is. 6d. 
IIL Macbeth. Extra fcap, Bva. sHffeovtrs, it. 6d. 
IV. Hamlet. Extra fcap. Svo. tUffcovm. ai. 

5. Baoon. Advancement of Learning. Edited by W. Aldis Wright, M.A. 

Second Edition. Extra fcap. Svo. dolb, 41. 6d. 1 

6. Hilton. Poems. Edited by R, C. Browne, M.A. and Associate of 

King's College, London. Steond nSiion. 3 vols, extra fcap. Svo. clotb, 6s. 6d. 
Also siparaltty. Vol. I. 41., Vol. II. 31. 

7. Dryden. Stanzas on theDeath qfOliverCromwell; Astraea Redux; 
Annus Mirabilis; Absalom and Achitophel; Religio Laid; The Huid and 
the Panther. Edited by W. D. Christie, M.A., Trinity College. Cambridge. Extra 
fcap. 8vo. eloli, 31. 6d. 

8. Bimyan. Grace Abounding ; The Pilgrim's Progress. Ediled by 
E. Venables, M.A,, C^anon of Lincoln. 

9. Pope. With Introduction and Notes. By Mark Pattison, B.D., 
Rector of Lincoln College, Oxford. 

I. Essay on Man. Extra fcap. Svo. ttiffeovtrs, 11. id. 
II. Satires and Epistles. Extra fcap. Svo. stiff covtrs, ii. 

10. Jotmson. Rasselas ; Lives of Pope and Dryden. Edited by C. H. 
0. Daniel, M.A., Fellow and Tutor of Worcester College. Oxford. 

11. Burke. Thoughts on the Present Discontents; the two Speeches 
on America; Reflections on the French Revolution. By Edward John 
Payne, B.A., Fellow of University College, Oxford, In ibt Prta. 

12. Gowper. The Task, and some of his minor poems. Edited by 
H. T. Griffith. M.A., Pembroke College, Oxford. In thi ^ress. 
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